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Abstract. A lattice homogeneous under the modular group I' of fractional
linear transformations is constructed. The generating function for close
packed dimer configurations on this infinite lattice is found directly, without
doing it first for a finite lattice, using the Pfaffian method. This requires
orienting the lattice. The group SL(2, Z) is used to this end. Computation of the
generating function is reduced to a particular case of the problem of finding
the number of words reducible to the identity for a group which is the free
product of two cyclic groups. Solution of this problem gives the dimer generat-
ing function as the solution of an algebraic equation. Considered as a function
of the activities, the free energy has a logarithmic singularity.

Next an Ising model is built on the same lattice. The free energy per spin
is evaluated by solving a dimer problem on an associated lattice following
the general prescription of Fisher. It is a rational function of the solution of a
system of two algebraic equations.

1. Introduction

In the solution of the dimer problem for rectangular lattices by the Pfaffian
method [1, 2] use is made of the invariance of the lattice under a group of transla-
tions. In fact, the generating function in this case is given in terms of the
determinant of a cyclic matrix which is easily diagonalized by means of a Fourier
transformation. The question naturally arises then, whether it is possible to
construct lattices which are homogeneous under a group other than the transla-
tions, say, a non-abelian one, and solve there the dimer problem. Since the Ising
problem for a two-dimensional lattice is rather simply related to a dimer problem
[3], one would also hope to find the Ising partition function for this new homogene-
ous lattice.
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It is the purpose of this work to construct a lattice which is homogeneous under
the modular group of fractional linear transformations and solve there the dimer
and Ising problems by the Pfaffian method developed by Kasteleyn [1] and Fisher
[31.

Consider then the Poincaré model of the hyperbolic plane [4]: it consists of
the upper half H of the complex plane C. Its geodesics are arcs of circles and
straight lines orthogonal to the real axis. If we let ze €, z=x +iy, then the metric
of this plane is

2 2

ds? =di;;ﬂ. (1.1)
Notice that with this metric, any point on the real axis is infinitely far away from
any point on the upper half plane. The fractional linear transformations

az+b
LazTo,

cz+d’
are orientation preserving isometries of this geometry, and it is easy to see that
they form a group. The modular group I is the subgroup of (1.2) in which @, b, ¢, d
are integers. It is a discrete subgroup. As such, it has a fundamental domain ID
which is known to be

D= {zeH|Rez <4, |z|>1}. (1.3)

z ad—bc=1; a,b,c,deR 1.2)

Also, I is isomorphic to SL(2, Z)/{+1}, the group of 2 x 2 matrices with integer

—a —b
coefficients and unit determinant divided by its center. In fact, (? Z) and ( _ccl _ d>
determine the same fractional transformation. When no confusion arises, we shall
denote by the same symbol the elements of I and SL(2, Z). Let now

1
Siz———,
Z
T:z—z+1. (1.4

These transformations generate I'. They satisfy the identities S? =(T'S)* =II, which
are essentially unique, as all others are a consequence of them. More precisely,
a presentation of I is given by (S, T; S%,(TS)*). In other words, I is the free
product of the cyclic group of order 2 generated by S and the cyclic group of order 3
generated by T'S.

The transformation S leaves i=]/j fixed, TS leaves g=e? fixed and ST
leaves g? fixed. These are the only points of ID which are left fixed by elements of I'.

By acting on ID with I" one obtains a tesselation [5] of the hyperbolic plane.
It is here that we construct a lattice as follows: Take an arbitrary point inside ID,
call it @, and act on it with geI'. That is, consider all its images under the modular
group. Then connect with bonds the points g(a) with gS(a), gT(a) and gT ~*(a)
and associate an activity x with the T and T~' bonds, and / with the S bonds.
In this way the lattice of Figure 1 is formed. This may be described in an alternative
way: it is well known that the upper half plane may be conformally mapped inside
the unit circle and that if we consider straight lines as limiting cases of circles,
this map is such that circles go into circles. In particular, the new geodesics are
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Fig. 1. Lattice homogeneous under the modular group, drawn on the upper half plane

circular arcs orthogonal to the unit circle. In this way, another description of the
hyperbolic plane is obtained. The tesselation induced by the modular group as
well as the lattice we have just constructed are illustrated for this model in Figure 2.
We see that the lattice consists of hexagons, each one connected to three others
along alternating faces in such a way as to form an infinite tree.

By construction, this lattice is homogeneous under I'. Its generating function
per site for close packed dimer configurations will be computed directly, without
finding it first for a finite lattice and taking the thermodynamic limit afterwards.
This is done as follows: according to Kasteleyn [1], the dimer generating function
Z, for a lattice with N vertices is given by the determinant of a certain operator 4
associated with a prescribed orientation of the lattice:

1 1
—- - ) 1.5
logZ, 5N log det A N trlog A (1.5)
Now, 4 acts on a vector space of dimension N, so that
log Z,=3(trll) "' trlog 4, 1.6)

where 1l is the identity. This expression then holds for arbitrary N, and it is possible
to take it as the definition of log Z; in the thermodynamic limit, when the vector
space becomes infinite dimensional. That this definition makes sense is shown by
actually performing calculations with it. In particular, it has been used [6] to
recover the generating function of Kasteleyn [1] and the free energy first found
by Onsager [7] for the Ising model on a rectangular lattice.

In what follows we shall omit the factor (trll) ™! from our expressions, so that
one should read (trl) ™! tr 4 whenever tr A appears. In particular, the trace of the
identity will be one.

In Section II the lattice is oriented according to Kasteleyn’s rules. In so doing
the invariance under I is lost. However, it is possible to retain invariance under
the larger group SL(2,Z). The operator whose determinant gives the generating
function is expressed in terms of the regular representation of certain elements
of this group. Use of (1.5) reduces the problem then to the combinatorial question
of counting a certain class of elements in SL (2, Z), which is a particular case of the
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Fig. 2. Lattice homogeneous under the modular group, drawn inside the unit circle

problem [8] of finding the number of words reducible to the identity for a group
which is the free product of two cyclic groups. This is solved by means of generating
functions and gives log Z; as the integral of a solution of an algebraic equation.
The Ising problem for the lattice is considered in Section III. The corresponding
dimer counting lattice is constructed following Fisher [3]. After this, the steps
of Il are repeated. They become more complicated, especially the counting
problem. The free energy turns out to be a rational function of the solution of a
system of two algebraic equations. Section IV contains some final remarks.

I1. Dimer Generating Function

The first step is to orient the lattice such that every hexagon has odd parity (i.e.,
such that the number of bonds oriented in either direction is odd). A “fundamental
hexagon” is oriented first and then the rest. Take then the original point (a) from
which the lattice was constructed and the points T(a), TS(a), TST(a), (TS)*(a),
(TS)*T(a). They are the vertices of the fundamental hexagon. Draw arrows now
in the following way:

a—T(a)—> TS(a)— TST(a)~(TS)*(a)—(TS)*T(a)«(TS)*(a)=a.

