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Abstract. In a previous paper asymptotic creation and annhilation operators a*. have
been constructed by the Kato-Mugibayashi method from the creation and annihilation
operators a* for spin 3 fields with an interaction Hamiltonian density which is an even-
degree polynomial in the field with ultra-violet cut-off and its derivatives. For any
eigenvector @ of the total Hamiltonian H = H, + H, partial isometries Q, have been
defined so that a¥. equal Q. a* Q% on the ranges #. of Q.. Since the existence of a ground-
state of H has been proved, the existence of at least one pair Q. follows. The purpose
of this paper is to show that for any ¥ € &, orthogonal to & the distribution of spins and
momenta of the interacting Schrodinger states exp[—itH] Q. ¥ approaches for t— F
the distributions of spins and momenta of the free state exp[ — itH,] ¥ if a wave-amplitude
renormalization is carried out in &,. This is achieved by studying the expectation values
of the operators in the maximally abelian W*-algebra % (@) generated by operators of the
form | ga*a, in terms of which any information about spins and momenta can be expressed.

1. Introduction

The aim of this paper is to demonstrate that the concept of physical
wave-operators introduced in Ref. [1] in order to deal with the scattering
problem for long-range potentials [2] can be applied also to constructive
quantum field theory. This presents the hope for a unified quantum
scattering theory formulated in terms of such operators, which would
apply to the relativistic as well as non-relativistic case.

The class of models under study [3] are the spin % fields y(x) which
self-interact via an interaction Hamiltonian

Hy, o= [v(x) Hy (x)dx 1.1)
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with a finite ultraviolet cut-off ¥ and a space cut-off v(x) of compact
support. Dealing with one field rather than with the more general and
more realistic case of n interacting spin % fields simplifies the notation
without presenting a serious limitation on the techniques and results,
which stay valid in the general case.

Let us adopt a very general approach to scattering theory by assuming
that the interacting system is described in a Hilbert space #, while the
asymptotic cases in which there is no interaction between all parts of
the system are described in the Hilbert spaces #°*, ex = in, out, which
are not necessarily identical with #. The family of observables in #
and #°* will be denoted by ¢ and 0", respectively. It is straightforward
to generalize the procedure for defining physical wave operators in
Ref. [1] by assuming first the existence of a mapping 4 —A** of ¢ onto
0°* (determined on physical grounds [1]) and then stating that any pair

Q. of linear one-to-one mappings of J#°" onto closed subspaces R
of # represents physical wave operators if Q* Q_ is a partial isometry
from #™ to #°* and if

tligl [Ke "M Q, P|de " Q Wy — (e itHop| geitHo) | =0 (1.2)

- 0
for any bounded operator 4 € @ and state-vectors Q. P eR,.

In the case treated in this paper, #™® = #°* are chosen to be identical
to the Fock space & (Section 2), while # consists of a linear subspace
of & supplied with a “renormalized” inner-product<.|. >,., Which is equal
to the original inner product multiplied by e, where e*/? is a wave-
amplitude renormalization constant. The set @) of observables considered
in this paper is O={H, ,}u0,, and corresponding O ={H,}uU0,,
where 0, is the sub-algebra of all self-adjoint elements in the W*-algebra
A(0) generated by the spin-momentum distribution observables [3]. The
choice of A(() instead of the algebra of local observables is deliberate,
since it presents us with a maximally abelian algebra [3] of observables
in terms of which any measurement of spins and momenta of any finite
number of particles can be described. Since spin and momentum are
ideally suited to scattering experiments, and since S-matrix computa-
tions are always carried out in the momentum rather than configuration
space, this choice seems most appropriate.

The wave operators of the models considered are partial isometries
on &, and are defined by means of asymptotic creation and annhilation
operators [4—6, 3] and of eigenvectors of H, ,. Since we have no informa-
tion about the point spectrum of H, , beyond the existence of the vacuum
energy [3,7] as the lowest eigenvalue, we cannot establish uniqueness
of Q. In general, to each eigenvalue of H, , would correspond a dif-
ferent pair of physical wave operators.
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In Section 3 we establish the main result of the paper (Theorem 3.1)
which implies that if Q , ¥ are orthogonal to the ground state of H, , then
tligl (Q, P|eer e o Q Py =(P|AY) (1.3)
for any A4 € () corresponding to a finite number of particles. In view
of (1.2) and the commutativity of H, and (@), this means that Q, are
physical wave operators, and therefore [1, 8] that the interacting states
exp[—itH, ,]Q, ¥ describe asymptotically in time for t— F oo respec-
tively the same distribution of spins and momenta as the free states
exp[—itH,] V.
In the conclusion (Section 4) we discuss some further physical impli-
cations of the derived results.

