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Abstract. An existence and uniqueness theorem of the solution of the Cauchy problem
for the coupled Einstein-Maxwell-Boltzman system is proven, in an appropriate Sobolev
space for the potentials, and weighted Sobolev space for the distribution function. The
proof relies on a priori estimates for the collision operator previously established by D.B.,
and for the solution of the Einstein-Maxwell-Liouville system by Y.C.B. It is also proved
here that the solution depends continuously on the data.

Introduction

We will, in this paper, give an existence, uniqueness, and local
stability theorem for the Einstein-Maxwell-Boltzman system, which
rules the dynamics of a relativistic gas, moving under the action of its
own gravitationnal and electromagnetic field, the particles of the gas
being submitted to binary collisions. Particular cases of such a situation
are plasmas in special relativity (the gravitationnal coupling constant
has then to be taken zero) or cosmological models of clusters of stars, or
clusters of galaxies, which are then the particles of the gas. In the first
case the proper masses of the particles take on a finite number of distinct
values, in the second case they vary between two positive, finite, numbers.
The models considered here are plagued with the usual criticisms about
Boltzman equations as representing realistic models. However the
Einstein-Maxwell-Liouville system has a very good theoretical basis,
for a collisionless relativistic gas, and the Einstein-Maxwell-Boltzman
system seems the best correction available to it to take binary encounters
into account.

One of us (Y.C.B.) has given previously a proof of existence and
uniqueness for the Einstein-Maxwell-Liouville system (cf [1]), the other
(D.B.) has proved (cf[2]) an existence and uniqueness theorem for the
Boltzman equation in general relativity, using Sobolev spaces which are
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also appropriate for the solution of the Einstein-Maxwell equations;
such an existence theorem, for the Boltzman equation in a given hyper-
bolic metric, had been proved previously by Bitcheler [3] by a very
elegant method, but the function space in which the solution was found
was not adapted to the coupling with other fields, and the general
problem of existence for even the Einstein-Boltzman system had not been
proved, as was pointed out by Ehlers [4], though a few particular
solutions had been constructed [5].

I. Fundamentals on a Relativistic Kinetic Theory

We will, in all what follows, restrict ourselves to particles having
all the same proper mass m > 0, the results may be extended to the more
general cases quoted in the introduction, with complications in writing.

Phase Space. We denote by M the space time, C* manifold endowed
with a hyperbolic metric g, time oriented. The momenta p of the parti-
cles located at a point x of M lie on the mass hyperboloid:

P.(p): 9.(p, p)=g,,p"p’ =m*,  p future pointing.

The phase space P(M) is the fiber bundle with base M and fiber P,.
The volume element in P(M) is the exterior 7 form 6 =# A @ where 5
is the volume element in M

n=Igl"?*dx° A---Ndx3
and w the invariant volume element in P,(p)
dpt ANdp? Ndp?
Do .

We will always, in taking coordinates, take x (i =1, 2, 3) spatial, and x°
time like, compatible with the time orientation (i.e. p° > 0).

The trajectory of a particule in P(M) is an orbit of a vector field of the
type o«

X=0"07.

If the only forces acting on the particles are gravitationnal (through
the metric g) and electromagnetic (through an electromagnetic field F)
then (e charge of the particle)

Q*=—Tj5,p*p" +eFjp’.

w=1g'"

In that case, and in all cases where (Q* + I'; ,p* p*) p, =0, the trajectories
lie on P(M), it is well known (Liouville Theorem), and easy to prove,
that, under the same hypothesies on Q% 0 is invariant under X:

Zx0=0. (1)
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Distribution Function. We remark that (iy inner product with X)

where 7 is a 1-form giving the measure of proper time (if m is normalized
to unity) on the trajectories of X. The distribution function f(x,p) is a
function on P(M), the physical interpretation of which is (cf. also Bel [6])
that f0 is the measure element for the mean (in the sense of Gibbs
ensemble) presence number of particles in P(M); the presence number in a
region being the sum of propertimes in which each trajectory of particle
remains in the region. Then iy(f6) is, as usual, the measure element for
the mean number of trajectories crossing a 6-submanifold.

