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Abstract. We consider the two-dimensional Ising model and show how correlation functions are
determined by a state of a C*-Clifford algebra. We describe how the phase transition manifests itself
in terms of a jump in the index of a Fredholm operator. A connection with the Pfaffian approach is
made through the theory of unitary dilations of contraction semigroups.

§ 1. Introduction

The two-dimensional Ising model in zero field has been treated algebraically
by many authors, notably Onsager [20], Kaufmann [11], Schultz, Mattis, and
Lieb [23], Abraham [1, 2], Abraham and Martin-Lof [3]. They consider an array
of spins on a finite lattice, compute correlations using either the Clifford algebra
[1,3,11] or the Fermi algebra [2, 23] and then pass to the thermodynamic limit.
Following Pirogov [22] we consider the Clifford and Fermi algebras associated
with the infinite Jattice. Other C*-algebras associated with the Ising model are
described by Marinaro and Sewell [16].

We investigate the connection between the Gibbs states of the Ising system
and certain states of the Clifford algebra. In this we follow Dobrushin [5] and
Landford and Ruelle [12] and regard a Gibbs’ state of the infinite system as a
family of correlations {g,...0, > for finite subsets {a,,...,a,} of the lattice, o,
taking on values + 1. These are obtained as the limit of correlation functions for a
sequence of finite sublattices with some prescribed boundary conditions. In
particular we denote by <...»?, {...>* and {...)~ the correlation functions which
arise from the periodic, “plus” and “minus” boundary conditions respectively.
For a review of boundary conditions and general properties of Ising systems see
Gallavotti [7]. The state is translationally invariant if {0, +4...0,,+.)0=
0y, ...0,,» for all lattice vectors ae Z* and all subsets {ay, ..., a,}. The set of all
translationally invariant equilibrium states is a non-empty convex space. A phase
transition is said to occur at inverse temperature f, if for §> g, there is more than
one equilibrium state while for f<f, a unique state exists. Extending a result
of Gallavotti and Miracle-Sole [8], Messager and Miracle-Sole [17] have shown
that every translationally invariant equilibrium state (- is such that

=l > +A—a)->~ for some «e[0,1]. 1)
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Lebowitz [14] has shown that f§, coincides with the Onsager value [21].
The extremal state ¢...>", {...>~ satisfy:

(Ogyer- O =(=1)%0y4...0, >~ for all ay..a,eZ*, @)
Ialli_rpoo {Gpy - 0ava--Tapray =((0q,...0, "), forall ay,...a,aeZ?,

and so are determined by their common value on products of an even number of
spin variables. In § 2 we show how the extremal state {...» " at inverse temperature
p corresponds to a state wy of the Clifford algebra #(H, s) over a symplectic space
H=E®JE. Each such w; is a Fock state with complex structure 4; on H. For
B+ B’ the operator |4, — A,/ is not Hilbert-Schmidt so the corresponding represen-
tations are disjoint.

The complex structure 4, has a decomposition

Ag=PJe?’+QJe™ 2",

where P, Q are the orthogonal projections onto E, JE respectively and 0 is
self-adjoint. The operator Je*’® is Fredholm and its index jumps at the critical
temperature:

0 p<p.
-1 p>B..

The physical manifestations of the phase transition are shown by the calculated
values of the correlations and these depend on the index of Je?’%,

In this formulation the treatment of translations in the two basic lattice direc-
tions appears to be asymmetric, in contrast to the Pfaffian approach [19]. The
connection is shown in § 4 by an application of Sz-Nagy’s theory of the unitary
dilation of contraction semigroups.

ind (Je2'?) :{

§ 2. Algebras and States

We adhere to the notation of Balslev, Manuceau and Verbeure [4]. Let H be an
infinite dimensional real Hilbert space, s(,,) the real inner product on H, and

%(H, s) the C*-Clifford algebra generated by {I'(¢):¢p € H} where the I'(¢p) satisfy
the relations

(@), F(w)]+ =2s(¢, w)1  d,ypeH. 3)

UH,s)=U,(H, s)®U,(H,s), where %«,, is the C*-subalgebra generated by
{I'(P)I'(p), d,pe H} and %,,, the vector subspace spanned by products of an
odd number of I'(¢).