Clearly this fundamental hexagon has odd parity. Draw also an arrow from
T~ (a) to a. This orientation, however, breaks the symmetry of the lattice, as it is
incompatible with the identity S*=1.

We consider then two vector spaces: one spanned by vectors a,, gel’, which
are in one-to-one correspondence with the points g(a), and the other spanned
by a,, he SL(2, Z), in which the labels are 2 x 2 matrices. The bonds incident on the
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point a define the action of an operator O™ on ay.
Oay=/lag+xar—XaAr-1. 2.1

We want to know what is O"a,, geI'. The first guess, namely O'a,=/a s+ xa,,—
xa,p-: is wrong, as it is inconsistent with S?2=1. We can define however an
operator O acting on a,, he SL(2, Z), in a similar way without contradiction:

Oa,=/a , _ +xa —Xa,,; _q, - 22

DEOQ TG HTG @2

Now, to each geI there correspond two elements in SL(2, Z) say + (Z“ 312>.
21 922

There are then infinitely many injections of I" into SL (2, Z). Consider a particular
one, say the one that associates to each g a 2 x2 matrix such that g,, >0, and
when g,, =0, then g,, >0. Notice that g,, and g,; cannot vanishsimultaneously.
Such a matrix will be called positive. A non-positive matrix will be called negative.

The operator (2.2) joins vectors labeled both by positive and negative matrices.
If a, is a vector labeled by a negative matrix h, we transform it into a vector labeled
by the positive matrix —#h in the following way:

a,=—a_,heSL(2,Z). (2.3)

We thus obtain an operator which acts on the subspace spanned by basis
vectors labeled by positive matrices only. As these vectors are in one-to-one
correspondence with the a,, geI', we define this operator to be O~ In this way we
obtain an orientation of the modular lattice. This is seen as follows: Take the

point g(a),gel. Associate with g the positive matrix (Z“ 312). Take next the
21 22
-1 —
product (g“ 912) (0 )=<glz g“). If this product is positive, we draw
ga1 922/\1 0 922 —Y21

an arrow from gS(a) to g(a).

gir 912\(1 1 911 911+912 .
Next, take( )( ):( ) The signs of and

g1 922)\0 1 921 921+922 s Ju 921
are preserved. The rule then is to draw an arfow from g(a) to g T(a). Similarly, an

arrow must be drawn from gT ~ (a) to g(a).
First, we show that this rule does give the orientation we have imposed on the
fundamental hexagon.

. . . . . (10
i) g(a)=a, the matrix associated with g is < 0 1).

. 1 0\/0 —1 0 —1 . 2
Since (0 1) ( i O>_ ( i O)’ there is an arrow from a to S(a)=(TS)*T(a),

as required. An arrow also goes to T(a).

.. 11

ii) g(a)=T(a), T—»(O 1)

Since1 B -nH_t-t an arr from T(a) to TS(a). An arrow
o 1J\i o/=\y o anarrow goes from T(a) to T'S(a). An arro

from TT~'(a)=a to T(a) is also required, and this is consistent with the prescrip-
tion of i).

One sees similarly that the orientation of the remaining four bonds is correctly
given.
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Now we show that every hexagon g(a), gT(a), gTS(a), gTST(a), gST ~(a),
gS(a) has odd parity. There are arrows from g(a) to g T(a), from gTS(a) to gTST(a)

0 —1

and from gST ™ '(a) to gS(a). Suppose now that (g 1 g 12)(
921 922\l 0
In this case an arrow goes from g(a) to gS(a). To gST ! we associate the matrix

(911 912)(0 —1)(1 —1)=(912 ~911—912)

g21 922/\1 0/\0 1 922 —921—922)"

There are three possibilities: g,, larger, equal to, or smaller than zero. Take
g1,>0 first. Now,

<912 —911—912)(0 “1)=(“911_g12 —912)
9oz —921—922/\1 O —921—922 —922)
On the other hand, to gTS there corresponds
(gu 912)(1 1)(0 -1)=<g11+g12 —911)
ga1 922/\0 1\l 0) \gp1+g22 —G21)°
If —g,;—g,,>0, an arrow goes from gST~(a) to gST ~'S(a). But this means

g11+912.<0, and an arrow goes then from gTS(a) to gT(a), and the hexagon
is odd:

) is positive.

g(a) gT(a)
gS(a) gTS(a)
gST (a) gTST(a)

If g, +9g,,>0, the arrows go from gT(a) to gTS(a) and from gST ~'S(a) to
gST ~'(a) and the hexagon again is,odd:

g(a) gT(a)
gS(a) gTS(a)
gST Y(a) gTST(a)

If g,+9,,=0, we have nevertheless that (gST " 'S),; = —(¢gTS),; and the
same considerations hold.

The cases g,,<0 and g;,=0 are similarly treated, again obtaining odd
hexagons. _

We have then oriented the lattice using (2.2) and (2.3) and a particular injection
of I' into SL(2,Z). The question arises whether different recipes could also give
good orientations while leading to different results. The only possibility for this
to happen is to have, instead of O, an operator O’ in which the relative sign of the
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activities is changed. An investigation of this possibility [6] leads to the conclusion
that the induced orientation of the lattice gives hexagons of even parity and is
thus inadmissable.

We must then compute the determinant of the operator resulting from (2.2)
with the constraint (2.3). The operator O may be written as

0 -1 1 -1 1 -1
O=/@(1 0)+x%<0 1)—x%(0 1) 24)

where Z is the regular representation of SL(2, Z).

Notice that if instead of (2.3) we had imposed the constraint a, =a _,, we would
obtain exactly the regular representation for I'. In fact, this constraint is saying
that we identify h and — h, which is precisely what one does when dividing SL(2,Z)
by {41}, and in particular %(—I) becomes the identity. Constraint (2.3) says that
instead of this, we want #(—1) to become minus the identity.

More precisely, if we call & the vector space for the regular representation of
SL(2,Z), then the regular representation of I' is given by &/ker.e/, where
oA =RM)+ R(—1). In fact, (a_,—a,)eker o, which means that, in &/ker </, a,
and a_, are identified. Analogously, we construct &/ker %, where #=2Z(I)—
A(—1). This time, one has (a,+a_,)eker# so that —a, and a_, are identified
as required by (2.3). Consequently, O~ is the endomorphism induced in &/ker %
by O.

We now know that the generating function Z; we are looking for is given by

2logZ,=logdetO"=trlogO". (2.5)

We shall want then to compute traces of operators acting on &/ker4 induced by
the regular representation of some element of SL(2,7Z) which acts on &. We
know that tr Z(I)=1, tr Z(h)=0, h+=1eSL(2, Z). Let h~ be the operator induced
by Z(h). What is trh~? The answer is

+1 if h=I
tr(h)=4—-1 if h=-1 (2.6)
0 otherwise.