Boltzman Equation. In a collisionless model the physical law of
conservation of particles imposes to f6 to be invariant by the vector
field X, which, due to (1), gives the Liouville equation

. Of of _

0.
ox* ap*

+ 0"

Zxf=p

If collisions are present the zero in the second member, expressing
conservation, has to be replaced by a functionnal #( f), which expresses
change in f due to collisions. If these are only binary and elastic it has
been shown by Lichnerowricz and Marrot in special relativity [7] and
Chernikov in general relativity that

(f(f)) (X, p)= [ [ {f(x> p’)f(x, ql) _f(xs P)f(x, q)}

Py (q) Zp,q
“AX,p,q, 0, q)E Aw,

where X, is the surface in P (q') x P.(p) with equation p'+¢ =p+gq,
&' is the volume element on X, , such that &'A (dp'* + dq'*) = 0, N @,
for almost all (p, g), in fact for all (p, g) such that p % g (or, equivalently,
p*q,+m?); X, , is a smooth 2-manifold and & a smooth 2-form on X,
(cf. Ref.[4,7,8], for instance and appendix). A(x,p,q,p’,q’) is the
cross section for the collisions (p, q are the momenta of the two particles,
at x, before collision and p’, ¢’ their momenta after the collision).

p,q’

Einstein-Maxwell-Boltzman (E.M.B.) System

This system, intrinsic on P(M) is constitued with the Boltzman
equation

Lxf=p* o/

0
LRy =) Q)
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and the Einstein and Maxwell equations with sources generated by
the distribution function f
SP=K(T* +1),  T*x)= [ f(x,p)p"Pew 3)

P
(z*# is the Maxwell tensor)
VF*P=Jl, JP=e | f(x,p)po, (4.2)
P
[ VFy=0. (4.b)
@B,y
In harmonic coordinates, for a vector potential ¢* [F,;=V,0;—V;@,,
local general solution of (4.b)] normalized by the Lorentz condition,
the first members of (3) and (4-a) are

St = —19703,0°0 + H¥V (g™, 0,0
V,F* = g** 07,0 + PEe(g**, 0,97") 0,0°

standard methods lead from local existence and uniqueness in such gauge
conditions to intrinsic and global results (cf. [9]), due to the fact that
if f satisfies (2), the corresponding T*# and J? are conservative
7, T** =0, 7,J% = 0).

Equation (2) is in fact in 7 variables. We will take coordinates in M

3 3

such that g°°>0,g00>0,a Y (X)*<g'X,X;<b ) (X)* (witha and b
i=1 i=1
positive numbers) and take, as coordinates on P, the p”s: in these
coordinates the image of P, is IR®, p® and p, are C* functions of the
p”s (if m + 0) depending on x through g. It could be predicted and easily
verified, that if we still denote by f the distribution function expressed in
the variables (x% p’), we have:

of

ox*

of

Pxf=p* —(F}'up‘p”—eFjpﬂ)—gp—..

II. Local Theorems (Existence, Uniqueness, and Local Stability)

Definitions. We denote by w, a regular’ domain of R*(x° =0 in R*)
and set @, = w, X IR’. The space H,(w,) is the Sobolev space of functions
having generalized derivatives, up to order u, square integrable on w,.
The norm in H,(w,) is

HuHIZ{H(wO): |‘|Z< |!Dj“||21,2(w0)-
NE

! Te. bounded with lipschitzian boundary, or the whole space.
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We denote by H, y(c,) the Hilbert space of functions on d,, (x', 23]
—h(x', p'), such that the products QN/2+“|D]h are square integrable,
for |jl < u; |jl is the number of derivatives in D’/ which are taken with
respect to the p's;

The norm in H, y(d,) is

IRl (@)= X 1" M DIl sy

lilsu
Analogously if Q is a domain of R*, H,(Q) is the usual Sobolev space of
functions on £, with norm
lulf,@= ) IDuliz g,
il =n

and we denote by H, V@), @ =0 xR3, the Hilbert space of functions
on Q, (x%, p')— f(x* p"), with norm

I ltw@ = X 12D f L - 2.1

lilsp

In all these definitions we will accept the value N = + oo, being under-
stood that, here

®=e°,

Q

Note. if g*# is an uniformly hyperbolie metric on Q, with x°=C'®
regularly spatial (ie. ¢°°2a>0, g/ X, X; negative definite), there exists
two positive constants A and B such that on @, for all strictly time
like vector field v (and in particular for v, = §9)
it Av;p* <9 < Bv,p
i

Gupp"p* =m?
the norm (2 — 1) is thus equivalent to

> N p DS 2 -

lilsu
We will say that a cross section 4 is u— N regular in Qif —1——f N
P

is a bounded quadratic form in the space H, N(Q) or, more precisely,
if there exists a positive number I such that, for each @, = Qn{x°=1}
the following inequality is satisfied

