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Abstract. Higher order estimates of the form
TN, Zconst(H(g)+ 1), Y <1, 7,20
1 1

are proved for the Yukawa, models with and without SU, symmetry. We also prove norm convergence
of I1} NZ - RY2*9 a5 k— o0 where R, =(H(g, 1) +I)™ ..

Introduction and Results

Higher order estimates, bounding powers of the fractional energy operator
by powers of the Hamiltonian, have proved useful in studying the 2(¢), model [1].
In this paper we obtain similar estimates for the Yukawa, model as well as for the
Yukawa, model with internal SU, symmetry discussed in [2].

In the following we will use even, positive odd and negative odd values of ¢
to label bosons, fermions and anti-fermions respectively. Thus b(k, ¢) denotes
the annihilation operator for free particles of momentum k and type & The
fractional energy operator is:

N,= Y N® =Y {dk u(k, ) b*(k, ) b(k, ¢) ,

ulk, &) =(k* + m(z)*)*,

where m(e)=m for bosons, m(e)=M for fermions. For convenience we define

E(k)=1/k* + 1. We will work with the dense domain & of vectors in Fock space

with finite numbers of particles and wave functions in Schwartz space.
Formally, the finite volume Hamiltonian H(g) has the form

H(g)= H, + H;(9) + C(9)
=N, +A[dxg(x):Pype: —56m* [ dxg*(x): ¢>: — E(g),

where g =0e Cg and dm?, E(g) provide infinite renormalizations. To define the
momentum cutoff Hamiltonian H(g, x) we multiply the momentum space kernels
we(k, p1, p2), Wik, py, p,) of the interaction term H;(g) by a general momentum
cutoff function y,(k, py, p,) in the sense of [3]. The renormalization constants
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are then defined as:
Smi=— —fdka; "0, k/2, — k/2)1* + const + o(1) ,

E(g, k)= — [ dkdp, dp,Iw(k, py, p2) 2 (k, Py, p2)I* (k) + 0o(py) + 0(p,)) ™!
+ const +o(1),

where p(k)= u(k, 0), w(k)= u(k, 1). The SU; Hamiltonians involve slight gener-
alizations and are defined in [2]. Glimm and Jaffe [3] have shown that the
Hamiltonians, with a suitable choice of the constant in E(g, k), define positive
self-adjoint operators converging in the sense of resolvents to a positive self-
adjoint operator H(g) which satisfies:

N, Zconst(H(g)+1), rt<I.

Furthermore the operators H(g, k) are essentially self-adjoint on & and satisfy
k-dependent estimates of the form:

HN SCJ(H(gx)+1), Y r<t.
i= i=1

The proof of these estimates requires the essential self-adjointness of H(g, k, )"
on ¥, where H,(g, x, o) and C(g, k, 6) have momentum space kernels in Schwartz
space converging to those of H(g, k) and C(g, k) as o— oo, which follows by
techniques similar to those of Jaffe, Lanford, and Wightman [6]. For notation
and general techniques we refer to Glimm and Jaffe [3], Dimock [4], and McBryan
[2, 5]. Our main results are:

Theorem 1. Provided t=ZX_, 1,<1, 1,20, then there is a constant, depending

on n, 1, g, such that \

H N, <const(H(g)+1I)". (1)
The restriction 7 < 1 is indicated by perturbation theory and so we expect that (1)
are the most general n®™ order estimates. It is also useful to have estimates con-
trolling the inequality (1) as the momentum cutoff x is removed. With
=(H(g,x)+I)"", R=R,=(H(g)+ 1)~ ', we define SRf = Rf — R where one
of k4, k, may be infinite.
Theorem 2. Provided t=2!_, t1,<1, 1,20, and 6 >0, there is a constant and
an ¢> 0 such that
(i) TI7_, NZ-6R"? converges weakly to 0 as x=min(k,, k,) tends to oo.
(i) |TI7 NZ7°-SR"?|| < const k°
(iif) |JTT} NZ-S6R"**?| <constx~*.
Theorem 1 follows from two lemmas:
Lemma 3. For v € D(IT}_ ; N7) and an arbitrary choice of &, t;:

n

2 n
=Y fdky..dk, Y PoF(ky,.. k)
r=1

=iy < iy

: ”b(kn Sir)' . 'b(kla 81") 1P||2 s

2
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where P[;® ; are homogeneous expressions of degree Zj_, t; in u(k; e;). Explicitly:

fre1— 1 t
itk S {Z%mwm@ﬂ,
=1

s=ig+1

r

I)iz’f.i,.(kla" (¥ H

where for t =r we define i, ; — | =n and a vacuous product is always taken to be 1,
ie, M2, { }=1.