2. Fock Space and Summary of Previous Results

To simplify the notation we introduce the measures p and i, on the
Borel sets in IR* and IR®, respectively:

Pk
dulk, 0)= - o5 dp(0),  wlk)=)k +mg, @2.1)

dpo(k, o, v)=du(k, o) dp,(v) -
Here my is the mass of the Fermion, while y, and p, are measures in
R! with supports on the sets {—3, +3} and {—1, + 1}, respectively,

d such th
and such that w3 =m£1)=1 (22

where o and v denote spin and particle-antiparticle indices, respectively.

The single particle space #; , and the single antiparticle space 4 ,

in the momentum representation are both taken to be identical to

L%(IR*). The space %, , of m Fermions and n antifermions, m +n>0, is
the space

Fryn=[71,0°"1Q [F 1] (23)

where ® , denotes the antisymmetric tensor product, and for m =0 and

n =0 we identify the corresponding tensor product with the one dimen-

sional space %, , generated by the Fock vacuum @, o. The Fock space is

On proper subspaces of % [3], the creators and annhilators as
sesquilinear forms satisfy:

[a,(k, 0), at, (K', o)1 =0,,, 044 w(k) O(k — k') 24
with all the other anticommutators being zero.

10 Commun. math. Phys., Vol. 24
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If U,=exp[itH, ] exp[—itH,] then for any f(k,o)e L% (IR*)
afi(f)=u— lim U,af(f) U¥ 2.5)
t=F 00

exist [3,4—6], and satisfy the same anticommutation relations given in
(2.4). Let @ be any eigenvector of H, , and denote by %, (®P) the closed
linear subspace of &# spanned by the vectors

ay, (f1) ... a5 (f,) @ (2.6)

corresponding to all f}, ...,f, € IZ(R*) and vy, ..., v,€ {— 1, + 1} and for
alln=0,1,2,....
When H, , is restricted to %, (®) it is given by [3]

H.,=n1+ [ o(k)at, (k,o)a,,(k, o)duk,o,v) (2.7)
RS

where 7 is the eigenvalue of H, , corresponding to .
The wave operators Q, (®) are defined [3, 6] by the relation

Q. (@) ay,(f1) ... al,(f) Po,o =3, (f1) ... @), . (f) P

Let E, () be the projection of & onto %, (P). Then Q.. (P) satisfy [3, 6]
the following relations:

1(2) Q2. (9)=1,
Qi (P)QL(P)=E.(D), 28)
explit(Hy,,— M1 Q4 ()= Q. (P)exp[itH,], teR'.
From (2.5) it also follows [3] that
u— tliftn Uaf(fy) ... ak(f) U¥E . (D)
= Q4 (®) afi(f1) ... a5, (f) Q% (D)

forall f;,....fie ZRY, I=1,2,...
Let us introduce the operators

2.9

P,= | o(k,0,v) a¥(k, o) a,(k, o) duy(k, o, v)
‘RS

and define the family of spin-momentum distribution observables 0 to
be the set [3] of all self-adjoint operators

A=E, P (2.10)

m,nt @
for all finite m and n and all real functions ¢ which are essentially

bounded with respect to u,; here E,, , denotes the projection of # onto
P n Then the following theorem has been proved [3].
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Theorem 2.1. The W*-algebra A(() generated by @ is maximally
abelian and any A € W(0) when restricted to &, 'm.n 1S given by

ATm,n=am,n(k1’O'19 ""km+n’ 6m+n) Y’m,n, (211)

where a,, , is a Borel measurable function on R*™*™ and is symmetric
under permutations of the first m and of the last n four-variables. The
function a,, , is also essentially bounded with respect to the product
measure p> ™",

Since by definition A corresponds to a finite number of particles,

”A” = m,nglgl,)i,...{ess SuPIam n(kla Op5 «.- m+n’ m+n)l} (212)

exist [3]. The *-algebra generated by @ will be denoted by U, (6).
Note that Theorem 2.1 states that the spin-momentum distribution
observables (0 form a complete set of observables.
The interaction density H; ,(x) is chosen to be [3] a polynomial

_ . e ay i) ,
m”"")“'P[”” Y ox, ax, T o, . 0%, |

r r

(2.13)

consisting of products of bilinear forms in i or its space derivatives as
left variables and v or its space derivatives as right variables, all taken
at time t =0; y and  are the well known configuration representation
fields with ultraviolett cut-off «.