L) ST f 1, 0D,

Hu,N(th)
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We will study, in the appendix, the condition under which a cross

section is regular.
Cauchy Datas. We give, on w,, 28 functions

Y e H, yy(wo); v, 9" e H(w,) (22

such that

" -y <e—6,6>0, o,f=0,1,2,3 (2.3)
where ¢ is such that, for all 6 =0 the inequality (2.2) insures the uniform
hyperbolicity of y and spatiality of w, with respect to y: due to the
local character of our present study the hypothesis (2.3) is not a restriction
on the geometric Cauchy data. We also give, on @,, a function

he H, y(@,) . (24)

We suppose that, in a neighborhood @y x[—T, T] of @y, the cross
section A is regular.
We will then prove the following:

Theorem. There exist, if 1=5, N =6, a domain Q in R* (which may
be chosen globally hyperbolie for the constructed metric g*f, and admitting
wg as a Cauchy surface), a metric g* and a vector ¢* on Q, and a function
f on Q=QxR3 such that 3

1) (Pa, gaﬁ € Hu+ 1(9)7 fG Hu,N(Q)

2) g*f, ¢ f satisfy the EM.B. system

3) g*f, ¢* and f take on w,, and &, the Cauchy data (2.2), (2.4):

glwo =1, Gog*lwo=y"",  @*we=v"*,  Oo9*=y",
flog=h.
This solution is unique in Q and depends continuously on the data.

Note. The existence domain Q depends only on the norms of the
Cauchy data, and, in particular, is just translated by a translation of w,
in IR?, this result insures the “globality in space” of the solution, without
shrinking to zero at infinity, without any need of minkovskian asymptotic

behaviour.

Proof. It relies on the energy inequalities and contracting mapping
principle.

Let us denote by U a domain of R*, globally hyperbolic and admitting
w, as a Cauchy surface for all C® metrics such that, on U

sul%) lg** —n*f| <e. (2.5)

We will denote by Q; the strip
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and set, for a metric g on Qy:
llg — '1”11,H Q)= Suﬂp lg*? — ﬂaﬁ“HM (@) -
With the help of Sobolev inclusion theorem it can be proved (cf. [1])

that there exists a positive constant M, independant of T, such that,
if u=3, (g is then C') and if g takes on w, values satisfying (2.3), the

i lit
e lg=nln,.,@0) <M (2.62)
implies (2.5).

Let us then denote by g1 a metric on Q satisfying (2.6a) taking on Q,
the given values and by ¢ a vector potential on Q2 such that

1 1
”(p”H,Hl(QT) =Sgp ||¢aI|Hu+1(QT)§K (2.6b)
where K is an arbitrary given constant.

1
We denote by f the distribution function solution of the Cauchy

problem 1
flog=h
for the Boltzman equation relative to g:
1
0 0
1y f Q f —j(f)

p I

0x

We know that for a u— N regular cross section and if u=5, (cf. [2])

there exists numbers T;,0<T; <T and K, >0, depending only on
M, K, ||h||H“,N(d,O), such that

1
(FAPRNTISES Op 2.7)

We then consider the hyperbolic linear system, with unknowns é,(f)

1 1 822“5 1 1 11 1
5 9" S g THEM 0,0 = ff Poy+17,  (28a)
02 &8 1
liu q) Bo(riu Au _ 1y
+ PP, 0,g") 0,0 =e [ fPo,,
Ox Ox" n'zy ’

the coefficients of the first members are in H,(Qr ) (recall that if u =3,
H,(Q7,) is an algebra) and the same is true for the second members
if N=6, due to 2.7 (cf. [1]); we have:

(10y2 = (ffﬁ“z%"w) <] (/)2 141172 dp* dp*dp?

1y 1p
-Ie-”(”pf ) 3§12 dptdprdp®
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the second integral on IR? is bounded by a number C, depending only
on ¢ (ie. on M), if N > 5. Therefore

1 1
2 2
”T“}”Lz(QTI)é CHf”Ho,N(QTI)

a straight foward calculation (see analogous in [1]) shows also that,
there exist C, depending only on M, such that:

Tab)2 <C Lo
[ HH“(QTI)z ”f”H“,N(QTI)

(in fact a stronger inequality where derivatives of ]} with respect to p
do not appear is also valid).

We can therefore apply the Leray-theorem about hyperbolic linear
equations with coefficients in H,(Q; ) to (2.8): the Cauchy problem (2.2)

relative to this system, has one and only one solution §, ¢ in
(x H, 4y (27,)", and there exists a number T,, 0< T, < T, such that

2 2
1§ =Mt 0r) <M [Blln,, @y <K

If we restrict é and ¢ to Q,, the solution of the Cauchy problem for (2.8)
defines therefore a mapping % : (é, (b)—»(é, é) from the ball B in
(X Hy+ 1(QT2))14:
B:lg— 77||H“+1(.QT2) =M, - H§0||HM1(QTZ) =K
into itself. )
To show that the mapping & is continous we set if (é, $) and (é’, o)
are two points of B:

1
—-—Q
and also

2 2
=¢'—¢.

