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Abstract. We discuss the nature of non-localisable fields constructed as certain
limits of sequences of local fields. For sequences for which the corresponding Wightman
functions converge we construct a PCT operator; if the sequences converge strongly
in a given Hilbert space then a scattering theory can be constructed for the non-localisable
limit field. Such fields are shown to have the same S-operator as any local field which has
the defining sequence of local fields in its Borchers class, and has the same in field. We give
non-trivial examples of this equivalence between local and non-localisable fields.

1. Introduction

The problem of describing all relativistic quantum fields corre-
sponding to a given S-matrix has not been yet solved. An important
result in this direction was obtained by Borchers [ 1] in the frame of the
(Wightman) axiomatic quantum field theory. According to this result
of Borchers, fields are S-equivalent (i.e. correspond to the same S-matrix)
if they are relatively local (or weakly relatively local). The relative
locality (or the weak relative locality) is a relation of equivalence among
quantum fields, so that all fields in a Borchers class (i.e. a class of relatively
local or weak relatively local fields) are S-equivalent. The converse is not
true: a Borchers class does not exhaust all fields with the same S-matrix
(see for instance [2], p. 170) but we do not consider this problem here.

The S-equivalence of relativistic quantum fields was also studied
in perturbation theory; we refer the reader to [3] and references quoted
there for detailed results.

Roughly speaking the above results (in the axiomatic or in perturb-
ation theory) are known to physicists in the following form: two fields,
one of them being a local function of the other one, have the same
S-matrix.
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We will show in this paper that quantum fields can be equivalent
also in the “non-local” case. In particular we will show that a local
quantum field can be S-equivalent to a non-localizable field. We think
that this result can be of some interest because it shows that non-
localizable fields can have a well-behaved S-matrix which is actually
the S-matrix of a local quantum field. Some trivial and non-trivial
examples are also given.

2. The Non-localizable Fields

We will adopt in this paper the Wightman formulation of a local
quantum field theory. We will construct non-localizable fields along
the general lines given recently by one of us [4]. We remark that there
are also other interesting approaches to non-localizable (or non-local)
fields [5, 6] or to a scattering theory for non-local fields [7]. We hope to
discuss the connexion of the limiting approach [4] to other approaches,
especially to [7], in a separate publication. In [4] we look at non-
localizable fields as limits of local ones in a topology considered already
by Borchers [8] and Jaffe [9].

Let S, and S$*(«>0) be spaces of test functions considered by
Gelfand and Shilov ([10], Chapter IV). The test functions in S, are
roughly speaking infinitely differentiable functions ¢(p) vanishing like
e Pt for |p|— oo where |p| is the Euclidean norm of p(p°, p) and a
a positive constant which may depend on ¢. A natural topology can be
put on these test functions as in [10], Chapter IV. The elements of S*
are Fourier transforms of the functions in S,. The spaces S, and S*
are both nuclear and dense in S (the Schwartz space of infinitely differ-
entiable functions vanishing at infinity, stronger than any polynomial).
The set of functions which belong to S*(x > 1) and have compact support
is dense in the Schwartz space & (infinitely differentiable functions with
compact support).

Let us now consider a Wightman-Jaffe [11] type theory (over test
functions in §* in coordinate space) for the scalar neutral field A(x).
If for a given field A(x), « can be chosen larger than one A(x) can be
localized in any finite region of space-time and local commutativity can
be formulated as usual: [A(¢), A(w)]_®=0 for supp¢ and suppy
space-like separated (¢, p € S*) and @ in the dense domain of definition
for A).

For « <1 the functions in §* are analytic, the field A(x) is no longer
localizable in a finite region of space-time and local commutativity for
these fields cannot be formulated, at least in the usual fashion.

Such a behavior of A(x) is generated evidently by a high energy
behavior of these fields like ¢*/?!'/* (with ¢ —0+) (x < 1). We can look
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at the (non-localizable) fields A(x) in this case (imposing a reasonable
generalized local commutativity) as follows.

Let S*=S*(R*") the S*space of test functions depending on 4n
independent variables (S§ =C = complex numbers). We construct the
(locally convex) direct sum of S%, n =0, 1, 2, ... (see for instance [ 12], p. 214)

It = @ Sz (1
n=0

The elements of 2* are of the form ¢ =(¢g, ¢y, ..., Pps -..) With ¢, € SZ
and ¢ has only a finite number of components. The locally convex
topology in Z* can be given by a set of non-denumerable seminorms [12]
and can be characterized by convergence as follows: {¢™} is convergent
to ¢ in 2* if and only if

1) there exists an integer N so that ¢ =0 for all n> N and

if) each component ¢'; n=0, 1,2, ... converges to ¢, for m—oo in
the topology of S3.

