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Abstract. To show how the method developed by C. Becchi, R. Stora and the
present author to prove Slavnov's identities in gauge theories works in Abelian
cases including a nonlinear gauge without any discrete symmetry, a specific
example is worked out, exhibiting the details of the technical procedure.

I. Introduction

Recently Becchi, Stora and the present author have developed a method for
proving Slavnov identities in gauge theories [1] which relies on very general
theorems of renormalization, more precisely a quantum version of the Schwinger
action principle; the proof consists in an extensive use of consistency conditions.
However, the proof given was restricted to massive semi-simple cases with linear
gauge; a specific Abelian case was also studied [2], but we used a discrete symmetry
to simplify the problem. Generalizations of this method to the massless case were
studied by Lowenstein [3] and Becchi [4] (pure Yang-Mills theory) and Clark
and the present author [5] (Georgi-Glashow model).

The generalization to cases including Abelian subgroups with linear gauges
was given by Becchi, Blasi and Collina [6] there the couplings of the Faddeev-
Popov ghost related to the Abelian subgroup are assumed to be superrenor-
malizable. Here we give an example of what has to be done in a case including
a nonlinear gauge, when no discrete symmetry simplifies the problem, and when
the couplings of the Abelian Faddeev-Popov ghosts are not superrenormalizable.
The example given is pure massless electrodynamics in a Veltman type gauge [7].

Section II is devoted to the definition of the model in the tree approximation
in Section III the quantum action principle is recalled; Section IV is devoted to
the proof of the Slavnov identity at any order.

II. Definition of the Model in the Tree Approximation

Let us consider pure massless electrodynamics in the nonlinear gauge

as proposed by Veltman [7]; c and c will denote the Faddeev-Popov ghosts.
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The tree approximation Lagrangian reads:

&=-4-1(dμav- dvaμ) (dμav- dvaμ)-(2α)"\dμa
μ + ρaμa

μ)2

-a~1{cθc + 2ρdμcaμc)

+jμa
μ + ξc + ξc + η$ + ξ^ (1)

with

η and ζ are external fields which are respectively assigned dimension 2 and 1;
η carries no Faddeev-Popov charge, ζ carries the charge of the c.

This Lagrangian is invariant under the Slavnov transformation [1]:

aμ-+λdμc

μ (2)

where λ is an infinitesimal parameter, independent of x9 which anticommutes with
c, c, ξ9 ξ, ζ and commutes with aμjμ, η.

To this in variance corresponds the Slavnov identity:

9>ZC% I ξ, f7,0= ί d4x ϋμ^/δξ- ξδ/δη

+ ηδ/δζl(x)Z%,ξ,ξ,η,ζ) = O (3)

where Zc(jμ9 ξ, ξ, η, ζ) denotes the generating functional of connected Green
functions.

Equation (3) can be written forjthe generating functional of the vertex functions
Γ(aμ, c, c, η, ζ)9 related to Zc(jμ9 ξ> ξ9 η9 ζ) through a Legendre transformation:

δZ'/δj^a"

δZ'/δξ = c (4)

δzηδξ =c,

J d4x\c(x)dμ{δlδaμ) (x)Γ+(δ/δc) (x)Γ(δ/δη) (x)Γ

(5)

III. The Quantum Action Principle

Let us first make precise the notation:

denotes the effective Lagrangian

Zc(j, η) is the generating functional of the connected Green's functions depending
on the sources; and the external fields η; the corresponding generating functional
of the vertex functions is denoted Γ(φ, η);

(ΔZC) (j, η) denotes the generating functional of the connected Green's functions
with the insertion Δ9 where Δ is some integrated normal product of fields;
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in the same way (Λ(x)Zc) (j, η) denotes the generating functional of connected
Green's functions with the insertion Δ(x\ where Δ(x) is some normal product
of fields at the point x; then the meaning of (ΔΓ) (φ,η) and (Δ(x)Γ) (φ, η)
is unambigous;

at last Θ(hn,d) denotes some local operator of dimension d which is at least
of order hn.

We are now in a position to write the two statements of the action principle.
The first one, due to Lowenstein [8], concerns the derivation with respect to an
external field η(x) of dimension dη:

)

Δη(x) = (δ/δη) (x) J Se(φiy))άy + Θ(h, 4 - dη) (x).

For a constant parameter λ, this reduces to:

(δ/δλ)Z%η) = AλZ%η)

The second statement, due to Lam [9] concerns the infinitesimal variation of
a quantized field:

Let us consider an infinitesimal variation of the quantized field

δφ(y) = M(φ,Dφ)(x)δω(y) (8)

where M(φ, Dφ) (x) is a polynomial of normal products in the fields φ(x) and in
its derivatives Dφ(x)\ to M(φ9 Dφ) is assigned dimension dM greater than or equal
to the naive dimension of M; dφ denotes the canonical dimension of the field φ.
The action principle reads:

(/, η) + j(y)δ(y - x) [M(φ, Dφ) (x)Zc] (/, η)}

, 4 + dM - dφ) (x)Zc] (/, η). (9)

As a final remark, let us write the following useful identities:

Γ(φ, η) = f &Aψ(x))dx + β(K 4)
(10)

where dΔ is the dimension of the normal products of fields A.