3. The Asymptotic Behaviour in Time of the Heisenberg-Picture Spin-
Momentum Distribution Observables

In this section we intend to show that the operators Q,(®) are
physwal wave operators [1] with respect to the famlly 0 of observables,
by proving that the Schrodinger free state e~ "o ¥ is the incoming and
outgoing physical asymptotic state (with respect to @) of the Schrddinger
interacting states

e"itHev Q (@) [EL (D) —|P) (D|]

for t— F oo, respectively. As we have mentioned in the introduction, this
will be possible only if we introduce in & (®)=ZF, (P)— [P] (where
[@] is the one-dimensional subspace spanned by &) the renormalized

inner product
Cldren =P (3.1
which represents a wave-function amplitude renormalization ([9], p. 112)

with
A(®)= —=2In[KP| Dy )|, D] = [ Po ol =1. (32)

10*
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The implicit assumption is that, for the given cut-offs x and v, A(P)
is finite. Then the asymptotic condition, which represents the criterion
for Q. (®) to be physical wave-operators with respect to 0, is a conse-
quence of the following theorem (cf. [1]).

Theorem 3.1. Suppose that @ is an eigenvector of H, ,, and that |®) |
is the projection onto ®. Then for any A € W(0) with only a finite number
of non-zero components (A|%#,, ,) in the subspaces %, , the following is true,

(s (0)=[0) <@ et de e (B, @) -0 O)

= ¢ AD (B, (0) — |0 <B|) 2. () AQE(®) (E 1 (D) — | @) (D))

where A(D) is defined in (3.2).

Let us denote by E,, , = X(m.n (N+1, N-;) the projection onto %,
We shall establish first the theorem for observables of the form
E, P, ... P,. This will be achieved in a few stages, by proving in the
process an auxiliary theorem and three lemmas.

Before proceeding with that proof we note that (3.3) does not hold
if E; (®) is retained in place of E , (P) — |@) {P| since for A = E,, ,e A (0),
m+n>0, we have

w-lim|@) (P| et E,, ™ vt | @) (D]
t— + o0

=<{®|E,, o) |®) (|
+e 1D |®) (P Q. (D) E,, , 0% (D) ) {D|
e 1@ (D o|E, Do) |®) (D] =

Furthermore, because of the in general non-zero renormalization con-
stant A(®), the statement of Theorem 3.1 cannot be valid if we include
elements A of () with infinitely many non-zero (A| F,w) cOMpoOnENts.
This can be easily verified for the case of the identity operator 1€ A(0),
since in that case the left-hand side of (3.3) is identically equal to E (®)
—|®) {®|, while the right-hand side is e™*® (E,(®)— |®) (P)).

Theorem 3.2. Let go(k,0,v), v=—1, +1, be two non-negative and
essentially bounded,

b,= ess-sup g(k,0,v)< 0, 34

ceRl, ke R3
Borel measurable functions on R*. Write

rb

A;’=sﬁm{(k,o):(’—’Ml& <olk,o,)s } r=1,...M, (35)
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where {S4,:1=1,2,...} is any subdivision of R* into disjoint Borel sets
She of diameter smaller than M ™1 If ! denotes the characteristic function
of A” then

E,, P, = s-lim Z Z 2 A,,) a*@1) a,() Emyn  (3.6)

Moo y=—1 r= 1

where the prime next to the summation sign indicates that the terms for
which u(47") = 0 should be omitted. Furthermore, there is a constant C(m, 1)
independent of M such that

<C(m,n). (3.7)