That tr(I")=1 is clear since the identity induces the identity. Also, (—1I) =
— (@), and more generally, (— h)"= —(h"). This is just another way of saying that
A(—1M)a,=a_, and —a, must be identified. Only +1 induces operators pro-
portional to the identity in &/ker 4. In fact, suppose k"=al, k% + 1, « a scalar
and 1 the identity of &/ker 4. In this case we should identify a, and aa,. But a is
identified only with —a_y (and with itself, of course). Consequently a= —1 and
k=—Tor a=1 and k=1.
We are finally in a position to compute (2.5):

2log Z,=trlog(¢/S™+xT™—xT"~"1), 2.7

where we abuse somewhat the language by calling # ((1) B (1)> =S A ((1) i) =T"
1 -1

and %(O |

) =T~ Factoring out the /S~ term and developing the logarithm
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in a power series, we obtain

© k
2logZ,=trlog/S™+ ). % (—;) tr(S™T~—S T~ ). (2.8)
k=1

The problem is now to find how many words of length & in the two letters S™T~
and —S"T""! can be reduced to the identity, using (—ST7)* = +1=(ST"" 1)
These two letters generate cyclic groups of order three, and words in them are
elements of a group which is the free product of the two groups. We consider then
the slightly more general case of a group which is the free product of two cyclic
groups of order n and m. Its presentation is (R, U; R", U™). What we shall do is to
compute the generating function

H(x, y)=}, N(p, g)x*y", 29
p.q .
where N(p, q) is the number of words in R and U only (that is R~ and U~ ! do
not appear) with R appearing p times and U ¢ times which are reducible to the
identity. Notice that

tr(R+U)'= Y N(p,q). (2.10)

ptq=k

At this point we must introduce some definitions:

a) The product of two words #7 and ¥ is the word #(#.

b) A word reducible to the identity will be called simply an identity word.

¢) An identity word which cannot be factored as the product of two identity
words will be called a monoblock. If it can be decomposed as the product of two
monoblocks, but not of three, it will be called a diblock. Similarly we shall have
3-blocks and in general n-blocks. We shall also refer to identity words which are
not monoblocks as multiblocks.

d) A UR-word is a word whose first letter is U and its last letter is R. We have
then UR-, RU-, RR-, and UU-words.

e) NYR(p, q) is the number of UR-k-blocks with R appearing p times and U
appearing g times.

f) NUYR(p,q) is the number of UR-identity words with R appearing p times
and U appearing g times.

A word in R and U is reduced to the identity [8] by deleting the letters R"
and U™ In order to find all the identity words of a given length we shall employ a
constructive procedure inverse to the reduction: we start with the empty word,
that is, 1. Then we insert repeatedly R" and U™ until we get to the desired length.
It is clear that in fact all the identity words can be constructed following exactly the
reduction steps in reverse order. We want to count how many different words we
can obtain. Notice, for instance, that R?" counts as only one word, although it
can be obtained by inserting R" into R" in (n-+ 1) ways.

First, we establish the following

Lemma 2.1. There are no UR or RU monoblocks.

Proof. Since R"=1 and U™=1, the minimum length of an identity word where
both R and U appear is m+n, and the only UR-identity word of this length is
U™R" which is obviously not a monoblock. Larger UR-words are formed by
inserting identity words in this basic UR-word, so that they have the form

UW,UWSU.. Wy s UW,RWy s 1R Wopsn_ iR,
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which is clearly the product of the three identity words (U#; ... #,,_ U), (#,,), and
(R#,,+1...R). Adjoining identity words to the right or left of U™R" makes things
even worse as there is one more factor in the product. Thus, there are no UR-
monoblocks. The same reasoning holds when R and U are interchanged which
shows that there are no RU-monoblocks and the proof is complete.

Consider now the most general UU-monoblock. It has the form
Uwi U...U#,,_,U, where the #7’s are identity words which may, in particular,
be the empty word. Then the following property holds:

Lemma 2.2. If #=UwW,U..U¥,_,U is a UU-monoblock, then the ¥, i=
1,2,...,m—1 are products of RR-monoblocks only. Similarly, if R#R...R#,_R
is a RR-monoblock, then the W, i=1, ..., n—1 are products of UU-monoblocks only.

Proof. 1t is clear that any identity word is the product of monoblocks. Also, we
have seen there are no UR- or RU-monoblocks. Suppose then that one of the
words inside the UU-monoblock, say #7, contains as a factor another UU-
monoblock: W= (U%,U...U%,,_,U)%, where o/, € and #; 1<i<m—1 are
identity words. Substituting into .# we have

M=UWU.. . UW;, UdUS,U...URB,_,UCUW,;,  U...UW, U

=M 1%"— jﬂz

where

My=UWU...UW;_\UdURB,U...UB,_;—,U,
and

My=UZR,, ;i U..UB,_ UCUW,; U..UW,,_ U

are identity words, contradicting the fact that .# is a monoblock. Interchanging U
with R and m with n proves the lemma for RR-monoblocks, completing the proof.
As a consequence of this lemma we have

NY%p, q)= Y ) NERD 1, a )N Do @3) ... N D1 G- 1) (2.11)
‘11p‘*1' ++ ‘-;rfi"l_; q—‘lm
and
N, 9)= Y NP a )N D2 42) .. NPy 1 Q1) s (2.12)

pit..tpn-1=p—n
q1t...tdn-1=¢
where A RR(p, q) is the number of RR-identity words which are the product of RR-
monoblocks only, and in which R appears p times and U appears g times. If we
call #"7%p,q) the corresponding number of UU-identity words which are the
product of a number j of UU-monoblocks (notice 4] =N,) we have

A= Y NPy g)NYUpa 42)...NY%Dpj q)), (2.13)

p1t...+p;=p
g1 +...+g;=¢g

A= X NPy, aINT (P2 42).. . NT¥(p) q) - (2.14)

pi1+..+pij=p
qi1+...+q;=q

Notice how (2.13) says in particular that there is only one word U3 In fact,
NYY%p, q)=0 except for p=0, g=3. In this case, NYY(0, 3)=1, namely U>.
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‘We also have

o0

N, )= Y V0,4, (2.15)
=1

N, @)=Y, NP, q)- (2.16)
=1

We see that (2.11)+2.14) give recursive formulae for NV and N%R. Make now
the following definitions:

[, 9= N p, 9xPy, 2.17)
gix,y)= If N FYp, xPy, (2.18)
fle,y)= IS N ER(p, g)xPy1, (2.19)
g(x, y)= :Z: N p, g)x?y*. (2.20)

Then, multiplying (2.11) and (2.12) by x?y? and summing over p and g we get

9106, »)=y" " 1x, ), 2.21)

f1(x, y)=x"g""1(x, ). (222)
Similarly, from (2.15) and (2.16) we get

fo 9= ¥ £ 3) (2.23)

905 )= ¥, 9/x.3), (2.24)
and from (2.13) and (2.14):

fix =A%), (2.25)

gix, ) =gi(x, ). (2.26)
Substituting (2.25) into (2.23) and then in (2.21) we have

910, y)=y"(1—f1(x, y)' ™. (227
Similarly, from (2.26), (2.24), and (2.22) we get

f16x, ) =x"(1—g,(x, p)' " (2.28)

Expressions (2.27) and (2.28) give the generating functions for UU and RR
monoblocks.