By substracting the partial differential equations satisfied by 4 and é
we find:
0 2 1 1 2,

Liap Glu o Gaﬂ Au I}Iozﬂ _ ﬁ/aﬂ
S o U T2 e U

1
2

— "Il"aﬁ _ 'Zl—vlac[i + %aﬂ _ %/aﬂ

2
and analogous equations for @ by substracting the corresponding

equations for q%) and §'.
The Leray theory for hyperbolic linear equations (energy inequalities

after u—1 derivations) gives, as in [1] that ((2}, (f’) tends to zero in
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(x H, (QTZ))14 when it is so for (G <I>) The mapping # is thus a continous
mapping from the ball B, convex compact set, of (x H,(2,))'*, into it
self, it has, by Schauder theorem, a fixed point — which is the requ1red
solution of the considered Cauchy problem.

The uniqueness of the solution can be proved directly: it is a simple
consequence of the energy inequalities.

Appendix

Parameters on X, .. When p=q (or, equivalent p,g*+m?), X, , is
a smooth 2 — surface in P (p’) x P.(q').
Let us set
p+q=21¢,

where 4 is a positive number, and &, a vector of length 1 in the metric
g at x.
Z, , being defined by

P'+4q =p+q=22¢
we have, since p, g, p’, ¢’ have length m:
P4, =p"q, =227 —m’ zm’

and p*q,=p"q,=m? only if p=¢g and then also p'=q (and A=m).
In an orthonormal frame with time axis &, we have

ﬁ/0+q/0:2;{’ ﬁ/i_l_Nll 0
therefore

g, =p°Q2i—p0)+ Z (P)? =24 —m?

hence

In this frame X, is a 2 — sphere of the plane j'®=41. Let us take as
axis for polar coordinates 0, ¢ on X, , a vector parallele to p — g (which
is orthogonal to p 4 g), 0 is the angle of p — g with p’— ¢’ and set, on X, ,

pl=oacosf, p*=asinfcosp, p>=asinfsing
with

a=(A—m?)'"2 =[(p*q, — mH] P =[—4(0"— ¢ (p.— 9)1"* =3Ip— 4l
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In these coordinates 0, ¢ the volume element & on X, , is

P %
&= oy sinfdfAde .

If we set
S(X, p.q, 0, (,0) =A0(/2l .

the Boltzman equation reads

£N=7), | i f (e p) £ ) — 5, p) £ @)}

-S(x,p, 4,0, 0)sin0d0 Ndo A\ w, .

Energy Estimates

The energy estimates are obtained by multiplying the D'-derivative
of both members of (1) by D'f - h, with hy(p) = (v,p*)" *2!!l.
We have if, =0, h=h,

Th&xf=5ZLx(hf?) =5[> Zxh

which gives, by integration on a tube @ in phase space with lateral
boundaries generated by particle paths (cf. [1], Qr=Q;xR3 Q,
domain of IR%)

3 [ hfPix0—3% f f*Lyxh0= Qf f-h- (6.

09'1" Qr

In the case N=+ o0 one uses Bitcheler’s lemma [3] (existence of a

time like vector field v such that #4(v,p*) £0) extended to all regular

metrics on Qr, to obtain the estimate (w,=Q;Nx°=t, &, =w,xR3),
[hf2pllgl P d>x AN, < [ hf?p°lg1'"*dx N o,

@t do

= [ f2hlgl"*d*p An+ [ h(po) 2 |F (N> d*p An.

Q2 2
In the case N finite the identity
Lyh=Ly[0,p""]= N(w,p"" ' p*p* Vapg

enables us to obtain an analogous estimate with some constant C
in front of the second integral of the second member, without use of
Bitcheler’s lemma (cf. [1]).

In all cases one uses the fact that, in phase-space, ix6 vanishes on the
lateral boundary of Q;, and that the part wg of this boundary corre-
sponding to x° =0 is included in @, = w, x R3.



Einstein-Maxwell-Boltzman Equations 93

u— N Regular Cross-Section

The mathematical asumption on the operator .# is the existence
of a constant I such that
1

| s <I1f 1By nio0-
. p Hy, n (o)
We write
. (=2 - F.(f)
with
()= | )g (! Sx,p) f(x,9) S(x, p, g, 0, ¥)
Px(q
-sinfd0 Ado N\ o,
5= T | [ feep)fxq)SCxp. 0.0, 9)
P,(g)0 O
-sinfdOAdo A w,.