ΓV. Radiative Corrections: Proof of the Slavnov Identity

For the sake of defmiteness, let us say we are using the subtraction procedure
for massless theory given by Lowenstein and Zimmermann [10]; in fact, nothing
is changed if we use another renormahzation prescription valid for massless cases
[11] since the validity of the action principle in the form we wrote in the last
section does not depend on this choice.

To simplify the notation, we shall from now on forget the inessential indices,
subscripts, etc. for instance, we shall denote
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Then, due to the action principle Equation (9), the Slavnov identity Equation (5)
considered at any order in h becomes:

y(Γ) = ΔΓ (11)

where A is an insertion of order h and strict dimension 5 (no insertion of dimension
strictly less than 5 does appear because of the zero mass subtraction procedure
[10, 3,4]). We want to prove that there exists <£ of dimension 4 such that:

A = £f& + Θ(hΔ). (12)

Then it is possible to change the Lagrangian at any order h in such a way that
we absorb the anomaly A at any order; in fact, if to the Lagrangian 3? corresponds
(Eq. 11), to the Lagrangian JS? + i? ' corresponds:

&{Γ) = ΔΓ + y(&') + 0{h&'). (13)

Because of Equation (12) this is soluble for JSf' computed as a formal power
series in h in such a way that we get

0 (14)

at any order in h.
Let us now prove that the consistency conditions imply Equation (12).
Let us first write

A=Aext + Aint (15)

where Aini does not depend on the external fields η, ζ. The general form of zlext is:

Aext = coζcdμcaμ + c'oζcdc + ctfcal + c2ηcdμa
μ + c3η dμcaμ + c4ηΠc

ζ η2c. (16)

Let us first remark that ζηc varies in η2c + ζ3^c. The second term can be absorbed
in ζcAζ so that η2ccan be absorbed by modifying the lagrangian. Let us, following
the general method [1], couple A to an external field β and consider the Lagrangian

Due to this modification of the Lagrangian, (Eq. 11) transforms into:

) = δΓ/δβ-β(y%<e) + Sf(Δ)) + Θ(hA). (17)

The term £PΔ<£ takes into account the change in the definitions oϊδ/δζ, δ/δη which
appear in Sf, due to the presence of the couplings βAext.

In other words <£ was formally invariant under the Slavnov transformation
Equation (2). Because of the definition of the couplings of η and ζ in the Lagrangian
Equation (1) this invariance was translated in the Slavnov identity Equation (3).
Now we keep the form of the Slavnov operator, but we change the couplings
of η and ζ and the Slavnov transformation Equation (2) becomes

(18)

is the variation of the Lagrangian under this new part of the transformation.
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Equation (17) yields:

^\Γ)\β = 0=-δ^{Γ)lδβ\β = 0 = ̂ \^) + ̂ {Δ) + Θ{hΔ)\β = 0

= A + Θ(hΔ)

which can be written

J (δ/δc)Γ(δ/δζ)Γ = Δ' + Θ{hΔ) (20)

which is a perturbed version of order A of:

j(δ/δc)Γ(δ/δζ)Γ = O (21)

itself a perturbation of

j(δ/δc)&(δ/δQ& = 0. (22)

The solution of (Eq. 22) is known to be [1]

(δ/δc)& = κ(δ/δζ)& (23)

where K denotes from now on an arbitrary coefficient. This proves that

(δ/δc)Γ = κ(δ/δζ)Γ (24)

is the solution of Equation (21) and the solution of Equation (20) is:

(δ/δc)Γ = κ(δ/δζ)Γ + RA (25)

where RΔ, which is of order A, can be written

RA = (δ/δc)RΔ (26)

since (δΓ/δζ) is of the form (δ/δc) ( ).