’""(P -z Z; e ) o)

v=-1 r=1

Proof. We easily compute that for arbitrary ¥, ,€ %, ,

(QX l) a (X l) 'I’m n(kla (SRR km+m 6m+n)

mtn

= Z 5(V’J) Q(kj’ aj’ V)Aj lIlm(kla Op5 --- k;s 6}'9 km+n’ Gm+n) d”(k;a O';)
i=1 ¥
where (v, j) is zero for j<m, v=—1 and for j2m+1,v=+1, and it

is one otherwise. Applying this result to

+1

0u- 3 3 X A,,) at(en) a(t) (38)

v=-1 r=1

we can easily see that for any simple function @, ,€ %, , built from
characteristic functions of intervals in R*™*" and for arbitrarily chosen
constants C},

l<¢m n|Em n{I—) - QM} ':Pm n>|

Z Zné(v ] { Z Z/ j‘ du(kl’ 01) A dﬂ(km+m o-m+n)

R =1 [ RéGm+m

X XV ( 7 O-j)ﬁ Q( js O V) - Crvll@;’;,n(kb (JEREEE km+m O'm+n)

x [lpm,n(kla O15 «evs km+m o-m+n)

1 .
M(Arl) J. Tm,n(kl, Oy, - ,kj,a vers Kpons O i) du(kj, o;
v A%

+ ZHIC:' j X:l(kj’ o-j)l Qm,n(kla 619 LR km+n’ o-m+n)
rl

R4(m+n)

X \Pm,n(klﬁ 0-19 sy km+r|5 O'm+n)lld1u(k1> 0-1) e du(km+m O'm+n)}
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where the summation X" does not include any of the sets 47" in which

@y , is almost everywhere constant in (k;o;) € 47 when all the other
. —-1)b
variables are kept fixed. If we take C’ = %“— then

b
olky00)~CiS 2%, (kjo)e 4,

and we get the estimate:
+1 m+n

- 2 X (m+n
|<¢mn|Em,n{PQ_QM} lpm,n>| é V Z bv z _‘. |¢rﬂ;,n qlmnldu ‘ ’

y=—1 j=1 RAm+n)

m+n
+ Y max|Cy| [@,,,] {(Z § %'(k;, o) |a”,,.,n|)2 dp <'"+">r
j=1 Y rl
(b_;+b,y) (39)
< 10l 240 L2 g,

m+n

ooy tbi) T AL T 2!k 0) [, dit” <H .
Jj=1Unl

Since the family of all simple functions of %, , is dense in &, ,, we

conclude from the above inequality that ||E, ,(P,— Q) ¥l is not

larger than the expression in the square bracket on the right-hand side

of (3.9). In the limit M —oco the measure Y " u(4"") tends to zero, and
rl

therefore the aforementioned expression in (3.9) also converges to zero.
Since ¥,, , was an arbitrary vector in %, , and the family of all simple
functions ®,, , built from characteristic functions of intervals on R*™*"
is dense in &, ,, this establishes that (3.6) is true.

To prove (3.7) note that the right-hand side of the inequality (3.9) is
bounded by

2
| Do, o T A oyt b)) [Pl

Consequently, C(m,n) can be chosen to be any constant larger than
3(m+n)(b_, +b,,). Thus we have established Theorem 3.2 completely.

Let us remark that the proof of Theorem 3.1 would be simpler than
it actually turns out to be if the limit in (3.6) were a uniform limit rather
than a strong limit. However, it is quite easy to see that the convergence
in (3.6) is not in operator bound, since the term X” in the procedure
cannot be made arbitrarily small independently of the chosen @,,,.
Simple examples can be constructed where for given ¢>0, ¥,, , and M,
that term exceeds ¢ for some normalized &, ,,.

In order to complete the proof of Theorem 3.1, we have to know the
asymptotic behaviour in time of U, E,, , U}. This is essentially derived in
the following two lemmas.
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Lemma 3.1. For any eigenvector ® of H, ,
w-limE . (®) U,Eo o UFE (D) =e 1P Q, (D) E, ( Q% (D) (3.10)
t— F oo

where A(®) is the wave-amplitude renormalization constant defined in (3.2),
and Eq o= |9, 07 {Po,ol-

Proof. According to (2.7), the restriction of H, , to &%, (®) has the
same spectrum as H, +#n1 has on &. This spectrum obviously consists
of a point spectrum which contains only the eigenvalue 5 corresponding
to @, and of the absolutely continuous spectrum [m, + #, + c0).