For =0, N < + o0 we have
(NI Z1f(x, p)I? - 27 [ f(x, q)I* h(g) d°q
-fh™'(q) $%(q0)" " sin0dO A do N,

if we suppose, C being a positive number

m2n
[ 17 h ') (go) ' S*sin0dO Ado A w, < C(p°)?

Px(g)0 O

we have using Sobolev inequalities (cf. [2])
1 .
h;o— AP SIS e 125

Ho, n(@¢)
where I is a constant depending on Q and p. We have the estimate (2)

for D! derivative of ?10« J.(f)

if we suppose, in the case N finite,

S @O [ b e) (%) IDFSP sing dO A dp A w, SCRO? (1-a)
[l+k|sp
and in the case N = + o 7

Y [h(—9q) ()" |D'S|*sin0dO Adop N 0, < C(p°)?. (1-b)
[ll<u
On the other hand we have, for u =0,
(NP1 e 012 ) () | f (x, @)% h(q)) %2— h™'(p)¢Nw,
h— 1/ h— 10,7

/

Do 90

Do h(p)sinf dO Ado N,
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which will give (using the fact on X, , we have
CNoNo,=ENo, No,)
1

>0 I f

if their exist a constant C such that:

Ho, n(we) é I |lf”12'1u,1v(€b:)

2
{ j [ $%sin0dO Ado A w,<C(p°)?
Px(g) 0
(in the case N=+oco0, we use the fact that on the surface 2, ,
v,(p"* + q'* — p*)=v,4%, and in the case N finite the inegality p°® < Cp'°q’°).

The estimates for D' derivatives of ?10— 4,(f) are more difficult to obtain.

Our unknown, from the analyst point of view, is the function f(x%, p)
[denote by abuse of language f(x, p)] expression of the distribution
function in a given family of frames (x* ¢,) on the manifold M : to compute
explicitly #,(f) we have to express the components in such a frame of p’
and ¢’ in terms of p, g, 6, . For this purpose we introduce the relative
velocity of incident particules in the given frame

_(eo-9p—(eo-p)gq
(eo - p)(eo - 9)

e, is the time axis, future directed of the given frame of the tangent
space T,, p denotes the spatial component of the vector p.

Let us set

, p+q ., _p—q ., 6 0 r°q°
=" a=5 7 = e3=7[x_[e0+ Gz_”/\"
with

o> =(p°q°’ v —u’A*, p=pes+p, o=pAq.
We have 0

,_Pptq ,_ btaq

=——+oan, =-——"—0an
_ p=rmp e 4=
if we set . .

n=cosf¢&; + sinf cospé, + sinf cos péy
therefore
0 0
P= rre +eos0 P~ 5 1 | using sinq)i +sinf cos @ pzi (v/\ i)
o

Let us denote by ¢ any linear combination of products (IID'g,,)
with X|l| <v, with coefficients in the algebra of bounded function on
Q xR xR3 generated by

p/p°, . q/d°, ...
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From the formulas
op° _ p'pM0ga,/0x)  ap° _ p;

ox* 2p, ’ op; Do
one deduce

a [ (U)] (v)

W] =g+

1

thus the estimates, I=T+1
. . o)1l i
D)= (%) Mg  D'w)= %r'
Dl<1)=o it 1+1
o

@ 7 N @M@
=g I if I1=I; D' Y L g

Let us denote

(p0q0)|r|+|§|+1/2
Y, = 5 5o 12|r1|a2|r2|0.|§| -
r=r1+=r2
From
1 0
D'(p)= —+§$— D'p+sinf cosp D' ( ) +cos ¢ D'(p°q° (u A )

results the estimate

ID'p'| < g®(p°)~ Myl
(For example D' (cx %) is a linear combination with constant coef-

.. o . . .
ficients of terms D" o D* (~>, r+ s =1 which admit the estimate
o

g"@E@ g 0@ _ 1w (pg)!
(21 Gf =9 oy G2 ghl

Using these estimates, the usual laws of derivation and Schwarz
inequality, one gets

SHf Iy vwo» K25
Hl-t,N(d)t)

1
Ffzf
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for N finite,
Y. [Ipz S|21/)|2,,,|sin0d(9/\d(p/\coq§C(p°)2

X, D9
Iml<u

or if, for N =+ oo,

Y D, o SIF iy e - sinf0dO Ado A w, < C(p°)*.

Im|=p
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