Consider now the total number of identity words with R appearing p times
and U q times N(p, q) and the corresponding total number of k-blocks N(p, q).
One has

NG, q)=k§1 Np.9) (2.29)



Modular Group and Dimers 25

and
Nyp, 9)= Z Ni(p1,41)..-N1(pw q) - (2.30)
pit..tp=p
Q1+ ... ta=q

Since there are no UR- or RU-monoblocks,

Ni(p, =N (p, 9)+ N{p, q). (2.31)

If we call

Hy(x, y)=) Ny(p, 9xy*, (2.32)
p.q

we see that (2.31) implies

Hi(x, y)=/f1(x, y) +91(x, y) . (2.33)
Also, (2.30) implies
Hy(x,y)=Hi(x, ), (2.34)

and (2.29) implies that the generating function (2.9) is then given by
H(x, )=} Hyx, ). (2.35)
k

Substituting (2.33) into (2.34) and into (2.35) we finally get

J1(x, 9)+91(x, y) (2.36)

B D= e+ gue)

That is, the generating function for words in R and U is given in terms of the
solution of two algebraic equations, namely, (2.27) and (2.28).

Going back now to (2.8)+2.10), we see that our dimer generating function is
given by

2log Z,=trlog/S™+ | dz—% G(z), z=-x{"1, (2.37)

where G(z)=H(z,z), m=n=3 and R=S"T""!, U= —S§"T". In this case we have
N R(p, @)= A"7¥q, p) and consequently fi(z, z)=g,(z, z)=1(z). Equations (2.27)
and (2.28) carry in this case the same information, namely

=S fi=2. (2.33)
Substitution of (2.36) leads then to
G(G+2*(G+1)"3=82>. (2.39)

The function G defined by this equation has a pole at z*> =% and a branch point at
22 =5%. The coefficients a, in its power series

GO)= Y. ay" (2.40)
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may be found explicitly by substituting (2.39) into Cauchy’s formula
L gy CW

a,= 2—7'[1 yW » (241)
to obtain
1 -G (G+1)*"1
=7 2
4= 5 PIC G o (2.42)

Making the change of variables { = G(G +2)~ 2, developing the resulting integrand
in a power series and integrating term by term one finds

3n\ "Z!/3n
a,,=2‘3"{( )_ ( )} 243)
n pgo p (
Substituting (2.43) in (2.37) we get the series development for the dimer generating
function:
1 x\*[/3n\ "Z!/[3n
2logZ,=log?/ —| == - 244
o8 o8 +ngl 3”( {) (n) p;0<p)}’ ( )
where we have used tr log/S~=log/.
We have found then a series expansion for the dimer generating function per

X .
?! <3. Moreover, it has a

site on a modular lattice. This series converges for

singularity at ;= —1, where its behavior is found to be from (2.37) and (2.39)

2logZ,, s~z log(1—=22), z=— ? (2.45)
That is, the free energy F= — ™' log Z, has a logarithmic singularity, and con-
sequently the specific heat will have a polar singularity with critical exponent
a=1.

I11. Ising Model

Now we place spin variables g, which can take the values +1 at each site of our
lattice. Sites interact with an energy — E,(E, >0) if we can get from one to the
other by operating on the right with S, and with an energy — E,(E, >0) if we can
get from one to the other by similarly operating with Tor T~!. We have then an
Ising model for a two dimensional lattice described by the Hamiltonian

H=—-E, Y 0,0,5—E; Y 0,0, (3.1
gel gel

where the £ in front of E; comes from the fact that the “g—gS” interaction is
counted twice. Our aim is to compute the free energy per spin for the model
described by this Hamiltonian. Fisher [3] has given a general prescription that
relates the partition function per spin Z for an Ising model on any planar lattice
to the dimer generating function per site Z; on an associated lattice. In our case,
this relation is given by

log Z=1og2 sinhiBE, sinh BE, +log Z, (3.2
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Fig. 3. Lattice whose dimer generating function gives the free energy for an Ising model built on the
lattice of Figure 1

and the lattice is drawn on Figure 3. The activities of this lattice are related to the
interaction energies by

/=tanhipE,
x=tanhpE,. (3.3)

The problem now is to compute log Z,. We do this again by applying Kasteleyn’s
theorem [1].

First, we see that the construction of the lattice may be described as follows:
take three non-collinear points inside a fundamental region for I, call them
a, b, ¢, and connect them by bonds. Act then on this triangle with geI'. Finally,
connect by bonds g(b) with gT(c) and g(a) with gS(a). This lattice must now be
oriented and the Pfaffian of the corresponding operator computed.

We follow the same procedure of Section II. We start by orienting the
fundamental decorated hexagon of Figure 4, which defines the action of an
operator O~ on vectors ay, by, ¢;:

0~(au)=f—1as+bn+cll
0(by)= —ay—c;—x"‘cy (3.4)
ON(CH): —al+b|+x_le-1 .

This induces us to define an operator O which acts on & @ R?, where & is the
space where the regular representation of SL(2, Z) is realized:

Oa,)=¢"1 +b,+¢,

a .
"R 7o)

ob)=—a,—c,—x" heSL(2,Z) (3.9

1
¢
"o 1)

Ole)=—ay b3,y .
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T-1(6) X-! c b X-1 T(c) T(b)

Fig. 4. Orientation of the fundamental decorated hexagon that induces an orientation of the lattice
of Figure 3

Imposing the constraints

ah= —a_h
bh=—b-—h (3.6)
Ch= —C_h,

and choosing a particular injection of I' into SL(2, Z) consistent with (3.4) orients
then the whole lattice by defining an operator O~ which is the operator induced
by O on §®R3/ker(#Q1,), where 93:@((1) (1))-933(‘(1) (1)) and I, is the
identity in IR®. # is the regular representation of SL(2, Z). Expression (3.5) may
then be rewritten as

0 -1 10
-1
o) o )

1 0 - 10 1 1t 1
0= _ge(o 1) 0 _gz(o 1)—x @(0 1)
1 0 10 -1 1 -1
_gz(o 1) gz(o 1)+x gz(o 1) 0
3.7
The dimer generating function is given by
2logZ,=trlog0". (3.8
. 10
From (3.7) we see that tr log O may be written as (here we put 1=%< 0 1))
—£718” 0 0 0 +1 +1
trlogO~=tr log 0 —-x"1T" 0 +{—-1 -1 0 (3.9)
0 0 x 1T -1 0 1

where we have interchanged the second and third row and changed the sign of
the first one. Factoring out the first term in the right hand side of (3.9) and develop-
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ing the logarithm we have

—£718” 0 0
trlogO~=tr log 0 —x7iT" 0
0 0 x“ Tt
S (=D - — -
+ Z T tr(—/S"®a+xT '@b+xT " ®c) (3.10)
where o
011
a=|0 0 O
0 00
0 00 0 0 0
b=|1 1 0 c={ 0 0 0. (3.11)
000 -1 0 1
These matrices satisfy the following multiplication rules:
a’=bc=ch=0, (3.12a)
b’=b,c*=c, (3.12b)
(ab)*=ab, (ba)* = ba, (ac)* = —ac,(ca)’*= —ca, (3.12¢)
abac=ac,acab= —ab, baca= —ba, caba=ca (3.124d)

and their traces are

tr(ab)= —tr(ac)=1. (3.13)
From now on, we shall omit the twiddle in S, T~ and T~ .