We assume H comes equipped with a fixed complex structure J, satisfying
J?=_1,J"=—J [J* the adjoint of J with respect to the inner product s(-, )],
such that (H’, h) is the complexification of (H, s) via

(a+if)p=o0p+pJ¢ o« feR PeH
h(¢, p)=s(¢, w)+is(Jo,w) ¢, peH.
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Let {e,n€ Z} be an orthonormal basis for (H’, h), so that {e,, Je,ne Z} is an
orthonormal basis for (H, s) and let E be the closed subspace of (H, s) spanned

by {e,neZ}.
Then H=E®JE and 4, the conjugation determined by J, defined by
¢, ¢eE,
Ad=
b=\_4 e, @
1+4
satisfies A2=1, [4,J]. =0, and P—L Q— are the orthogonal projec-

2
tions onto E, JE respectively.
Let H; CH be the subspace spanned by {e,, Je,n=—1L, ..., L}, s,(-,-) denote
the restriction of (-, -) to H,, and O, the restriction to H; of an operator O on H.
Let o/, be the Paulion algebra generated by {¢%j=—L,...,L,a=x,y,z}
which obey the mixed commutation relations

[6%,051-=0,j*k, ojo}=ioF et cyc, (0%*=1,j=—L,...,L. (3)

The Jordan-Wigner transformation [10] is a *-isomorphism #:.o/; —>%(H,, S.)
and is defined by

noL)=r(e_y)
nfo”)=I{Je_y)
nop)=[1iZL L (=il(e)l(J e )T (ey) (6)

k=—L+1,...,L
o) =[T;=1 L (=il (e)[(J eI (Jpey).

For a finite lattice A= {(i,j)e Z%i=—L,...,L,j=—N, ..., N} the algebra of
observables is €({+1, — 1}), the space of complex valued continuous functions
on the compact set {+1, —1}*, and the expectation value of any observable f
is given by the Gibbs formula

M=(Z) 7" Yserrr,— 12 f(x) exp(— BA (%), (7
where

Zh=) wer1,- 1 xp (= pAY(X)),

HUx)= =Y i ea 1XiXiw 1, j+T2XiX; 4 1) +0A5(x) . )

Ji,J,>0and 0% is the Hamiltonian interaction between the system A and its
boundary oA.

Correlation functions are expectation values of the functions {¢;;} where

o (X)=x;;.

Let us introduce a particular representation 7, of .o/; as bounded operators
on a Hilbert space $, =)~ $ where § is a 2-dimensional space with ortho-

normal basis e, = ((1)) e_ =<(1)), defined by

1(0H=1®...®6'®...1 a=x,y,z, 9)
i'™ position



282 J. T. Lewis and P. N. M. Sisson

where

L (10 L [0
=l —1) 7\ o)

The array TE(y™, y™* V) defined by

K K
Tllf(y(m)a yot 1)) =CXp {*2'22? XimXi+1,m+ Ky Z? XimXim+1 T TZZ?ximHXH 1,m+ 1} s
(10)

where y™ =(x_p,, ..., Xp,,) and Y ? signifies that the limits of the summation are
prescribed by the boundary condition, determines an element V} € .o/, by

Tf(y(m)a y(m+ 1))= <®EL ea,-’ TCL( V£)®Ii L ea’j>L ’ (1 1)

where o;= + when x;,= +£1,0;==+ when x, ,,.,=+1 and {,-), is the inner-
product on 9.

K K
V=2 prexp( Bt Jexp (KT Sanexp (5 Bhotat ). (1)

where

ny=Y ¢ (d)e 2 =tanh K, . (13)

For our purposes we need consider only two boundary conditions: the periodic,
and the plus and minus, which give rise to the extremal states. Details omitted
here may be found in [3, 24].