Let now A(x),k=1,2,... be a set of tempered scalar neutral
relativistic quantum fields. This means that the A4,(x) are tempered
Schwartz distributions satisfying the following (Wightman) re-
quirements [2]

a) Hilbert space of states,

b) covariance under the inhomogeneous Lorentz group,

¢) positive energy,

d) local commutativity.

Evidently the A4,(x)’s are also operator valued generalized functions
over the spaces S* For a given field 4,(x) we consider all its vacuum
expectation values W* with test functions from S* for a given o. For
all k=1,2,... we have (compare with [8], p. 220)

) WeeZ* k=1,2,....

2) Willa, 4) ¢)=W(9), ¢ € S*(R*).

3) Wil¢)=0if pe My,

4) W(¢)=0ifgel.

5) Wil¢" x¢)=0.

In 1) 2% is the dual space of X7 i.e. the space of all continuous linear
functionals on X* X* can be identified with the direct product of the
spaces S* = S* (IR*") [12] but this fact will not be of special interest for us.
We remark only that the space Z* is complete [12] (see also [8], p. 235).
The condition 2) represents the covariance under the inhomogeneous
Lorentz transforms (a, A). In 3) M, is defined as

M:p:{(p;(beza’DY(Fqbn)(pb 9pn)=0
Pus Pt + Pps s P2+ -+ P, €V, and pi+py+-+p, =0} (2)

if
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where

ol

T =Yt F Vi Vs e Ve =0, 1,
Fip T, IPh=7y Vs Vis ooes ¥

V. is the closed forward light cone and F stands for Fourier transform.
Condition 3) represents the positivity of the energy.

In 4) (which is the local commutativity) I, is defined as a linear
subspace of X =C@S(R*) +---@SR*")@--- with the following base:
¢(x, ..., x,) 1s an element of the base if ¢ can be decomposed as the
difference

DXL e X1 X e Xy X oo X)) — DXy s X,y X oo Xy Xpegq oe- X)

and o(x; ... x;... % ... x,)=0 if x;—x, is timelike for j=1; j,[=i,
i+1,...;(@ ... k') is any permutation of (i ... k).
Finally, in 5)— which is the Hilbert space requirement, ¢ is defined as

B =(Poseees Bp(Xps s X1), .0)

where the bar means complex conjugation.
It is clear that 2* becomes an algebra with involution if the following
definition for the product is chosen

¢ xy =(¢01P0a oW1 + P10, - _Jg: i1y s X)) Wi(Xi 415 v Xy )
One can study the algebraic structure of M, and I, but we don’t need to
know this explicitly for the purposes of this paper, and we send the
interested reader to [8].

All the (tempered) fields A,(x) were taken as local and the local
commutativity given through 4) for k=1,2,.... Now we turn to the con-
struction of the non-localizable field A(x) from the given tempered local-
izable fields A,(x). Let the sequence W, e 2™ be convergent in X*. It is not
difficult to prove (see for instance [8]) that the limit W of the sequence
{W,} satisfies the conditions 1)-5) with the possible exception of 4).
Moreover, 4) is satisfied if o > 1 but it cannot be satisfied for a < 1.

Certainly from W we can reconstruct the fields and for « > 1 we get a
Wightman-Jaffe field. If « <1 A(x) will continue to be a field in the
Wightman sense which we call a non-localizable field (for a discussion
of the case o =1 see [13]).

The crucial point in this construction is that the local commutativity
of the fields 4,(x), k=1, 2, ... induces in the limit k—o0 a general local
commutativity which we understand as a fast decrease of the commutator
for A(x) in space-like directions (for only a partial discussion of the
extended commutator in space like directions see [14]. The result of [ 14]
doesn’t apply to a massive field in which case the decrease of the
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commutator in space like directions is much stronger; a more complete
discussion is given in [15]). Certainly the (small) acausal effects we have
described here depend on a <1 and tend to vanish in the limit a—1
(for & >1 the commutor vanishes exactly for space time directions). The
non-localizable fields constructed as above have many important
properties as for instance PCT-invariance. A scattering theory for such
fields exist and was discussed in [4].