We are now faced with the problem of finding the trace of an operator of the
form #, @, with #/, being a word in the letters a, b, ¢ and #7 a word in S,
T and T~ '. We see that only words #; reducible to the identity contribute, so
that counting these words is equivalent to counting closed loops on the modular
lattice. The condition tr#7, +0 gives different weights to different polygons. In
particular, (3.12a) says that no step can be immediately retreated. That is, in #}
the letter S never appears raised to a power other than one or zero, and T never
appears immediately preceding or following T~ !. This means in particular that
in the reduction of # the identity S?= —1 is not used. Also, if # starts with S,
it cannot end with it, as in this case one would have that # is of the form #, =
a¥ a implying tr %, =tr # a*=0. Similarly, if #; starts with T (resp. T !), it
cannot end with T~ ! (resp. T). We shall call such a word admissible.

Make now the following definitions:

R=-ST,U=ST™!,
R '=T"'S,U '=-TS§S,
and we have

R3=U3=1. (3.14b)

(3.14a)
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Now the fact that we are interested in counting words in S, T, T~ ! which
cannot be reduced by using S>= — 1l or TT ~! =1 says that they have to be reduced
using (3.14b) and/or their inverses, and we have then that admissible words are
words in R, U, their inverses, T and T~ !. The following lemma shows that it is
enough to consider a class of words in R, U and their inverses.

Lemma 3.1. There is a one-to-one correspondence between admissible words in
S, Tand T~* and words in R, R™*, U and U ~ ' in which R and R~ are not contiguous
and neither are U and U™, In addition, if R (resp. U) is the first letter, then the
last one cannot be U™ (resp. R™'). Such a word will also be called admissible.
(In this context, the first and last letters of a word are considered to be contiguous.)

Proof. In two parts. First we start with a word in R, R™*, U, U~! and get to a
word in S, T, T~'. After that we perform the inverse step.

a) Consider an admissible word in R, R™!, U and U~ *. It is a fortiori a word
in S, T and T~ '. The letters T and T ! are not contiguous since this is possible
only by having either R and R™* contiguous, or U and U~ !. The letter S, however,
appears squared whenever there appears the combinations R™'U or U 'R.
Notice that S does not appear raised to a power higher than two. We obtain then
the wanted admissible word in S, T and T~' simply by deleting all S?. Notice
that such deletion gives rise to T~ 2 if it is done on R~ *U, and T? if done on U 'R
so that no new prohibited combinations appear. An overall minus sign is added
if the number of such deletions is odd.

b) Consider now an admissible word #; in S, T, and T !. We distinguish
two cases: (i) The first letter is S. In this case, there follows a power of T*1!, say
TE"(n+0). If T*", write #;, as #;=(ST)T" " '...=(—=R)T"*.... If n odd, write
T" Y as (=P Y(TSSTRE" " V=(—)r" DU 1R} "V_If n even, write T" ' =
(=)¥"=D(U~'R)*"~DT. The next letter is S. For n odd, the process is repeated.
For n even, #] is

W, =(—=)"R(U 'REF"ITS...=(—)*""IRWU 'REF"2U 1. .
After U™, a power of T*! comes again, and we have a word whose first letter

is not S. This is the second case. Before going into it, notice that if the second
letter of w7 is T ™" instead of T*", the process of intercalating (— S?) yields

(=)= DYRIUYP IS (oddn)
(=)F"=2UR'U)*"~P)R™! . (evenn).

(ii) The first letter is T If n even, we write T"=(—)¥(U "~ 'R)". The letter that
follows is S, and we are back in case (i). If n odd, T"=(—)*"" YU 1R}" VT,
and #; =(=)" "YU 'R)TS...=(= )" "YU 'RE""Y(-U) ... and the pro-
cedure is repeated. The case in which the first letter of #7 is T " is obtained from
this one by interchanging R«»U. We have then constructed a way of uniquely
getting from one type of word to the other, and the proof is complete.

Go back now to the series of (3.10). It is of the form

“///1=ST‘”S..‘=UT_”“S...={

(=D
Z (—/)m'xn”dmn’ (315)
m+n=k k
It is easy to see that k must be even and that m=<n. Also, from (3.13)~3.15) one
sees that all words contributing to .%Z,,, do so with the same sign, namely (— 1)*"~™.
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We obtain then
' number of admissible
identity words in S.
tr lOgONZ —log/x2 + Z /M T an-d T ! 'With S ap- (316)
men H+mM pearing m times, T" and
\ T~ ! a total of n times

(_ 1)%(n+m}

Notice that in this context, “identity word” means a word which is reducible to
+I. From Lemma 3.1 we have that the number of words referred to in (3.16) is
the same as the number of admissible identity wordsin R, R™*, U, U ! of length n,
and in which there appear the combinations R™'U and U 'R a total of ¥(n—m)
times. Consider then the generating function

G(z, )= Z¥I"N(k, n) (3.17)

where N(k, n) is the number of admissible identity words of length k in R, R™*,
U and U~"' with the combinations U~ 'R and R™'U appearing a total of n times
[notice the change in notation for N(k, n) with respect to Sect. I1]. The relation
between (3.17) and (3.16) is given by

trlog0~= —log/x*+ | g%- G(z, 2) . (3.18)
‘ i

In the following we shall speak of identity words only, it being understood
that they are admissible. We shall also use the nomenclature of Section 11, speaking
of monoblocks, multiblocks, UR-words, etc., with the obvious generalizations to
include the new letters U ™' and R™'. The problem now is to keep track of the
number of times the combinations R~'U and U~ 'R appear in a word of a given
length.

In Section II, we found the generic monoblock by inserting multiblocks of a
certain kind inside a “basic” monoblock. These multiblocks were themselves
formed as products of monoblocks, so that the number of monoblocks of a given
length was expressed in terms of the number of shorter monoblocks. Moreover,
as the generic identity word is a product of monoblocks, the corresponding
generating function could then be expressed in terms of the corresponding mono-
block function. It is this process which we want to follow here again.