Let f be a local element of €({+1, —1}?°) lying in €{+1, —1}*) say. Using
the transfer matrix we have the existence of elements a2, ay € .o/ such that

ot (m(a)m (VRN ™)
<f>NL— tréL(TEL(Vf)ZN*—l) 9 (14)
+ <®11L einL(VLi)N+ 17'5L(‘1%)7'51“(VLJ£)NJr 1®11L ey 15
SN (R eV P AR penyy =
where
20+1

K K
VE=(sh2K,) 7 exp(S TR otot, exp (KYEE o expl 52 T2 ot
and ¢* ; is identified with o7 , ; and
2L—-1

e K
Vi =(sh2K,) 7 enp 2T ot Jexp(KE TGS 1o

K _
- €Xp <72 ELIO-;CU;C+1>‘
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Define states 0%,(-), 0x.(-) on .27, by

oni(@)= trg, (mi(@)my( VEPNTY) [trg, (1 VRPN, (16)
o0k (a)= <® L€+ “L(VL A 17'51‘(‘1)7’5L(VL NH@L L e+>L 17)
NE <® Le+’TEL(VL )2N+2®LL9+>L
Lemma 1. For any ae </, there exists f € €({+1, —1}*) such that g% (a)=
e

Proof. o, is generated by {0}, 0f k=—L,..., L}.
Trivially f =0, , has the property that (o, o>k.=0ki(0}) k=—L,....L.
Consider

fi=[ch2K —sh2K 0y o0y, 11[chK; —shK,0,_ 1 004 0]
-[chK; —shK;0y 004+1,0] -

Since 6iVEoiVE ' =ch2K* —sh2K*sZexp {K,(o}_ 05+ 0707, ,)} for b=p or
b=+, it is straightforward to show that < f,>%; =0%.(03) k=—L,..., L. We wish
to consider the state w%; on %(H,, s;) given by

ofr(y)=0krn, '(7) for any ye(Hsy),
and in particular to study the limiting state w®(-)= lim w%,(-) on the Clifford alge-

N-w
L-

bra %(H, s).
To take the limit N—oo it is necessary to have the spectrum of the transfer
matrix. Under the Jordan-Wigner transformation we can write (see [1], [11])

2L+1

n(V)=(2sh2K,) =
An(VED) " (VEINL(VEL) ™ Prn(VED) "0 (VEML(VE) T QL)
where
Py, QL=%(1 +Uy), UL='1L(1—[11L(—0'i))

and

K
n(Vi)=exp| —i 72 Zli LT )T (W ei))
(Vi) =exp (—iK¥ ZE L I'(e)I'(Je)
Wi:H,— H, defined by

Wie,=e,.;, n=-L,...L—1 (19)
Wie=+e
[WLi> J 1=0.
Similarly
2L-1

il VLi )=(2sh2K) ? 11 Vzl;)’h( VliL)nL( VziL) s
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where

K

ni(Vs1)=exp (‘ i 72 Zli L F(JLei)F(WLei))

nu(Viy)=exp (— iK% Zli L) (T —1e5)
and W:H— H is the bilateral shift

We,=e,., neZz,

(20)
(W, J]-=0.
Let us define operators on H; by
+ Wi' -1
coshyf =ch2K*ch2K,1—sh2K*sh2K, (W—ﬂz—ﬁ , (21a)
+ +y—1
shyi cosdt* —ch2K#sh2K, 1 —sh2K*ch2K, (Dizw—“—) (21b)
Wi _ Wi -1
sy sindf* = —sh2kts, (ML), e19)
Af = —JLeXp(JLALéfi) : ((WLi)—IPL_" Wi QL)
=Jpexp (27 A4.07)=S; J(SE)* (21d)
S =exp(—JA07). ' (2le)

Let w,, be the Fock state on (H, s;) corresponding to complex structure J,,
the representation defined in terms of creation operators

a*(x)=4(I'(x)—il(J,x)) and vacuum vector |Q; >.
It is straightforward to verify that the Bogoliubov automorphisms

ocSiL:F (x)-I(Sfx) of #(Hy,s;) induced from the orthogonal operators Sf are
implemented in the above representation by

S i =exp Yk -1 0@ {a*(— of Ja* (@i )+ alwia(—wf )}, (22)

i
2QL+1)

where a*(w)=)" | e”"a*(e,)

wf =2mik2L+1,  wp =niRk+1)2L+1 k=—L,..,L, (23)

coshy(w)=ch2K¥ch2K, —sh2K*¥sh2K,cosw, (24a)
shy(w)cosd(w)=ch2K¥sh2K, —sh2K*¥ch2K,cosw, (24b)
shy(w)sind*(w)=sh2K¥sinw, (24¢)
20(w)=6*(w)+w—m. (24d)

Theorem 1. For < f, the state w}(-) is a quasi- free Fock state over %(Hy, sy),
described by complex structure Ay =Sy J(Sp)*.
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Proof. For < f, the principal eigenvalue of 7,;(V¥) is non-degenerate and its
eigenvector is |®; > =n;n; 1S |2, ). Taking the limit N— oo in (16) in the usual
way we have

wf() =L P mng ()DL >

=(wy, °osz)+ )
which is a Fock state as it is related to the Fock state w;, by a Bogoliubov
transformation.