Before going into the discussion of the equivalence between a
local and a non localizable field let us consider a little further the
limit 4, —A which we required as the basis of constructing non lo-
calizable fields. The non-localizable field A(x) was recovered by the
reconstruction theorem, which gives us also the Hilbert space # in
which A(x) acts. The reconstruction theorem gives us unfortunately
not too much information about #, which is constructed as the com-
pletion of a pre-Hilbert space in whose formation condition 5) enters
essentially. It is therefore difficult to compare the Hilbert spaces in which
two non-localizable (or a local and a non-localizable) fields constructed
as above are acting. Because fields which have the same PCT operator
are good candidates for S-equivalence and because we have not yet
enough control on the reconstructed Hilbert space, in looking for
fields having the same PCT operator we will assume that all the fields
A, k=1,2, ... and A are acting in the same Hilbert space (see examples
in § 6).

On the other hand it will be helpful for deriving certain results to
consider also the following strong form of the limit 4, — A4:

Let Ay(x)k=1,2,... be (tempered) local fields acting in the same
Hilbert space #, having the same invariant domain of definition D
and the same vacuum  and let 4(x) be a non-localizable fields con-
structed from A,(x). We assume that A(x) has D as invariant domain
and Q as vacuum and moreover

s= lim Ay(x) - A(x) Q= A(x) - Alx,) Q (3)

where s—lim stands for the strong limit (i.e. the norm limit in ).
More precisely (3) means that for all ¢,, ..., ¢, S*(IR*") we have

S— klin; A(P1(x))) - Ai(@ulx,) Q
=A(¢(xy)) ... A(¢n(xn)) Q.

The convergence in (3) (or (4)) is stronger than the convergence of
W, in the sense of X*. Writing (3) in the form

(4)

Ap(xq) oo Ap(x,) Q — A(xy) ... A(x,) 2—0 for k—oo,
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we can write (3) in terms of vacuum expectation values of the fields
A, k=1,2,... and A.

3. The PCT Operator

Let A(x) be a (tempered) local scalar neutral field satisfying the
Wightman axioms a)—d) of § 2. Let D be the invariant dense domain in
A on which A(x) is defined. Let U(a, A) be the unitary representation
of the inhomogeneous group P! which corresponds to the field A(x):

Ula, A) A(¢) U™ (a, A)=($, 1) (6)

where ¢ e S(R*) and ¢ 4(x)=¢(47'(x—a)). We assume that the
vacuum Qe D for A(x) is a cyclic vector (the field A(x) is irreducible).
The field A(x) determines the Borchers class of all fields relatively local
(or weak relatively local) to A(x), corresponding to the same unitary
representation of U(a, A) of the inhomogeneous Lorentz group, the same
invariant domain D (in the Hilbert space #”), the same vacuum and also
the same PCT operator.

Let now Ai(x),k=1,2,... be a sequence of fields in the Borchers
class of A(x) (there are always infinitely many fields equivalent to a
given field!). We assume that the sequence {A4,(x)}is convergent in the
sense of (3) to a non-localizable field B(x) defined in the same domain D
as A(x) and having the same vacuum Q as a cyclic vector. We have

Theorem 1. The non-localizable field B(x) has a PCT operator 0,
and 0, =0 where 0 is the PCT operator for the local (tempered) field
A(x).

Proof. The PCT theorem for 4,(x),k=1,2,... gives

(2, Au(xy) ... Alx,) Q)= (2, A(—x,) ... A(—x,) Q) (7)
or

(2, (b1 (x1) - Ap(Pulx,) Q) = (2, AlPul =) - Aldy(=x,) Q). (8)
Taking in (8) k—0 for ¢,, ..., ¢, € S*(R*) C S(R*) one gets

(@, B(¢1(x1)) .. B(¢a(x,) Q) =(Q, B(u(—x,) ... B(d1(—x,) Q) )
i.c. the PCT theorem is valied for B(x) (a fact which was already proved
i [I‘\t/}greover (9) implies the existence of an antiunitary operator 0,

(the PCT operator for B(x)) such that

0:B(¢p(x) 0, ' =B(p(—x), 0,Q=Q, ¢e& (10)
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(see for instance [2], p. 143). We will write (10) as
0,B(x) 0y = B(—x). (11)
We have also

0AX) 0 ' =A(—x), 0A4x)0'=A(-x); k=1,2..00=0Q.