An arbitrary vector ¥ from £ (®) can be uniquely decomposed into
the sum P® + Y2 where

PO — (| P & (3.11)

and P> belongs to the absolutely continuous subspace of the restriction
(H, | Z.(®)). This implies that for any ¥, € # the Radon-Nikodym
derivative h(4) of (¥, | EX=> ¥*° with respect to the Lebesgue measure
exists. Hence, by the Riemann-Lebesgue lemma,

+
<q/1 [e‘iH">V‘ Y/a.c.> — j’ e—i).t d<q]1 ,EH""’ lIIa-C->

= [ e"Mh(3)da

converges to zero where t— F co. Thus for any ¥, € #, (D)

w-lim e~ Hrvt rae — 0,
t— F oo

To establish (3.10), note that by carrying out the above decomposi-
tion for arbitrary ¥,, ¥, € %, ($) we obtain

<'P1 I Uon,o Ut* lI/2> = <T1 I <1>>|<<p]<150’0>|2 <¢| Y’2>
+ MY @) (PP o) (Po,ole™ vt W)
+eT M e e W B o) (Do 0| DY (P W)
+ T T W Dy o5 (D o|eTF vt W)

Thus in view of (3.12), we can write

tlif_rnw <Py UtEO,O UrY,)= K@I ¢0,0>l2 S AL IXCAR DY

(3.13)
=e 1@ CY|QLE o Q*Y,)

which is the required result (3.10).



142 E. Prugovecki and E. B. Manoukian:

Now we want to extend the result of Lemma 3.1 to the projector
E, . for m+n>0, with E, (®) replaced by E . () — |®) {P|. To do this,
note that if hy, h,, ... is an arbitrary orthonormal basis in L2(R*), then
E,, , can be written in the form

Epo= X daf®,)...at(,,)ati(hy,, ). a*y(y,,,,) Eoo

(3.14)
ca_y(hy, ) a_y(hy,, ay(hy ) ... ay(hy),

where the infinite sum is the strong limit of its finite partial sums. It is
easy to see from Lemma 3.1 and (2.9) that for each term in (3.14) we have

wlimE, (@) U,ab () ... a*,(5;,) Eo 00y (h;,) ... 4y (hy,) U¥ E+ ()
1ZFo (3.15)
=e 1@ Q, @) at(hy) .. a*, () Eo o (h;,) ... ay (hy) Q4 ().

For example for m=1, n=0 we have

E; U,a*(h) Eooa(h) UFE,
=E, U, a* W UF[EL +(1—EL)]U,Eo o UF[E+ +(1-EL)]U,a(h) UFE,

and the desired result is a consequence of the facts that the existence of
the weak limit of a product follows from the existence of the weak limit
of one of its factors and of the uniform limit of the rest of its factors, and
that if one factor converges uniformly to zero and the rest of the factors
stay bounded uniformly in ¢ then the uniform limit is zero.

Now we note that since [3, 5, 6]

asy(h)@=0

it follows that (3.15) is also true if we replace E , (@) by {E .. () — |®) {P|}.
Therefore, each term in the summation in (3.14) satisfies Lemma 3.1 with
E . (®) replaced by {E. () — |®) {(PD|}.

After proving the next lemma it will become easy to see that E, ,,
m+n>0, also satisfies Lemma 3.1 when we replace E . (®) by

{E+(D)— 9> <P}
in (3.10).
Lemma 3.2, For any ¥ € &, (®) orthogonal to @ and for any £¢>0,
there exists an N(g) and T(g) such that

Y Kat(h,,) ... a*i(h,, . ) ®o o|UF PH[2<e  (3.16)

p1t -t Pm+n2N(E)

for all |t| = T(e).
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Proof. We shall prove (3.16) explicitly only for m=1, n=0, ie.,
prove that
Y. [Kaf(h,) @00l UF¥H|* <e (3.17)

PZN()

for all [t|= T(e) and ¥ € {E.(®)— |P)> (D} Z#.
Differentiating and then integrating in ¢ each term in (3.17), we obtain
that the sum in (3.17) is equal to

Z [<at (hy) @o,0l Uk 1) 'I/>|2
=N(e
paN® Cg (3.18)
o l<aik(hp) Do, Ut PP dr.