Writing this solution Equation (25) in Equation (20) yields:

κ{δ/δζ)Γ{δ/δc)RA = A + Θ{hΔ). (27)

The left-hand side is proportional to Sf2(RΔ), from the definition of ^ 2 , and we
get the consistency condition:

κ^2(RΔ) = ^Δ(^) + ̂ (Δ) + Θ(hΔ). (28)

To this point we have followed the standard method given in [1] we now need a
specific analysis. From Equation (5) and Equation (16) we know that

ζ (29)

with

(30)

The first term in the right-hand side of Equation (29) has the form

its contribution to (Eq. 28) can be absorbed in the left-hand side, and (Eq. 28)
reduces to:

(31)
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Let us first look at the part of Equation (31) depending on the external fields:

μ (32)

Equation (32) implies the relations

2cf

0-c2 = λ

in such a way that the right-hand side is ^2(ληcc). We can now consider the part
of Equation (31) depending only on the internal fields:

^2{R)fni = ̂ {A)\mi + Θ{hA). (34)

Let us decompose A into

(35)

From (Eq. 34) we see that zlb is of the wanted form ^( i f b ) . Let us look at A*:
it consists of a part depending on the external fields such that ^(z l*) | e x t Φθ, and
a part independent of these external fields which combines with the other to
ensure ^ ( z l # ) i n t = 0; since

&(Δ*xψxt = &(ζcAζ + ηcΔηί + ηAηψxt = Sf(ηcAηψxt (36)

the first part is nothing but ηcAηi and

A#=ηcAηί + A° (37)

where A0 does not depend on the external fields.

Sf(Δ*fnt = O = J#fcΔηί+SfΔ° + Θ(hΔ). (38)

But we have the relation

tfcΔηί = Sf2(ccΔηi) + Θ(hΔ) (39)

which ensures that either A0 is invariant, and then does not contribute to A*,
or is of the wanted form ίf(A°)\ (Eq. 38) reduces to

J<ί?cAηί + Θ(hA) = 0 (40)

which implies Aηi =0, or - from (Eq. 16) - ci = c2=0; then Equation (33) implies

ζcAζ = (λ/2)ζcJf = ̂ 2((λ/2)ζcc) + Θ(hΔ)

(41)

Going on in our analysis, we are now concerned with the A * part. For the piece
depending on the external fields we stay with ηAη2 which has to satisfy:

0 (42)

This implies that Aη2 is proportional to Mf. But r\2tf =<?2(ηc) is a variation.
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At this stage we have proved the relation

Aext = ^(^ext) + Θ(hA). (43)

Following the analysis explained after Equation (12), by changing the Lagrangian
at order Δ, we can reduce (Eq. 43) to Δext = Θ(hA). Then 9?Δ{^) = Θ{hΔ\ and
Equation (28) reduces to

(44)

We have already proved that the terms A9 assumed the form ^(JS?b); we have
to consider now the terms Δ* which do not depend on the external fields; we can
write

(45)

where A x does not depend on c, c.
Let us write that the part of ^2{Δ *) with three c is zero:

μ μ μ 0 (46)

which yields:

- ° ,47,

aΐ = 2ρa3

and A* reduces to

A" = aocA1-a3ccJ^. (48)

Let us decompose A x:

ΔX = Δ\ +A\

(49)

(zl" ) = 0 implies

aoy(A\) = a3^=>aoA[=(a3/2)^. (50)

Since there exists just one possible term for A \, Equation (48) reads:

Δ* =aoc(dμav- dvaμ)(dμav- dvaμ) + a3c(^2 +jfc). (51)

These two terms cannot be eliminated through the consistency condition, as we
have seen this difficulty is due to the group being Abelian.

To prove these terms do not exist, we shall use an alternative method: let us
make an assumption about the couplings of the c in the effective Lagrangian, and
suppose that there exist just the couplings cDc and ca^c, excluding (dμcaμc —
cdμa

μc) and caμa
μc. Then, besides the two terms of Equation (51), we get three

possible anomalies which are the Slavnov variations of these new forbidden
terms in the Lagrangian, and the Slavnov identity can be written:

- aoc(δμav - dvaμ) (^av - dvaμ) + a3c$&2 + tfc) + bί(cdμcdμc + ca

-cΠcc-cdμa
μ%) + b2$;caμa

μ& + cdμcaμc) + Θ(hΔ) = A+ Θ(hA). (52)
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Let us test this identity with respect to (δ/δc) (0)δx(0), where δx denotes a product

of derivations with respect to the photon fields, and put all the fields to zero.

From (Eq. 5) we get:

J d4x [_(δ/δc) (0) (δ/δc) (x)δxl(p)Π ί(δ/δη) (x)δX2(p)Π

= (δ/δc) (0)δx(0)A + Θ(hΔ) (53)

where δXί, δX2 is a partition of δx.

Because of our hypothesis on the couplings of c, the first factor in the left-hand

side is zero, due to (δ/δc) (0), and Equation (53) yields:

Θ(hA) = (δ/δc)(0)δx(0)A

= δx(0) {ao(dμav- dvaμ) ( δ V - SV) + a3(92β+ 2tfc)

+ bί(dμcdμc + aμd
μ$- Πcc- dμa

μ<&) + b2$aμa
μ<0 + dμcaμc) (54)

taking for δx the derivation with respect to two, three and four photons yields

four relations which imply

ao = a1=b1=b2=0 (55)

so that we have proved the Slavnov identity.
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