We can write now (12)
OAL(x,) ... A(x) Q=0A,(x,) 07 0A4,(x,_)07"0... 0710 A,(x,) (13)
x0710Q=A(—x,) A(—x,_) ... A, (—x,)Q
and
0,B(x,) ... B(x;) Q=B(—x,) ... B(—x;) Q. (14)
Taking in (13) the strong limit for k— oo we get
0B(x,) ... B(x;)2=B(—x,) ... B(—x;) Q. (15)

The vector ¢ =B(x,) ... B(x;)Q runs over a dense set in # (B(x)
has Q as cyclic vector) so that from (14) and (15) follows 6, =0 and the
Theorem 1 is proved.

Remark. Theorem 1 is also valied if the (irreducible) field A(x)
is only weak local. The temperedness of A(x) can be weakened by
requiring A(x) to be only strictly localizable in the sense of Jaffe [11].

The meaning of the Theorem 1 is that we have associated to a given
Borchers class also some non-local fields constructed as (strong) limits
of local ones belonging to the given Borchers class. The (local) fields
in the Borchers class and the associated non-local fields are acting in
the same Hilbert space, corresponds to the same unitary representation
of the Lorentz group, have the same vacuum and the same PCT operator.

4. Asymptotic States and the S-matrix

We consider now (tempered) local fields A,, k=1,2,... which
produce in the weak limit (i.e. the W,’s are convergent in the sense of
>*) a non localizable field A(x). The first step in achieving a scattering
theory for our non localizable field A(x) is proving the cluster property. Let

P=P(a)=[dxW'(x+a)P(x), P(x)es”

an averaged translated truncated vacuum expectation value of A(x)
(we use here the notation of Jost [ 16], Chapter VI). The cluster property is

lim dM®=0; M=0,1,... (16)

d— x
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uniformly in a where d = max [a;—a;|l. Ruelle was able to derive (16)
from locality [16]. For the non -localizable field A(x) we can write
la¥ @] < |dY(® — )| + |d D (17)
where
D =P a)=[dx W, "(x+a)P(x), PeS*CS (18)
and from Ruelle’s theorem we get
lim A, =0, k=12, ..
-0
In order to have (16) for the non-localizable field A(x) it is enough to
require that the limit d™(® — ®*)— 0 is achieved uniformly in a for k—co

and M =0, 1,2, ... but fixed. This condition is satisfied for instance if
(uniformely in a)

l}im a"|Whx+a)—Wix+a)=0, n=0,1,2,... (19)
where a™= H (af 1ooalag,a....,a,), a(0,al,a?,a})
x(Xo, Xph oo X)), X(x2, x1, X2, x7).

The condition (19) was imposed in [4] in order to assure the existence
of the cluster property. Once having the cluster property the Haag-
Ruelle scattering theory can be now derived following Steinmann [7].
We are able to give another proof of the asymptotic condition for
quantum fields considered as operator valued distributions on Z (the
functions in Z are Fourier transforms of functions in %) based on the
existence of the cluster property. This proof works exactly also for
our spaces S*% a < 1. The condition (19) looks rather technical. A dis-
cussion of the content of (19) will be given in § 7 of this work.

In the rest of §4 we will show that the asymptotic condition for a
non-local field follows also from the assumption that the limit 4, — A4
is achieved in the strong sense described in §2 in the same Hilbert
space denoted by s Exactly this result will be used in §5 in order to
prove an equivalence theorem (between local and some non-localizable
fields).

Let A, be (tempered) local fields satisfying the requirements
described in [16], Chapter 4. In particular apart from the usual (Wight-
man)requirements we admit that the spectrum of the energy-momentum
operator P, corresponding to A,(x); k=1,2,... coincides with the
corresponding spectrum for the free field of mass . The representation
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U,(a, A) which is the restriction of U(a, A) to the Hilbert space #;
corresponding to the one particle hyperboloid is assumed to be irreducible
with spin zero (it corresponds to the mass u). Let P, the projection on
M, wWe assume

(Q, A(x) Py A() Q) =id (1P x ~ ). (21)

Let h(4) be the well known cut-off function (in momentum space) in
the Haag-Ruelle theory.
We consider the fields

Bi(p)= Ap) h(p?). k=1,2, ... (22)
so that we have
B (¢)QeH#, for ¢eSRY

and
\ (Q, Bi(x) By(y) Q)= id . (1*; x— y) (23)
forallk=1,2,....
From (3) we get
s— klgm B(x,) ... By(x,) 2=B(xy) ... B(x,) 2 (24)
and
(@, B(x) B(y) Q) =i, (4>, x~y). (25)
Let ¢ € S(R?); we construct the operators [4]
B, ()= j By (t,7) ¢(F) dr (26)

where 7 =7(x!, x?, x3).