Lemma 2. For > f, the states wji(-) have the property wi(y)=0 for any
VEUo(H -1, Sp—1)

Proof. For B> p, the largest eigenvalue of =, (V) has an exact degeneracy
between |@; ) and |Dj ) =3mnp (e ) —iT(J )i ).
Letting N—o0 in (17) and using the parity of |®; ) and |Df ) we obtain

a),:f(y): +3Re <(pf|77~'1]11: 1(V)|D1Jf> VEUWHy,Sy) -
IfyeU(Hy -1, S, 1) CU,(Hy, Sp) then
o (y)=0 since mn; (Me-)+il(Je))|PE>=0.

Lemma 3. For any y, €%, H,,s;) and any M>L we have
2L+1
wJIt’l(yL)_%(wJM © Ogsip) + T Orp © i) Jy)=0 (m) el -

Proof. When B> f5, there is an asymptotic degeneracy of m,(V3}) between
|Py> and s BE (g6 /ll90 1)|Par)
where
90 =M u €, BE(x)=3(I(Syyx) — il (SyrJ X))
and the respective eigenvalues A, A have the property
28 [max=1—0(e™™),
where 7 is the surface tension [2]. Consequently for any y, € %,(Hy, s1)-

(7D =3 Pul g ()| Pir>
+{Pylmama {B (g /llgs Ny.BE(9g /g DHPx>+ 0™ M) Iy. ] .

2L+1
l/—zﬁ x| and B, (g3)B% (g3 @iy =

lga 12|15, therefore after successive application of the anticommutation rela-
tions,

But for any xe Hy, |h(x, g5 /Igo )=

2L+1
wz}\)l(VL)=%(wJM ° s+ T WOy 0 Usin )Y+ O (m) lych -
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Let w4 be the Fock state on %(H, s) determined by complex structure 4 on H
where

-1
chy=ch2K¥ch2K,1-sh2K¥sh2K, (E—‘%VK—), (25a)

-1
shycosd*=ch2K¥sh2K,1 —sh2K¥ch2K, (KV—iQW—>, (25b)

_ -1
shysindé* = — Jsh2K¥ (H/——zw—), (25c¢)
A=—-J JASHW 1P+ W
exp(JA6*)( Q) (25d)
=Jexp(2J46),

=SJST S=exp(—JA6). (25¢)

The following extends Theorem 3 of [22].

Theorem 2. For all B and for each ye#(H,s), lim w*(y) and lim wi(y) both
exist and

lim wf(y)=lim of()=w4).

Proof. In the case of periodic boundary conditions the result follows imme-
diately from Theorem 1 and Lemma 3, together with the fact that

s-lim W, = sL-lim Wi =w.

L—
Ifye %, (H,s), then I}im wi(y)=0 for B> B, follows immediately from Lemma

2. A careful consideration of the degeneracies of n,(V;") when f<pf. from [3]
shows that }im wi(y)=0 for f<p. also when ye%,,(H,s). To show that w*

agrees with w, on %,,(H, s) we require the following Lemma.
Let So({+1, —1})={f:f(-x)=f(x) xe{+1, —1}*}.

Lemma 4. For any boundary condition b and inverse temperature [, given
fe&u({+1, —1}7) there exists y, € U,,(H, s) such that

<f>b ZwA(“/f)

and conversely given ye U, (H,s) there exists f,e&u({+1, — 1Y% such that
{f P =w4(y) for any boundary condition b.

Proof. The first part follows from Eq. (1) and the fact that it is true for b=p.
The converse follows essentially from Lemma 1. It is sufficient to show f,,, f,.
exist for {y,=T(e)'(Jey):ke Z}, {w,=I(Je)I (e, ):ke Z}. Direct verification
shows that f, =ioy_, o040 and f, =if,, f, as in (18).