Lemma 4. For any choice of ¢, £'_ | t;,=1 <1 and for any 0, there is a constant
independent of k with:

[dky...dk, E*(ky)...E™(k,) Ib(k,, €,)...b(ky, e,) RYZ0)> <const [0]2.  (3)
Proof of Theorem 1. From the form of P;;® ; we have

Ev(k) ﬁ {1; E‘S(k,)H .

s=igt+1

r
|P5e i (ks k)| = const H

Inserting this in (2) and applying Lemma 4 with yp = R"? § we obtain:

n 2
H N R0 < const |02 @

with a constant independent of k. Since R, converges in norm to R, [ [{ N&* PR
converges weakly on D([T: N&*) to []4 N“‘)’ R and the uniform bounds 4)
then apply also to the case k = co. This completes the proof of Theorem 1 and of
Theorem 2 (i).

Proof of Theorem 2. (ii) We use || A|| = |A* A|/*. Thus

n 1-26 1
—lora([In) o
1
n 3-2(1-a)d % n 3-2ad 3
< (ﬂ er> SR (ﬂ Nﬁ> SR
1

1
n 1-2a0 S
(i) e
1
where we have used Theorem 1 in the form
n 1-5 n
(H Nf[) 5R"/2 < (H ) Rn/2 (n > Rn/Z
1 1

The inequality (5) allows us to reduce the exponent +—9 to 1 —2aé, O<a< 1.
By iterating m times and choosing m, o carefully we reduce the exponent to

I (200" with 03 — (20)"8 < ZV ,p< 1. Thus

1-5

M) ores
1

5)

< const

) < const.

7
n 2n
(1w o
1

< const|NJ2SR"*|*>™"

&

2-m

< const

n 1-9
(n N,,> SR

1

<constkx ¢ forsomec>0,
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where we have used the norm convergence of N}?§R%, y <1, which we have
proved in [2, Theorem 2.4.1]. There remains only the specification of m and a.

A suitable choice is 1
> log 26/log( 1 — Lyt s
At e Y B R T Y Y 2
(i) We use the inequality, valid for t =0 and = 1
Nf é Nr%

Thus with 0 < < % and > 1:

I;[ an 251—[N£6§ l—lINtli—Zél'lINTZi/%éé HNti—Zé,erlgﬂé, T= \ZIT

We now choose f so that t+1t/f <1, ie. f>max (1,TT—), and we choose
e ‘

6> 0 sufficiently small that 2nBd=1—26, ie., =(2(nf+ 1))~ . Then defining

T,+1=71/p we have
n+1

n n+1
[[N.< I Ni°2* and Y 7,<t
1 1 1

and with R,({)=(H(g, k) — ()~ !, { £ — 1, we obtain by (ii):

n+1

I—[ N 65R C)(n+1)/2

HNZ SR(Em+ 12 <constx *. (6)

However, by Theorem 1 we have

()2 < const (] 7% ™

Combining (6) and (7) using |A]| = A" |4A)* 7%, 0<v <1, we get

n

[1 Nz R
1

<const || 3" k7 £=£6>0,

where 6 >0 has no relation to the § used previously. Finally, using the identity,
valid for 0 < <4:
R (22 =c(5) ? di TR (( — it 12
where . 0 »
c(0)= [(j) dA A3 4 2)~ 1)/2J

we obtain for 6 > 0:

n

1—[ 5R(C /1)("+1)/2

1

N:f 5R(C)n/2+é

<c(d) [ dAit
0

<c(d) [ daaF Pconst|{ — AT EFTO2ie
0

€

<const kK~

which completes the proof of Theorem 2.
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Proof of Lemmas 3, 4. Lemma 3 follows easily by induction from
blk,e) NI = (N2 46, u(k, &1))* blk, &)

and ) P P )
[(N® + a)* pl|> = [NO” pl* +allw)?.