From [16], Chapter VI, Lemma 6, we know that B, ,(t) are defined
on the common domain D, B, ,(t) ®, ¢ € D are vectors in D which are
C® in t and continuous in ¢.

The proof of Lemma 6, Chapter VI, [16], can be applied in order to
prove the same properties for the operator

B,(t)=[ B(t,7) () dF 27)

with ¢ € S*(IR*) C S(R?).
Let now f,,,m=0,1,...,n, be n+ 1 smooth solutions of the Klein-
Gordon equation

) 1 . .
fn(X) = e FO0°) 6(p* — u?) [e™P*g% (p) + €P*g™ ()] d*p
with g7 (p)e S,(R* C 2(R3); m=0, 1,2, ...,n. We will have certainly

fm(0,%) € S*(RY), ii:'gi (0,%) € S*(R%). (28)

0



220 J. G. Taylor and F. Constantinescu:
From (26), (27) and (28) follows that the operators

By, (=i [ f,00BdF, B, (=i [ fi,BdF

x0=1 0=y

are defined on D and can be applied successively on the vacuum.
We construct now

®(6)=By, (1) By, (1) ... B, ()Q, k=1,2,... (29)

and
D(t)= B, (t) B, (1) ... B; (1) Q. (30)

From the Haag-Ruelle theory follows (as a consequence of locality)
that the strong limits of @,(t) for t— F oo exist

in

s— lim g ()=, k=12 ... (31)

¢ are the asymptotic states for the fields A,(x), k=1,2, ...
We have

Theorem 2. The vectors
¢(t)= B, (1) B; (1) ... B, (1) Q
have strong limits for t — F oo

s— lim By (1)By,(0)... B, ()@= O Lo frnf). (32)

These limits are independent, with respect to L1, of the special coordinate
system in which the various entities have been defined.

Proof. We write

[&(t2) — Pt = [9(t2) — dilt)ll + [ Pi(t2) — Pult)]l

(33)
+ 1@ (ty) — D1l -
We have for each k (see (31))
l¢x(t2) = p(t)| =0 for |z, [t] > 0.
It remains to prove that
lim [9() - ¢, =0 (34

and this limit takes place uniformly in t.
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We have
¢()— ()= f fo(xo’ro)PooB(xoﬂo)d'o

0

X j n( n> ) a(>nB(xm r,) dr,Q — f fo(x8>ﬂ§003k(x8afo)~--

xq=t x3=1t

X _n(xr?’ }rn) B#On B(X,(,), Tn) d;—nQ

xq=t
= [ o | o8 70) Qoo BIXG.T)) . (10 T,) Cou BxS, 7)) @
x3=t x9=t

<

—(fo(x8a Fo) 0 OOBk(XO 7o) - (fn(xr(1)7 ) 50an(x,?, F) QY dig ... dr,

where ¢y;; i=0, 1, ..., n involves differentiation with respect to x?. This
expression is a finite sum of terms of the form

[ | g09.Fo) ... galx? '){B(x,o, o) o BOx,, T

x3=t xQ=t
w B F e BT 0
5xz . lj+l’ l]+1 a () ln’ ln
! a (36)
=BT e B ) 5 B )
0
a 0 Bk(xz,,? 1)} drO d

where (iy,...,i,) is a permutation of (0,1,...,n) and 0<j<n and
g(x),7); [=0,1,...,n is equal to f(x?,7) or to Aai—ofl(x?,;’,). We go
]

over to momentum space in (39) and get that |[¢(t) — ¢,(¢)]| is smaller
than a sum of terms of the form

[d*po ... [d*p, | A(pi) h(PE) ... A(pi)h () P?, Alpy,., )
xh(p?, ) ... P A(p;) h*(p,) Q
— A i) hp2) ... A i) hp?) p? . Alp,, )
<h(p? ) .. D2 Ay(p) W2 (p;) Q1 (P, - B

where y(py, ..., p,) is a function in S, (R*"** ) (see 28).