Since w4 is W-invariant we take the Fourier transform

f:H’—»LZ(S)={ftS*>Ci I 12=Je e 5P < w}
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determined by e,— €', so that for each ¢ € H’ we have
(F d)eP)=(e") =)z hle,, p)e™ .

For every operator T:H—H such that [T,J]_=[T, W]_=0 there exists
t(-) € L®(S) such that

(Te)e?)=t(e)(e”)
and || T =tll-

Theorem 3. The finite temperature w, are obtained from the infinite tempera-
ture state w; by a Bogoliubov transformation induced from the orthogonal operator
St onHie ws=w;°0g..

The automorphism I'(¢p)—T(S*¢) is not unitarily implemented in the Fock
representation determined by wy.

Proof. The non-implementability follows from Theorem 2 of [15]. The ope-
rator |A — J] is not Hilbert-Schmidt since it has continuous spectrum.

Let the Fock representations determined by the states w; and w4 have creation
operators  a*(¢)=3(I'(@)—il(JP)) and b%(p)=3(I(¢)—il'(A¢p)) and vacuum
Qo, Q4 respectively.

Let b*(¢p)=b%(Sd)=1(I'(S¢p)— il'(SJ$)). The Bogoliubov transformation has
the form

b*(¢p)=a*(cos 0¢p) —ia(JAsin 6¢) . 27

Introducing the operator-valued distributions a*(p), b*(p) by
dp

* — {7 * _

a*(9)=[% HP)a*(p) 5.

d
D)= SP*P) 5,
it takes the form
b*(p)=cos 0(p)a*(p) + isin O(p)a(— p) . (28)

_Let V:H-H be the operator such that [V,J]_=[V,W]_=0 and
(Vo)e?)=e "Pp(e’?), and let V; be the operator on the Fock space Z(L*(S")
determined by V on L*(S'). The following extends Theorem 4 of [22] and is
immediate.

Theorem 4. For any boundary conditions, the transfer matrix normalised by
dividing out the maximum eigenvalue tends strongly to the operator Vi on F(L*(S)).
Consequently VpQ;=Q; and Veb*(p)Vy "=b*(V"¢).

The operator Vi is unitarily equivalent to the operator P in [18] when the
magnetic field equals zero.

§ 2. Index

We have shown how to compute expectation values of observables
feb({+1, —1}7") using the Fock state w4, at all temperatures. Odd correlations
are in principle determined by the clustering properties [Eq. (2)] and convexity

(Eq. (1)].
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In principle therefore the correlation functions are all determined by the
complex structure A.
NOW A=A1 +AA2 =P(A1 +A2)+Q(A1 —Az)

=PJe?’? +QJe 70
and elementary manipulation of Eq. (26)

(Je?* ¢)‘( ) =i eziO(p)(ﬁ( ¢?) = a( eip)é( e'p)

where

=
and

A=cothK,cothK¥ B=cothK%tanhK, (30
so that

A '<B '<1<B<A for K}<K, 61)

A '<B<1<B !'<A for Ki{>K,.

If ¢:S—C is a continuous function, the index of ¢, I(¢), is given by

2nl(¢)=arg(¢(e™) —arg(P(e™) . (32)

Lemma 5. I(a)=1 f>f.
=0 p<p..

Proof. Form (31) B=1 if and only if $2f. and the lemma follows from
direct computation.
When f=f, the function a(-) is not continuous. It is not even locally sectorial
in the sense of [6], so we cannot assign an index to it in the same way.

§ 3. Spontaneous Magnetisation
We compute m* by one the standard methods
m*2=3i_,n}0 {00007 -
Using the state w, we have
000007 =W [ —il'(Jeo)(e) [ —il'(Jey)I (e,)]...[ - il (Je, 1) (e,)])
=detD",
D™ an n Xn matrix with entries
DY) =s(AJW ™~ 'e;, e)=[" . Y™ PPD(p)dp/2r,
where D(p)=exp (i6*(p)).
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From (24d) and Lemma 5
1(D)=0 B> B.
=—1 p<p,.
Let H*(S) denote the Hardy space = {¢ e LAS):d(n)=[" , p(p)e " g_pz 0,n< O} ,
7

and P* the orthogonal projection L*(S)— H?(S).