The generic identity word will here also be a product of monoblocks. However,
some monoblocks cannot appear side by side, i.e. one ending in R cannot be
followed by one starting with R™!. Also, the power of (—¢)? is raised by one
whenever a word ending in R™" (resp. U™ ') is followed by a word beginning by U
(resp. R). More precisely, a word which is the product of a word ending in R™*
contributing to N(k,,n;) and another starting with U which contributes to
N(k,, n,), will itself contribute to N(k, +k,, ny +n,+1).

We now introduce some notation: we associate indexes 1, 2, 3,4 with R, R™ 1,
U, U™! respectively. Notice that we don’t worry about minus signs as we know
that all words with fixed k, n contribute with the same overall sign which has
already been determined, giving (3.16). The generating function for monoblocks
starting with the letter corresponding to i and ending with the letter corresponding



32 F.Lund et al.

to j(1 =i, j<4) will be called f;;:
fifz =Y, 20N, (k. n) (3.19)
k,n

where N, ;i(k, n) is the number of monoblocks starting with the letter correspond-
ing to i and ending with the letter corresponding to j [we shall call them (i, j)-mono-
blocks, (i, j)-words and so on] of length k and with n combinations R™'U or U™ 'R.

Let us call F=(f;j); <; j<4 the 4 x4 matrix formed by the f;; The following
lemma generalizes Lemma 2.1:

Lemma 3.2.
fiu fiz 0 0
A 0 0
Fe fiz fu ‘ (3.20)

0 0 fu S
0 0 Afiz fu

Proof (Sketch. For details see Ref. [6]). In three parts.

a) The vanishing of f| 3, f4, €tc. is proved with the same method that was used
in Lemma 2.1.

b) By changing R with U one establishes a one-to-one correspondence between
different types of monoblocks that proves fi; =113, f22=fas f12=F32 f21="F43
Taking the inverse of a (1,1)-monoblock gives a (2,2)-monoblock, proving

J11=/22.

¢) A one-to-one relation between (1, 2)- and (2, 1)-monoblocks is established
by reading a word from right to left instead of from left to right. This gives
Ny ya2(k,n)=N, ,4(k,n+1) and consequently f,,=Af,,, completing the proof.

The following four lemmas generalize lemma 2.2 and may be proved with the
same technique used there.

Lemma 3.3. If #/ =R#W,R#,R is a (1, 1)-monoblock, then both # and W (which
are identity words) are products of monoblocks which cannot have as factors (1, 1)-
or (2, 2)-monoblocks. Moreover, # cannot have as factors (2, 1)-monoblocks, and
W, cannot have as factors (1, 2)-monoblocks.

Lemma 3.4. If #/=R#% R ! is a (1,2)-monoblock, the identity word ¥ cannot
contain as factors either (1, 1), (2, 2)- or (2, 1)-monoblocks.

Lemma 3.5. Let ./ = RW,RW,R be a(1,1)-monoblock such that #,=.</RBR™'E,
where o/, B, and € are identity words. That is, # has a (1,2)-monoblock as a factor.
Then, the word % cannot have another (1, 2)-monoblock as a factor.

Lemma 3.6. If .#/=R# R~ ' is a (1,2)-monoblock and W =.o/ RBR™ '€, where
of, B, and € are identity words, then B cannot have a (1, 2)-monoblock as a factor.

Let us now go back to the generating function (3.17). Clearly,
N(k,n)=Y Nk,n), (3.21)
j

where N (k, n) is the number of admissible j-blocks, and therefore

Gz N=Y. Gz 1), (3.22)
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where Gz, /) is the generating function for admissible j-blocks. Consider G,(z, 4).
At first sight, one would be tempted to write N,(k,n)=) N 1,iik, n) and hence

ij
G, =) f; ;- Not all the monoblocks are admissible, however, as they must satisfy

the hy]potheses of Lemma 3.1. That is, neither R and R™* nor U and U~"! can be
contiguous. Thus, f;,, f51, f34 and f,5 are not admissible, and G, =tr(F).

Consider now G,. This time there are two types of restrictions: on the one
hand, the initial letter of the diblock restricts the choice for last letter. On the other
hand, not just any two monoblocks can be put side by side. We tackle the second
problem first. Consider then an (i, j)-diblock. We want to find N, ;{k,n). The
number of (i, j)-diblocks we get is the number of ways we can multiply two mono-
blocks in such a way that the initial letter is i, the final letter j, the total length
comes out k, and the total number of U~ 'R and R™'U combinations comes out n.
That is:

Nz,i,(ka n)= z Ny ks, "1)[N1,11(k2’ nz)+N1,3j(kza "2)+N1,4,(k2’ n,)]

ki+ka=k
ny+ny=n

+ Ny ialky, 1) [Ny 5 kys na)+ Ny 5k, = 1)+ Ny 4 ks, 15)]

+Ny i3k, n)INy 1 kg, 1)+ Ny ko, ny)+ Ny sk, n,)]

+ Ny ialky, 1) [Ny kg ny = 1)+ Ny 5 ikys 1)+ Ny 4 fkpsn,)].
(323)

Certain monoblocks cannot be put side by side. For example, a (1, 1)-monoblock

followed by a (2, 1)-monoblock would mean a combination of RR™!, which is

forbidden. Notice also that a (i, 2)- [resp. a (i, 4)-] monoblock followed by a (3, j)-

[resp.a (1, j)-] monoblock means an additional R~ ! U(resp.a U ! R) combination,

a fact which is reflected in N, ;; and N, ,, entering (3.23) with n, —1 instead of

ny. If we now call G, ;(z, A)= ) z*A"N, ;{k, n), we have, after multiplying (3.23)
k,n

by z¥/" and summing over k and n
G2,ij(z5 A= ful flj + f3j+f4j)
+ fial Lot M55+ fa))
+ fisl fij+ fai+ S5 )

+ fuM1j+ fa + fa)) (329
A compact way of writing this is
G, ,;=(FTF);, (3.25)
where F is defined by (3.20) and
1 01 1
T 01 21 (326)
1 110
A1 0 1

Now for the problem of incompatibility of certain initial and final letters in
the words contributing to G,. If the initial letter is R™! (resp. U~ !) the final letter
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cannot be R (resp. U). If the initial letter is R or U the final letter cannot be either
R~ ! or U™ Thus

G,=G; 14 +G2.13
+G622:+G;23+G2 24
+G2 .3 +Gs 33
+G241+63 42 +G3 .44 (3.27)
If we introduce
1 011
Q= 0 10 , (3.28)
1110
01 0 1
then Equation (3.27) can be written, using (3.25), as
G,=9Q,,G, ;=tr(QFTF). (3.29)

Here and in what follows we adopt the convention of summing over repeated
indices.
The reasoning leading to (3.29) leads also to

G,=9Q,,G, ;; (3.30)
and

G{,ij=(F(TF)Z—l)ij’ (3.31)
giving finally

G=tr[QF1-TF)™']. (332)

This expresses then the generating function (3.17) in terms of the generating
functions for monoblocks. We now turn our attention to them.