+ 2

piNe) £T@ 40

The second term in the expression above is equal to

t
PEN() £T() (3.19)
-dt' (P| e e [Hy o0F (€77 hy) Eo o, a1 (€77 hy)] e v Wy
Using the notation in Ref. [3], we may write
1l »
[Hp o @€ )1 =3, > (=1)716,,, [o(x) Vi (x) by (x,t)dx .
i j=1 R3

Hence, by applying the Schwarz-Cauchy inequality in [>(c0) and ob-
serving that

0

Z [<e™HH T|af(9—imhp) ¢0,0>|2 =[lE;,o gtHot g it || 2
"~ = By g 0™ e
<\
and in view of the fact that for any ¥’, ¥" e &
CYI[Hy 0 aF (€75 hy) Eo o @y (€ hy)] - P
=<af(e " hy) Po,o|P") <¥'| [Hy,.r aF(e ™" hy)]- Do 0> (3.20)
+ ¥ |af (e hy) Bo,0) {Po,ol [Hy, 0 a1 (€' h,)] - P>
we get that (3.19) is in absolute value bounded by

t li
[ arel Y ¥

+T(e) i j=1 (3 21)
© . -, 3 )
. ( Y <¢o,o| § 0(x) V(%) g (', £) d® x4 How sv>|2)
p=1 R3

for all N(g).
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Now let us write

v(x) {@y,o| Vj(x) e~ v W) = F(x, 1)
and
F(k,t)=(Qn)"* je‘”‘"‘F(x, Hd®x

Since e~'*'hy, e”'*'h,, ... constitute an orthonormal basis in I2(R?), we
easily see that

o]

2

[ dx{Dg olv(x) V](x) e

ptl

p=1 |R3
-3 Iw(k)F(k 1) Bk, 0) e~ @ h (k, 0)) — - dk_|*
r=t w(k)
= [ w(k)|B,, (k,0) F(k, 1)|* dk
where

flpw(x, £)={ B, (k, 0) h,(k, o) W ~%3) (k. g) .

Taking into consideration the fact that B, (k, o) vanishes [3] for |k| > x,
we obtain that (3.21) is bounded by

(R4l Z Z dy,, |0(x) Sup B, (K, 6)!2 | L[ t)*dk]*de (3.22)
i j= +T(e)
where
[ 1F e, 0 dle= [ v ()<Y} * (x) Bo,ole™ e WH2 dx.  (3.23)

Consider now vectors ¥ from the linear manifolds 2. (®) spanned
by all vectors of the form

af(f1) - af (fu) @1 (fms1) - 0% (fnin) @ (3.24)
forall m+n=1, and all f;, ... f,,,, € 43 (R*) which are such that
{k:k*=x*}nsupf(k,0)=0. (3.25)

It is quite evident that 2, (®) is dense in F, (®) O [P].

All the vectors ¥ € 2. (P) obviously belong to the absolutely con-
tinuous spectrum of the restriction of H, , to %, (&), and for each such
¥ there is an Ay such that Ef=+ ¥ = ¥ for 1>1,. Hence, employing the
spectral theorem and denoting by ¢y (4, x) the Radon-Nikodyn derivative
of {Vj*(x) Dy o| Ef= ¥ with respect to the Lebesgue measure, we can
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write (3.23) in the form

Aw Ay
| dxv?(x) (f) et g (Ay,x) ddy ge“‘lz'ﬁ(iz, x)da,
R3

Aw
= [ ey (X)dA =% (1)

—Aw

(3.26)

where

)= | <j>¢;(’1 4 ,x) @(l +4 ,x) v(x)di" dx. (3.27)
R4 2 2

The interchange of order of integration required in deriving (3.26) can

be easily justified by Fubini’s theorem, since we are integrating on

compact domains.

The assertion that the expression in (3.21) can be made smaller than
any ¢ > 0 if T(¢) is chosen appropriately large, becomes an obvious truth
if |/ %4 (t) is integrable in ¢ on R'. Since 74(t) is evidently continuous, we
infer that |/%,(t) is integrable on RR! if 7,(t) decreases at infinity faster
than |t|73, ie., if 74(4) is at least three times differentiable. We verify
that this is always so when ¥ € 2, (®) for the special case ¥ =a¥, (f) ®.
The general case can be treated in the same manner.