For each ¢ € L*(S), let T, denote the Toeplitz operator on H*(S) determined
by ¢ by T,f =P (¢ f) [ € HXS).

Lemma 6. | T,( =], = sup (e .

14
Theorem 5. (Douglas and Widom [6]). If ¢ is continuous and bounded away
from zero then T, is a Fredholm operator and

ind Ty, =dim (ker T,;) — dim(coker T,)= — I(¢) . (33)
Moreover T, is invertible if and only if 1(¢)=0.

Theorem 6. Let T, be a Fredholm operator on H %(S). Forn=0,1,2,... let P; be
the projection of H*(S) onto the span of {e;;j=0, 1,2, ... n}, and let T)" =P, T,P, .
Then if 1(¢p)=*0 and ||T,| <1, det(T§")—0 as n—oo.
Proof. If ker T, # {0}, then there exists a unit vector f € ker T, and an integer
n, s.t. for n>n, the component P, f is non-zero.
Then for all n>0, there exist operators U, such that U,P; =P, U, and
U.éo=P, f/IIPy fl and so | f —U,&|—0.
By Hadamard’s inequality
|det TE"| S| T,U 6o | T,U el I TUE,
SIT AT f I+ 1 Tl = Unéoll)
=/ =Ukol—-0.
If ker T;; = {0}, then coker T} + {0}, which on a Hilbert space means ker T # {0}.
Since |det Py T P, |=|det P, T,P, | the same conclusion holds.

Corollary. m*=0 for f<p..
Let N/ ={¢ e LX(S): N (§)* = 1.2 Inlld(n)|> < 00}.

Theorem 7. (Devinatz [9]). Let ¢p € A be such that
(i) ¢ is continuous.

(ii) ¢(e’?)+0 forpe[—m, n].
(iii) P*log¢ and (1— P*)log¢ are continuous.

(iv) I(¢)=0.
Then }Lrg (et TyMFG ™"~ =1, where if

o _.dp
— (7 ip inp
ky={=  log (e 2L

F=exp(= Y5 mk,k_,)

G=¢ko
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Itisstraightforward to verify that for §> f_, the function D(-) satisfies the conditions
of the above theorem, and by the usual computation (see [19]) we obtain:

Corollary. m*= {1 —(sh2K,sh2K,) ?}'/® for B> ..

§ 4. Dilations of a Semigroup

In an algebraic treatment which incorporates the transfer matrix translations
along the two basic lattice directions are seemingly represented in an asymmetric
way. Perpendicular to the transfer direction translation is described by the
automorphism a,,:['(¢)—>T'(W¢) of A(H, s) whereas along the transfer direction
it is described by the automorphism o,:I'(¢p)— VpI'($)V; . Translation invariance
of the state w, is a consequence of VpQ;=Q; and [4, W]_=0.

The Pfaffian approach [19], however, does not distinguish one lattice direction
from the other. Even correlation functions in this approach can be calculated from
knowledge of {F,, ,,} given in the appendix to [19]

expi(p n; + Pyny)dd de, (34)
a—7,COS Py —y,C08¢,

l T
Fnl,nz—(zn)z .”—7!

where
a=(1+2Z})(1+2Z3)

y.=2Z,1-23% Z,=tanhK,
72=2Z,(1-Z}).

From Theorem 4 we have
VEb*(@)Vy "=b*(V"9),

where
(Ve =e""P(e")

and |[V]|=e "9 <1 for f%8,.

Let G={V"n>0} denote the contraction semigroup on L(S).

Theorem 8. (Sz-Nagy [25]). Let T be a contraction on a Hilbert space 9, then
9 can be imbedded in a larger Hilbert space & on which there is a unitary operator
U in such a way that T"=nU" n>0 on 9, where 7 is the projection of K onto 9.

We will use the Lax-Phillips [13] construction of the unitary dilation of the
semigroup G. o

Let & =1*(— o0, 0; A") A some auxiliary Hilbert space, and let U:R— & be
the shift operator
(U{-X})nzxn—l {.)_C}=(...,X_1,XO,XI,...) XjGJV.