Let us call f;,=f and f;,=g. Consider f first. It is the generating function
for (1, 1)-monoblocks, whose general form is .# = R#R#%,R, where #7 and #,
are identity words subject to the restrictions imposed by Lemmas 3.3 and 3.5.
Notice now the following: suppose #; =.«/RZR ™ '€ and W, =2 where o/, B, €,
and 2 are identity words. Then, .# = Ro/RZR ™ '$RZR. This same monoblock
can be formed by taking #;=.o/ and %, =%R ™ '¢RZ. Since we need a unique
way of forming a monoblock, we shall exclude words #, which have a (2, 1)-
monoblock as a factor. In view of Lemma 3.3, this means that only (i, j)-mono-
blocks with i, j=3, 4 are allowed as factors of #75. The number of (1, 1)-monoblocks
N 14(k, n) is then the product of the number of #; and #,, words which satisfy the
restrictions imposed by compatibility, the Lemmas 3.3 and 3.5 and the one just
imposed on ¥, and such that the total length is k and the number of U™ 'R and
R™'U combinations is n. Let us call A"} (ky, ny) the number of (i, j)-identity words
of length k; and with n, U"'R and R~ {y combinations which satisfy the restric-
tions imposed in #;, and A7 “(ky, n,) the corresponding number of (i, j)-identity
words satisfying the restrictions imposed on #,. We have then

Ny km)= Y N kg, n) NP (ky—3, 1) (3.33)
ki +ka=k
nitny=n
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where
N kg, )= N1 3(ky, ny)+ A 4(ky, ny —1)
+ N sky, ny)+ N kg, g — 1)

+ N aalky, ny)+ N alkysnyg —1), (3.34)
N kg, )= N3 3(kgs ny) + AN F4lky, ny— 1)
+ A ik, ny) + N Zalky, ny — 1) (3.35)

We see that .4/73; and ./}, do not contribute to /"%, since ¥ cannot begin or end
with R™!. Neither does .4}, contribute, as % cannot have as factors monoblocks
ending with R (more precisely, it cannot have (1, 1)- or (2, 1)-monoblocks as factors.
But we have already seen in Lemma 3.2 that there are no (3,1)- or (4,1)-monoblocks).
The structure of (3.35) reflects the fact that only (ij)-monoblocks with i, j=3,4
contribute in #5.

Let us take 4" }(k, n). It is the number of admissible identity (i, j)-words satisfy-
ing the restriction imposed on #/. If we call A" , (k, n) the corresponding number
of /-blocks, we have

Nk, n)=; N}k, n). (3.36)
The multiblocks contributing to .47} ;; are formed by multiplying (ij)-monoblocks
with i, j=3, 4 and also (1, 2)-monoblocks. Not all the (1, 2)-monoblocks contribute,
however. They are restricted by Lemma 3.5. We have then

N =Ny, for i,j=3,4 (337
but
N1 12%N1 12, (338)
and
N'1;=0 otherwise. (3.39)
Let us call h the generating function for (1, 2)-monoblocks contributing to # :
Wz, A=Y 2" N ok n). (3.40)
k,n
At this point we need some more notation, so we make the following definitions:
A%z, H=)Y, Nk, mZ* 2", a=1,2, (341)
k,n
Az, =Y Nk )22, (3.42)
k,n
Al fz =Y Nk n)Zkan (343)
k.,n

In particular, A} ,,=hand A} ;;=f;; for i, j=3,4. All other A} ;; vanish. Consider
now .43 ,(k, n). From what has been said before we have
‘/V%,ij(ka n)= z N1 ks, n1)[JVi,3j(k2, n,— 1)+W},4J{k2’ n,)1

ki tka=k
ny+nx=n

+ N1 isky, n) LAYy fRgs 1)+ AT 5 (ks 12)]
+A/‘i,i4(k1an1)[‘/1/},lj(k2’ ”2_1)+J‘/},4j(k2’ n,)]. (3.44)
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Notice the similarity with (3.23). In fact, it is that same equation plus the restrictions
imposed on the monoblocks making up #7. Multiplying by z*4" and summing
over k and n we get

A; u_A% 12( j'A} 3]+Ai,4j)
+A1 13( Al 1]+ Al ,3j )
AL (AL 5 + 41 4)) (3.45)

which is similar to (3.24). A relation analogous to (3.25) can be obtained if we
introduce

0O R 0 O
00 0 O
F = ) (3.46)
0 0 f33 f34
0 0 f43 f44
That is, (F');;= Al ij
In this case,
Aé’ij=(F'TF’)ij, (347
with T given by (3.26). Clearly now, A; ;;=A; ;(T),,A; ,; and consequently
A},U=(F'(TF')J_ l)ij . (3.48)

Notice that A} ;;=A} ,;=0,1<i<4.
If we multiply (3.34) by z¥'A™ and sum, we shall have

AI(Z, /1)=A%3+/1A14+A13+1A:1:,4+ Ai3 +A‘11,4 (349)
=(T)1p pq(T)ql
Using (3.36) we have 4, = Z A} ,p Where A =1 is the contribution of the

=
empty word, which is not forbldden by the restrictions imposed on #;. Introducing
here (3.48) and then the result into (3.49) we get

A'=(TA=FT)"Y),,. (3.50)
We have now A!. Next, we get A%. From (3.35) we have
A2 = A2 4 IR, + A2+ A2, (3.51)

Since (3.36) also holds for 472, we again have A} ZA{ ;;- Computing A7 ; is

now simpler, as i, j=3,4 and the only rule to be remembered is that U and U !
cannot be neighbors. In fact, since A% is obtained from A' just by forbidding the
(1, 2)-monoblocks, it is enough to put h=0 in (3.50) to get 4% Explicitly,

A =(TA-F'T) )y, (3.52)
where
00 O 0
00 O 0
F' = . (3.53)
0 0 f33 f34
0 O f43 f44
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Note that also here there is a contribution from the empty word.
Finally, from (3.33) we have

f(z, =234z, )A*(z, ) . (3.54)

This gives an equation for f in terms of g and h. We now look for similar equations
for g and for h.

Now, g is the generating function for (1, 2)-monoblocks, whose general form
is .4 =RW R, where #  is an identity word subject to the restriction of Lemmas
34 and 3.6. Notice that these are the same restrictions that were imposed on #;
when finding the generating function f. The only difference is that this time
there is no additional U ™' R combination when #” ends with U ~'. Formula (3.34)
holds then with the difference that instead of the terms A "L(k,n—1) there are
terms A"}y (k, n). The reasoning that led to (3.49) now leads to

gz, =22 (A] 3+ Ala+ A3+ Aju+ Aj3+ ALy) (3.55)
which may be written as
g=22(TA-FT)™Y),,. (3.56)

Notice that here there is no contribution from the empty word as (T),,=0.
W =1 would mean .# = RR ™!, which is forbidden.