By definition, for such ¥

d
Py, x)= PR <V,/*(x) D0 la¥s (f) D)
where f,(k, 0)= f(k,0) when w(k)< 1, and f,(k,0)=0 when w(k)> 4.

CVi*(x) @o,0la¥s (f2) ¥ = V)™ (x) Do 0l a¥(f2) D)

Foo
+i | eT M Vi*(x) @o o] [Hy, v, a*(e7' f)] @) ™™ dt,
0

the second term on the right-hand side of the above relation may be
written as

1 F

Y (=116, [ dt [ dx' (eT e Vik(x) Dy o] Vi(x) @)

=1 0 R?
‘o(®) | €W Bk 0) ,(k, o) du(k, o).
|k =x

Taking into account (3.25) and the fact that f(k, .)e €T (R%), as well as
the uniform convergence with respect to ¢ of the above improper Riemann
integral, we easily infer that the expression in (3.28) is differentiable any
number of times with respect A, and therefore %, (t)=0(|t|™") for any
r=1,2,....

(3.28)
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Theabove considerations establish the fact thatfor any given ¥ € 2, (P)
and any ¢> 0 there is a T(g) for which the sum in (3.19) is in absolute
value smaller than ¢/2 for all |¢t| > T(¢) and for arbitrary N(¢). From this
result and (3.18) we easily deduce that (3.17) holds if for fixed T(e) we
choose N(g) in such a manner that the first sum in (3.18) is smaller than
¢/2. Hence, (3.17) holds for ¥ € 2, (®). Since 2, (D) is dense F.. (P) © [P],
the result can be immediately extended to arbitrary ¥ € %, (®) ortho-
gonal to .

This completes the proof of Lemma 3.2 for E; ,. As was earlier men-
tioned, the proof for the general case E, , runs along the same lines.

In view of (3.15) and the remarks preceding Lemma 3.2, we can infer
from Lemma 3.2 that

w-lim(E.. (@)~ [#) (&) U, E,, , UF(E. (@)~ &) (P) (3.29)

=e U(E 4 (D)~ 9> (D)) Q4 (D) E,, ,Q%(P) (E+ ()~ 0> <P]).

Now we shall return to proving Theorem 3.1 for an element of A (0)
of the form A=E,, P, ... P,. First, we observe that the case m=n=0
is immediately taken care of smce in that case both sides of (3.3) vanish
identically. Hence, let us take m +»n> 0 and, assuming that

E, P, =slimQQE, ., j=1,..,1, (3.30)

m,n i, = SN
let us consider the identity
E. UE,,P, ... P,U*E, —Q.,E, P, ... P,QtE e " (331)
=R, (M)+ R,(M, t)+ R5(M, t)

where E', = E, (®) — |®) (P| and
R(M)=—e *E.Q.E, (P, ...P,— 0 ...0W) QL E\ , (3.32)

R,(M,t)=E4(U,E, Q... 0N U} —e Q. E, 05 ... 0N Q%) E'
(3.33)

Ry(M,t)=E, U,E,,,[P, ... B,— Q... QU1 U*Ey . (334)

In view of Theorem 3.2, R,(M) converges strongly to zero when
M — 0. For fixed M, R,(M, t) converges weakly to zero when t— F o0,
since (3.29) holds and from the form of each Q{}, as given in (3.8), we
immediately infer by using (2.9) that

wlimU, 0 ... QY UFEL = Q. 0 ... QW QL EL,
=E, Q. ﬁ\})ng}Q’f_rE,i-’
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the last of the above relations is an immediate consequence of the fact that

O ... 002t =0 ... 0Y) Dy ,=0.

Thus in order to show that the expression in (3.31) converges weakly
to zero when ¢t — F oo, it is sufficient to show that for any ¥, ¥, € #4 (P)
and any & > 0 there is a T'(¢) such that

[KPLIR; (M, 1) W)y <e (3.35)
for all |t| > T'(¢) and arbitrary M =1, 2, ... . For that we need the following
lemma.