In deriving (37) we have inserted in (36) a &-function 5(x{ —t)
1=0,1,...,n with the corresponding integration on x{.

We remark that (37) is independent of time.

Taking (3) into account we get that (34) is achieved for k—
uniformly in t.

(37)
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The second part of the Theorem 2 follows also from this uniformity
int Indeed let A€ L], f; 4(x)=fi(A7'x),1=0,1,...,n, B(x)=B(A 'x),
Bi(x) = B,(A4"'x) and

BY(x)=i [ f, 0B dF

x0=¢
B (x) =i Oj fiaCoBitd7
®,(1)=Bf (1) ... B} (1) Q (38)
D, 4(O)=B (1) ... B, (1) Q. (39)

We have to prove that for t — F oo, ||¢(t) — ¢(t)]| = 0. We write
lp4(0) = dOI = 1P 4(0) = i 4Ol + [ Dr, 4(D) — DO

+ [0u() — @ ()]l -

The first and the third term on the righthand side of (40) can be made
smaller than ¢/3 (for ¢ >0 given) independently of t. Now we have only

(40)

to take [f| large enough in order that |¢, 4(t) ¢, ()| < % for the local

fields ¢, k=1,2,.... This completes the proof of Theorem 2.

Let s#,,(+#,,,) be the norm closure (in ) of the linear combinations
of elements ¢™ (¢°"") including the vacuum.

We have

Theorem 3. Define the linear operator A®*(f) on the vectors

d)ex(fo’fl’ "‘5fn) as
Aex(f)d)ex(foa“"fn):¢ex(f’f05""fn) (41)

where ¢ stands for ¢™ respectively ¢°** and f is a smooth solution of
the Klein-Gordon equation satisfying (27). Then the operators A%(f)
correspond to the free scalar field of mass p which we denote by Af}

A*(f)=i | f(x)GA™(x)d*F (42)

and o
Ula, A) A%*(x) U (a, A) = A™(Ax + a) (43)
0, A"(x) 0, = A (—x). (44)

Proof. We have to prove that (¢**(fy, .--, fy), (15 ---» gum)) 18 the
corresponding scalar product for a free field. We write

¢ — &l = 9 — ()l + [6(1) — ()l
+ (D) — DIl
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By taking into account (34) (uniformly in t) we get
s—lim ¢ = ¢ (45)

It follows that
(¢ex(f0’ ey fn)’ (bex(go, ey gm)) =,}Ln; (¢ix(fo, ""fn)’ d’ix(go’ ERAS) gm)) ‘ (46)

By the Haag-Ruelle theory (¢5*(fo, .- fn) @590, .- gn) 1 (for all
k=1,2,...) equal to the corresponding scalar product for the case of a
free field and this proves the first part of the Theorem 3. The relation
(43) follows from the second part of Theorem 2 and (44) follows from
0, A(x) 6, = A(— x) (see (10)).

Concluding this section we remark that we have been able to prove
the asymptotic condition (under asymptotic condition we mean
Theorems 1 and 2) for (hopefully!) a large class of non localizable fields.
We have two types of results: In the first part of the section the asymptotic
condition was shown to be valid for non localizable fields defined as
weak limits of local fields, the limit being achieved in a uniform sense
(see (19)). In this case the cluster property is trivially satisfied and the
cluster induces the asymptotic condition. In the second part of this
section we have taken the strong variant (3) for defining non-localizable
fields. This condition enables us to prove uniformity in ¢ for k—oo and
in this way the Theorems 2 and 3 can be given a direct proof.

In order to discuss the S-matrix (in the next section) we assume that
the field A(x) satisfies asymptotic completeness. The S matrix operator
can be now defined by

A% (x) =S~ A"(x) S .

5. Equivalence between a Non-localizable and a Local Field

In order to discuss the equivalence of fields along the line of Borchers,
we have to discuss fields having the same PCT operator. Because of
some Hilbert space difficulties in the case of a non-localizable field
constructed as a weak limit of local ones we have not discussed the
existence of a PCT operator in this case. But we have proved that if the
limit A,— B is achieved strongly in the same Hilbert space the PCT
operator for B exists (see Theorem 1) and equals the PCT operator of a
local field A which generates the Borchers class containing 4,; k=1,2, ....
We have

Theorem 4. If A(x) is a local (tempered) field and B(x) a non-
localizable field constructed as in Theorem 1 then the asymptotic fields
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A™Y(x) and B**'(x) exists. Moreover if A™(x)= B"(x) then the two fields
A(x) and B(x) have the same S-matrix.