Finally, we find h. It is the generating function for monoblocks R# R™!
where #” has all the restrictions that applied when finding g plus the additional
one of not having (1, 2)-monoblocks as factors. We see that h is related to g in the
same way as A* was related to 4'. We got from A! to A2 by letting F'—F". It is
very easy to see that this is also the step that must be taken to go from g to h.
Consequently,

h=zX(TA—F'T)"Y),,. (3.57)

As was the case for g, the empty word does not contribute.
Since F” is essentially a 2 x 2 matrix, it is easy to compute h as well as 42, The
results are

L2 =2f*+g+ig+22g7
h=z 2 2 >
(1=f)y—2g
A= fHAf=Af? 4209+ 1Pg*
B -7 -i’

The computation of g and A is much more tedious as it involves the inversion
of a 4 x 4 matrix. The procedure, however, is straightforward and one obtains

(3.58)

AZ

(3.59)

(1+24g+22g* = f+Aif—Af?)?
(1=fP=2g*Y =222 =21 +g+2g+219°)*’

f=23 (3.60)

g=2’

(22g° +2 1%+ 2+ )1 = f)* = Ag> + (L + Af)* —4Af> + f Ig +42°g* — °g%)]
' (112 =2g*) =22 A2f =212 + g+ Mg+ 21g%) '

(3.61)

To obtain the last two expressions we have made use of (3.58) and (3.59).
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This expression for g can be considerably simplified. This is achieved by
noticing that, if we define the determinant

i—f h b h
0 1

D = det , 3.62
f+ig  f+g 1-f g (.62
Mf+g9) f+ig g 1-f

then
_ .3 (Dlz)

=" Dby (369
D

g=z2D—, (3.64)
22
D

h= ZEL, (3.65)
12,12

where D, denotes the minor obtained by deleting the a™ row and the b™ column,
and D,, ., denotes the minor obtained by deleting rows a4, b, and columns ¢, d.
Using now the identity

D11D22—D12D12=DD12,12 (3.66)
we obtain

fh+zh=2zg (3.67)
which, upon substitution of (3.58) and (3.59) leads to

g=z2z+NIA-f=2g°1 ' [2f =2f* +g+/g+22g°]. (3.68)

We have then two algebraic equations, (3.60) and (3.68), in two unknowns,
f and g, the monoblock generating functions. Insertion of the solution to this set
of equations in (3.32) gives the generating function in terms of which the partition
function is given by (3.18). The equations, however, are complicated enough so
that an explicit solution to them has not yet been found. The expression for G
in terms of f and g can be given, after the matrix inverse to (1— TF) has been
found. The result is
G=N4"1, (3.69)
where
N=4f—-24—-2)f?—8if3—24A—6)f*+12)fg+2M *+5.+3)fg*
—14Af2g+422(1 =) fg® + 27— 12) f 29> + 244+ D)g?
+223(A2 =24+13)g> —423(A—4)g*, (3.70)
A=[(1+2g)* = Af2I2f +2g—1)* = A f +29)°] . (3.71)
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It is also possible to find the first several terms of the series expansions for f
and g by solving (3.60) and (3.68) iteratively. This gives

f=22 {14221+ 1)+ 82° A+ 28T+ 12+ 54%)

+ 28684 +404%) + 21 °(1924+ 28072 +4043)...} , (3.71)
g=2"{24222Q+ )+ 236 +44) + 246 + 81 +24%)
+2°20+3844+4/3)+...}. (3.72)

In (3.71) the coefficient of z° does not vanish, but we have not computed it. The
coefficients of z, z2, z*, and z’ do vanish however. Substitution of (3.71) and (3.72)
into (3.69) then gives

G=4z%+z°(164104)+ 5628 1+ z°(76 +-96 1.+ 28 1%)
+2'°(1441 + 6472) + 2 (6404 + 288 %)
+2'2(392 4 10564+ 7704% + 15643)
+213(192024 246422 +32023) + ... . (3.73)

The coefficients in (3.73) have been checked by computing directly the trace
of the relevant power of (—=/S®a+xT '@ b+xT®c).

IV. Concluding Remarks

We have constructed a lattice which is homogeneous under the modular group
of fractional linear transformations I'. This was done by taking a point on the
upper half of the complex plane, acting on it with I' to obtain an infinite set of
points, and drawing bonds between every point and its nearest neighbors. The
result was a cactus lattice with hexagonal leaves joined along bonds (not by the
vertices).

The generating function for close-packed dimer configurations on this lattice
was computed by the Pfaffian method. For this it was necessary to orient the
lattice, thus breaking its symmetry. Invariance under a group was restored by
considering SL(2, Z), which is related to I" through I'~SL(2, Z)/{+ 1}. This idea
may be used also to recover the generating function for dimers on a finite toroidal
lattice [6] first found by Kasteleyn [9]. There, one has to orient the toroidal
lattice, which is invariant under Z/NZ x Z/MZ. The orientation breaks the
symmetry but one recovers it by going to a larger group like Z/2NZ x Z/MZ.
The advantage of having symmetry under a group lies in the fact that it is then
possible to express the operator whose determinant gives the generating function
in terms of the regular representation of certain elements of the group. A renormali-
zation of the trace allowed then to compute the generating function directly in
the thermodynamic limit, without the intermediate step of computing it first for a
finite lattice and taking the limit afterwards. The logarithm of the generating
function was then developed in a power series whose coefficients were the number
of a certain class of words reucible to the identity. They were found by solving the
problem of counting the number of words of a fixed length in the generators of a
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group which is the free product of two cyclic groups. The series converges for
’x

l

X . . .
<4, and for 7= —1 there is a singularity.

One may envisage two further problems that may be attacked with the ap-
proach given here. One is the dimer problem on lattices homogeneous under the
triangle groups, whose presentation is [5] (4, B; A", B",(AB)*>. The question
of counting the number of words reducible to the identity, however, is likely to
become extremely involved. The other is the dimer problem on finite lattices
homogeneous under the finite group I'/I",, where I', is the principal congruence
subgroup of level p. These lattices however are embedded on surfaces whose
genus g grows as the lattice grows. Since we need 49 Pfaffians for the calculation
of the dimer generating function of such a lattice, this will be a serious difficulty.

Finally, an Ising model was constructed on the original lattice. Evaluation
of the partition function was reduced to a dimer problem on an associated lattice
following the general prescription of Fisher. The procedure was the same as for
the simpler lattice of Section II, although the details were considerably more
involved, especially the evaluation of the coefficients of the series development
for the free energy. This function was then given as a rational function of the
solutions of a system of two algebraic equations. A preliminary study of the
series expansion (3.73) seems to indicate that this free energy is analytic for |z| <3.
We hope to come back to this point in a future paper.
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