:R>& be the Fourier transform onto K=L*S;.A) given by

Let #
F{x}-)2, xel



Ising Model 291

so that (FUZ 'g)e)=e"%(e%)g e L*(S, /). Choose A =L*S;u) for some
measure u on S, so that
KR=LXS; N)=L*S XS; u X o), o the Lebesgue measure on S .

The Lax-Phillips construction is unique up to unitary equivalence of A"
The map L*(S)— & given by

f(p)=(1—e e )71 f(p)
is an isometric imbedding if and only if

_ dp
— 29(p)
wdp)=(1—e ) o a.e.

The map L*(S)— & given by

shy(p)

cosh y(p)—cos /)

f(p)—~

is an isometric imbedding if and only if u(dp)=th y(p)ﬁa.e. The realisation of
Theorem 8 with this second imbedding becomes

e—nv(p) einO

shy(p) I " cosh (p)—cosf 21

From (24a) we have

on L*S). (35)

coshy(¢,)=7y,(@a—y,cos ;)
ie.
1 . ein2¢2
Fn = eimd1
n VzI jCOShV(¢1)—'COS(f’z
The relation between (34) and (35) is evident.

dydd, .

Acknowledgements. This work was carried out while one of us (PNMS) was at the Institute
for Advanced Studies, Dublin and he is grateful for the hospitality he received, und also to the
Science Research Council for their financial support. Both authors would like to acknowledge many
stimulating discussions with Dr. D. B. Abraham concerning the Ising Model and instruction on
the representations of the C.AR. from Prof André Verbeure who pointed out an error in an
earlier version of the manuscript.

References

. Abraham,D.B.: Stud. Appl. Math. 50, 71—88 (1971)

. Abraham,D.B: Stud. Appl. Math. 51, 179—209 (1972)

Abraham, D.B., Martin-L6f, A.: Commun. math. Phys. 32, 245—68 (1973)

. Balslev, E., Manuceau,J., Verbeure,A.: Commun. math. Phys. 8, 315—326 (1968)
. Dobrushin,R.L.: Teor. Verojatnost i Primenen 13, 201—222 (1968)

. Douglas,R., Widom, H.: Indiana Univ. Maths. Journ. 20, 385 (1970)

o VN NI NI



292 J. T. Lewis and P. N. M. Sisson

7. Gallavotti, G.: Rivista Nuov. Cim. 2 (2), 133—169 (1972)

8. Gallavotti,G., Miracle-Sole, S.: Phys. Rev. 5B 2555—2559 (1972)

9. Hirschman,I.I.: In: Ney,P. (Ed.): Advances in probability

10. Jordan,P., Wigner,E.: Z. Physik 47, 631 (1928)

11. Kaufmann, B.: Phys. Rev. 76, 1232—1243 (1949)
12. Landford,O., Ruelle, D.: Commun. math. Phys. 13, 194—215 (1969)
13. Lax,P., Phillips,R.: Scattering theory. New York: Acad. Press 1967
14. Lebowitz,J.: Commun. math. Phys. 28, 313—321 (1972)

15. Manuceau,J., Verbeure, A.: Ann. Inst. Henri Poincaré 16, No. 2, 87—91 (1971)
16. Marinaro,M., Sewell, G.: Commun. math. Phys. 24, 310—335 (1972)
17. Messager, A., Miracle-Sole, S.: Marseille preprint 74/p. 636, July (1974)
18. Minlos,R.A., Sinai, Ya.G.: Theor. Math. Phys. 2 (2) 230—243 (1970)
19. Montroll,E., Potts,R., Ward,J.: J. Math. Phys. 4, 308—322 (1963)
20. Onsager, L.: Phys. Rev. 65, 117 (1944)
21. Onsager, L.: Nuovo Cimento, Suppl. 6, 261 (1949)
22. Pirogov, S.: Theor. Math. Phys. 11 (3) 614—617 (1972)

23. Schultz, T., Mattis,D., Lieb,E.: Rev. Mod. Phys. 36, 856 (1964)
24. Sisson, P.: Ph. D. Thesis, Dublin (1974)
25. Sz-Nagy, B.: Acta Scient. Math. (Szeged) 15, 87 (1953)

Communicated by G. Gallavotti