Proof. The proof follows immediately from the fact that A(x) and
B(x) have the same PCT operator and this operator takes in fields to
out fields.

Theorem 4 shows that a non-localizable field can be S-equivalent
to a local one. In the next section we discuss some examples in which
Theorem 4 applies.

6. Examples

Let us consider A(x) as being the scalar neutral massive free field.
We construct Wick series of this field (in four dimensions)

o0

B(x)= ZI a,: A(x)": (47)

n=

A result of Jaffe [11] (see also [17] and [18]) shows that B(x) is strictly

localizable if the series ) a,z" has an order of growth smaller than 2.
n=1

For an order of growth equal to 2 and type zero we still get a localizable
theory in the sense of [13]. If the order of growth of ) a,z" is larger than
n=1

two B(x) will be non-localizable. We remark that the same thing also
happens for the massless case though for this case in the region of non-
locality the high energy behaviour of B(x) is very different from the high
energy behaviour in the massive case, because of a “contraction” of the
phase space volume by passing from m =0 to m =+ 0. A discussion of the
extension of the commutator of B(x) outside the light-cone (“acausal
effects”) are discussed partially in [14] for the massless case; a full
discussion of this question for m % 0 is the subject of [15].

Now coming back to S-equivalence, it is well-known that the series (47)

is in the Borchers class of A(x) if ) a,z" has order of growth smaller
n=1

than two. It follows that in this case B(x) is trivial. Theorem 4 applies to

B(x) in the case in which ) a,z" has an order of growth larger than two
n=1
(we leave the reader to convince himself that this is the case) and therefore
A(x) will be trivial also in the non-localizable case.
Another (non-trivial) example is given by taking A(x) to be a tempered
non-trivial field (we assume that a such field exists!) and considering

B(x) = A(x) + ¢((0,) K(x) (48)
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02 62
o0x* 0x}
and K, =[J,—m? If g(z) has order of growth smaller than 1/2, B(x)
is (strictly) localizable. If the order of growth of B(x) is larger than one
half B(x) will be non-localizable. In the localizable case it is easy to
prove that B(x) is in the same Borchers class as A(x) and is S-equivalent
but to B(x). In the non-localizable case the Theorem 4 applies and shows
that B(x) is still S-equivalent to A(x). Indeed it is easy to prove that the
convergence of partial sums in (48) to B(x) takes place in the strong
sense (3) and that (21) is also satisfied if a similar condition holds for A(x).

In the next section we will discuss in detail the cluster property in
the weak approach A,(x)— B(x) as described in § 2.

where g(z) is an entire function (with real coefficients), [, =

7. The Cluster Property in the ‘“Weak” Approach Local — Non-localizable

In § 4 we have formally remarked that the cluster property is valid for
B(x) if (19) is valid uniformly in a. We would like to discuss this question
here replacing the technical condition (19) by a condition which is more
connected to the existence of a scattering theory for the approximating
fields (which follows from the fact that the approximating fields are local).

Let us consider that all the (local) fields 4,(x) have the spectrum of
free field and that (21) is satisfied (we remark that these conditions are
weaker than those imposed on A,(x) in §4; there it was for instance
assumed U(a, A) is the same representation of the Lorentz group for all
Ai(x).

Let @;=a;—aq; i=1,2,...,n (see the notation after (19)). Then the
second auxiliary theorem in § 5, Chapter VI, [16] tells us that

[Wlx+a) ¢p(x)dx, ¢eSR**"D)CS*R*™*Y)

is in S(R*") with respect to &. Let W,f(p) be the Fourier transform of
W (x); the translation invariance of W/ (x) gives in momentum space

WkT(pOs Pis -0 Py =0%(py + -+ p,)

_ (49)
X WkT(pls cees pn)

The fact that | W/ (x+a) (x) dx is in SR*") in &, =a; — a9, i=1,2,...,n
means that after integrating W, "(p) with a test function from S(IR}0) in p°
we get a C* function in p which is in 0,,(R}"". But 0,,(R}") C 0,,(R}").

