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Abstract. We prove that the (physical) measures giving the euclidean Green's functions
for the P(φ)2 theory for small coupling constants are mutually singular under specified
conditions on the ground-state energy density. In particular the free measure and the
physical measure are mutually singular when the coupling constant is small.

In a recent article [7] Newman proved that the euclidean Green's
functions of the P(φ)2 theory for small coupling constants (see e.g. [1])
are the moments of a measure μ^} λ on the σ- algebra Σ generated by
the cylinder sets on '̂(1R2). The μ^ λ are called the physical measures.

In this note we present a result on the support of these physical
measures. Under conditions to be given below, we prove that these
measures have disjoint support.

To state the precise result, we recall some notations and definitions.
μ0, the free measure, is defined to be the Gaussian measure on £#'(IR2)
with mean zero and co variance ( — A 4-w2)"1. A is the Laplacian on 1R2

and m > 0 is the free mass, which will stay fixed.
We write

E(u)= j u(ω)dμ0(ω)
ωe^'UR2)

for an element u e L1 ( '̂(1R2), Σ, dμ0).
Let P be a normalized (see [2]), semibounded real polynomial, let

φ(x) be the euclidean field in 1R2 and let

: P ( φ ( x ) ) : d x

be the euclidean action in the box of side-length / centered at the origin
corresponding to the P(φ)2 theory. We set

Xltλ = £(exp - V^Γ1 exp - Vltλ^0
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such that E(Xltλ)= 1. The following asymptotic behaviour for small λ
has been proved using the Feynman-Kac-Nelson formula [6], see [2, 7] :

£(exp - V l t λ ) = exp(/2(αoo(λ) + 0(Γ1))) (1)

where — α^A) is the ground state energy density, α^f/l) is non-negative,
convex and hence continuous for λ ̂  0 [3]. Let now λ1 be as in Lemma 6
of [7]. Then the physical measures μ^ λ exist for 0^λ<λί. We define
Ω to be the subset of [0, λj2 consisting o'f all (λ', λ) with 0 ̂  λ' < λ < λ± and

^(δλ' + (\-δ)λ)<δ^(λ') + (i-δ}^(λ) (2)

for some 5 e [0, 1]. Note that by the convexity of α^, (2) is always true,
if < is replaced by ^, so Ω is also the set of all points (λ', λ) such that α^
is not a linear function in the closed interval [λ'9 λ]. Since ααo(A) = 0(A2)
for small /I [3], Ω contains all points of the form (0,A) for Q<λ<λ1.
In particular Ω is not empty. Since α^ is continuous, Ω is open in the
space [0,/li)2.

We are now prepared to state the main result of this note

Theorem. // (λ'9 λ) e Ω then the measures μ^tλ, ana μ^ίλ are mutually
disjoint. In particular the free measure and the physical measure μ^ λ are
mutually disjoint for small λ.

It was known that μ^>λ is not absolutely continuous with respect to
μ0, so the theorem sharpens this observation. The theorem may be viewed
as a strong euclidean version of Haag's theorem on the non-existence of
the interaction picture [5, 4]. In agreement with this view is the fact that
the theorem results from a volume effect when the thermodynamic limit
is taken.

For a proof of the theorem we introduce the following sets in Σ9

which depend on λ9 λ' :

l = l f e .

Obviously l'-1

B,CB Γ , B , C A Γ , for / ' ^ / .
We set

B=\jBt = supBi = limAj . (4)
We claim l l l

μ^λ(B) = ̂  (5)

μ*.AB)=l (6)

for (λ'9 λ) E Ω. Obviously these relations prove the theorem. For a proof
of Rel. (5), (6) we recall the definition of the physical measures :

First for an open U in 1R2, let Σ(U) be the σ- algebra generated by the
fields φ(f) with supp/ C U and for V closed Σ(V) is r\Σ(U) with the
intersection taken over all open U containing V. For an element
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u E L2(^'(IR2), Σ9 dμ0) we denote by E{u the projection onto
L2(^'(IR2), Σ19 dμ0) where Σl = Σ(V) with

ΰ,λ = lim f Ej
I — > <x>

In [7], μ^ λ is constructed as

$Eludμaΰ,λ

= lim
for any /. r-oo

To prove Rel. (5) and (6) we need another estimate which is an easy
consequence of the proof of Lemma 1 in [7] :

l) (7)

for all λ<λl9 uniformly for all /'§:/ and some ε = ε(λ).
To prove Rel. (5), we note that

since μ^ λ is a measure. Now Al e Σl so we have

Γ-»oo

Here and in what follows we have identified sets with their characteristic
functions. We write

X }Λ]l',λ — Λl,λ) Λl) /0,(o)
+ E(XltλAl).

The first term on the right hand side is controlled by estimate (7).
By the definition of Al we have

X^X^fWj-1 on At (9)

for any δ e [0, 1]. In particular, if we choose δ such that (2) holds we
obtain ,λAl) g E((Xltλ,γ (X^-*)

2

for some c> 0, using estimate (1). Estimates (7)-(10) show that μ^ λ(B) = Q.
The proof of Rel. (6) is completely analogous:
We first note that for the complement CB of B we have by Rel. (3):

CBcCBtC (J CAV

so l' = l

for any /. = Σ ,!im Vi",vJ r>ι l^co
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Now
μl»,ACAΓ} = E(El,(Xl,,λ>)CAl).

Hence

μ^ACA^^E^X^-X^l)
+ E(Xl,9λ.CAl,).

Again the first term is estimated by O(e~εΊ>) uniformly for all Γ^Γ.
For the second term we observe that now

-Λ on CAV

so again by (1)

if δ is chosen so that (2) is satisfied. Summing over ΐ ^ / and taking
lim sup over / proves Rel. (6), concluding the proof of the theorem.
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