The proof of Lemma 4 depends on the renormalized pull-through formula [5].

This expansion takes the form:

n
re

b, 5,)...b(ky, 61) REQ) = 3 Y (e
r=01i

ir> > i 2 1
UAC = Ky ) = il = il = B(K s 2,)3 i s iy
bk, &,)...blkser).. . blkse).. bk, e),

@)

where 0 <a <1 and a slash denotes absence of a term. The indices 6;® ; are

given by:

rofis+1—1 s

s=1\j=is+1

while the U{® are defined inductively by:
U§(0) =R, (0
Urf“&(éa Kyps.-s ky&1) = b(k,, &,) U'ga_) I (G MEPY-NEPTORNY 272

F»niﬁi
—(_) Un—l,K(C -lu(km Sn); kn— 1€n—150005 klgl)b(kna 8,,) .

For a fuller treatment of these defining relations and of (8) see [5]. In [5] we

have proved that:
[ dky...dk, E(k,)... E% (k) [USAC: Ky, Ky ]2 < const,

uniformly in x provided X}, 7; < 1.

©)

Returning to the proof of Lemma 4, we pull all of the b(k, ¢;) through the

first R? in (3) obtaining by (8):
[ dky...dky B (k). E“ (ky) [b(Ky ,)-...b(ky, £1) RY20)2
<2 [ dky...dk, E(k,)... B (kp) [ RE(1 — ik, 5,)- - — palhy, £1))
bk, ,)...b(ky, &) R"= D2 Q)2

+ o0 [ dky..dk,Ev(k). BT (k)Y Y,

r=1ip>>ig21

.

“ UPS,%)Z(1 —:u(knr 8n)“' - /“‘kar/g:} - :uikﬂ/a:) _:u(kla 81); kirgir"'w kilgix)Hz
[b(ky, &) .. blkistr). . . blkeser)...bky, ) R®™ D202,

where we have supressed x for convenience and used

m
2 4
i=1

2 m
=m Z lla;))* .
i=1

(10)



6 O. A. Mc Bryan

The proof of Lemma 4 now follows by induction on n. We assume the result (3)
for all possible choices of 7, i=1,...,mwith 7. | 7, <tandforallm, 1 Em=<(n—1).
The first term in (6) is

2" [ dk,...dk, E™(k,)...E* (k,)

R = plleys 8,)-+ = plky, €)) bk, &,)..-b(ky, £,) R V20>
=2"fdk,_y.odhy E (k) B ) (] d E(Ry) [RAC = plhy 6,). - pelhys 1))

: (Nt(f.") + u(k, Cn))% b(k,, ¢,) Nf(:")_%b(kn— 1> En—1)---b(ky, €1) R D2 9“2}
< const j dk,_y...dk, E"=*(k,_})...E®(k)) ||b(kp— 1 €5 1)...b(ky, &) R"™1V/20|2
<const |02

by the induction hypothesis.
We have used the first order estimate in the form

§dk,E™(k,) | R*(L — p(k,, ) (N + pn(k,y &,))* bk, &,) NS ™2 |12
< const | dk, E™(k,) [|b(k,, &,) N ™% 1|12

< const [ NEW* NI~ %y | = const [|x* .

For the remaining terms (r=0) in (10) we use the estimate (9) for U). Thus

2 [dk,..dk, E()" . Ev(k) Y Y,

F=1ip> e >ip21
NUSA = ks )+ — plker )~ — plkprer - — ey €0)5 K 6o os iy )12
Ib(kyy &,). .. blks ). .. blkesei ... b(ky, £,) R"™ D262
<const [ dk,...dk;...dks, ...dk, E™(k,)... E%(kg)... E% (ke)... E (ky)
Nb(kyy ). blkier). .. bkt b(ky, &) R"~2 0|
< const ||0]?

by the induction hypothesis.
Since the induction hypothesis is certainly valid for n=1:

[ dk E*(k) ||b(k, &) RE0||* < | dk const u(k, &) [|b(k, &) Rz 0]*
< const ||[N®*R:0|>

< const ||)?

by the first order estimate, Lemma 4 follows by induction.
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