! In fact a result of Borchers [19] allows us to find some stronger properties in p
but we are not interested in this problem here.
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Now the cluster property for B(x) constructed as a weak limit of A4, (x)
is valid if W7'(p)e0,,(R}")®S,(R,5). Therefore we are faced with
the following problem: let { ,(p".p)} be a sequence of generalized functions
in S,(R}0) @ 0, IRE, ") which converges in the sense of S, (IR3"). We have to
require that the limit f (p°, p) of this sequence also lies in S, (IR30) ®8,,,,(R;").
It follows that a simple condition we can impose for the existence of a
scattering theory for A(x) is the following

Condition S: The field A(x) must be approximated by A,(x) in
such a way that the truncated Wightman functions W;”(p) converge in
the sense of S,(IRj0)®0,,(R}"). The condition S can be interpreted
as a regularity condition. Indeed the C*-regularity of W’”(p) in p (which
is responsible for the existence of the cluster property) must be retained in
the limit (with the same effect) and this is, roughly speaking, the content
of condition S.

8. Conclusions

We have shown how it is possible to formulate a notion of equivalence
between non-localizable fields, or in the special case of this paper between
a non-localizable and a local one. Indeed we may define this equivalence
by a natural extension of the idea of a Borcher’s class as follows.

Definition. Two fields are PCT-equivalent if and only if they have the
same PCT operator.

Such a relation between two fields is evidently an equivalence,
and so divides the class of all fields into equivalence sub-classes. Each
sub-class will be composed of Borchers classes of local fields possibly
together with some non-localizable fields. Fields in the same PCT-class
will have the same S-operator if they have the same in fields, so will be
S-equivalent. We showed in detail how a non-localizable field constructed
as a strong limit of local fields can be shown to be PCT-equivalent to a
given local field in terms of conditions on the local fields of the approxi-
mating sequence. However we haven’t shown that there exist any non-
localizable fields which are not PCT-equivalent to some local field.
Our discussion in the paper has shown that non-localizable fields can
be as physically reasonable as local ones in describing a given S-matrix.
Apart from computational advantages there seems to be nothing gained
in using a local field equivalent to a non-localizable one. The idea of
imposing localizability on fields in non-polynomial Lagrangian theories
would seem to be unnecessary from this point of view.

Acknowledgements. One of us (F.C.) would like to thank the Science Research Council
of Great Britain for a grant and King’s College, London for its hospitality to enable
this work to be achieved.



Non-localizable Fields 227

References

. Borchers,H.J.: Nuovo Cim. 15, 784 (1960).
. Streater,R.F., Wightman,A.S.: PCT spin and statistics and all that. New York:

W. A. Benjamin 1964.

. Kamefuchi, S., O’Raifeartaigh, L., Salam, A.: Nucl. Phys. 28, 529 (1961).
. Taylor,J.G.: Ann. Phys. (N. Y.) 68, 484 (1971).
. Iofa,M.Z., Fainberg,V.Ya.: Soviet Physics — JETP 29, 880 (1969); Kiev reports

ITF 69—23, 25 (1969); TMP, 1, 187 (1969).

. Hindle, C. M.: Fortschritte d. Phys. 19, 369 (1971).

. Steinmann, O.: Commun. math. Phys. 18, 179 (1970).

. Borchers,H.J.: Nuovo Cim. 24, 214 (1962).

. Jaffe,A.: J. Math. Phys. 6, 1172 (1965).

. Gelfand,I.M., Shilov, G.E.: Generalised functions, Vol. 2. New York : Academic Press

1968.

. Jaffe, A.M.: Phys. Rev. 158 (1967), 1454.

. Kothe, G.: Topologische lineare Rdume. Berlin-Gottingen-Heidelberg: Springer 1960.
. Constantinescu, F.: J. Math. Phys. 12, 293 (1971).

. Blomer, R.F., Constantinescu, F.: Nuovo Cim. 6A, 62 (1971).

. Constantinescu, F., Taylor,J. G.: Preprint King’s College London, April, 1972.

. Jost,R.: The general theory of quantized fields. Amer. Math. Soc., Providence,

Rhode Island, 1965.

. Jaffe, A.M.: Ann. Phys. (N.Y.) 32, 127 (1965).
. Rieckers, A.: Int. Journ. Theor. Phys. 4, 55 (1971).
. Borchers,H.J.: Nuovo Cim. 33, 1600 (1964).

J. G. Taylor F. Constantinescu

Department of Mathematics Department of Applied Mathematics
King’s College University of Frankfurt

London, U. K. D-6000 Frankfurt

Federal Republic of Germany