Lemma 3.3. For given ¥, ¥, € #,(®), given E,, ., and any & >0, there
is N(g) and T(g) such that

Z |<Y11|UtEm,n(Fgl"‘FQI_QX})"'Qﬁ\lrl))
p1t s+ pmen>Ne) (3.36)

: aik(E) a§1(ﬁpm+,.) ‘po,o> <¢0,0|a1(hp1) a—1(hpm+,‘) Ux lII2>|
is smaller than ¢ for all |t| > T (e).

Proof. The proof is a straightforward application of Lemma 3.2.
Using the Schwarz-Cauchy inequality in [?>(o0), we get that (3.36) is
majorized by

“Em,n(ﬁql ng_ QB}) Q%l'l)) Em,n Ut le ”

{ > <P\ Ukathy,) ... af(h,,,,,) ¢o,o>|2}%~
p1t-

*+Pm+n>N(e)

(3.37)

The first factor can be majorized by
|(Py, - Py = Q57 ... O Epll 194

which is independent of ¢, and which, according to (3.7), can be majorized
in its turn by a constant independent of M. The second factor in (3.37)
can be made, by Lemma 3.2, arbitrarily small by choosing N(g) suf-
ficiently large. Hence Lemma 3.3 is established.

In order to establish (3.35), it only remains to observe that in view
of (3.30)

Z I<'Pl|UtEm,n(Fg1"'P-QI_QR})"‘Qg})

p1t  +Pm+nSN(e)
-af(hy) ... a’i1(hpm+,.) q§0,0> <‘p0,ola1 (hpl) a—1(hpm+,.) U '}l2>|
= Y [P NP2 layhy,) ... asy(hy, DI

Pit T Pm+n=N(d)
: ”Em,n(Pgl cee PQ,_ 3&) Qgtll)) aik(hl) aee aﬁl(hp,,ﬁ.n) ¢0,0”

can be made arbitrarily small independently of ¢.
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Thus, the proof of Theorem 3.1 for elements of QIO((O) of the form
E, P, ... P, has been completed. Since any element of A, (0) is a finite

m,n= @y °

linear combmatlon of elements of this type, Theorem 3.1 has been
established for all 4 € U, (0). N

Consider now any element 4 of Wy (O). By recapitulating the proof
of Theorem 3.1 [3], we easily establish that the following statement is
true (observe especially (3.12)).

Lemma 3.4. For any given AeA(d) and E, . there is a sequence
Ay, A,, ... € Wo(0O) such that

AE,, = S-}iTOAz E,., (3.33)
and a constant C for which
[(A—A4)E, [|=C, I=12... (3.39)
For any ¥, ¥, € ¥ (®P) we can write
<Y (UE,, AU¥— e 1Q, E,,AQ%)V,)
SKY11Q4 By u(4— 4) QL W,
+KP (UL E,, A, UF — ™" Q, B, , 4,0%) ¥5)
+R(l,¢)
where, in view of (3.39), R(l, t) can be estimated in the following manner:
R(,t)=|<¥1|U,E,, ,(A— A4) U} ¥,)|
= > 1P 120 laf () ... a*y Gy, )

Pt pmen =K £y
NA-A)athy) ... a*,(h,,,,) Pooll + (A —A) E,ll |10]]
{ Z |<lP1|U:a1 (hl)---a"il(hpm,,) q§0,0>|2}%-

p1t+

tPm+n>K

(3.40)

According to (3.38), the first term in the right-hand side of (3.40) can be
made arbitrarily small by choosing ! sufficiently large. The second term
converges to zero when t— oo since 4, € W, (0). Finally, from (3.39), (3.41)
and Lemma 3.2 it follows by means of an adequate choice for K that
R(l, )< ¢ for all I if ¢ is sufficiently large. Thus, (3.3) holds for any finite
linear combination of such elements of A(?). Hence, Theorem 3.1 has
been established.

4. Conclusion
In the preceding section we have established that for any ¥ € 7 (9)

n
=7.(9)© [P] there are vectors P3¢ e F such that the distribution of
spins and moments in the interacting Schrédinger states e "Hev ¥
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approaches asymptotically for ¢— F oo the distribution of spins and

in
momenta in the respective free Schrédinger states e ™0 o If we
require that ¥, be normalized with respect to the inner product {:|->ren
on #.(®P) and that Y% be normalized with respect to the Fock space
inner product <-{->, then

P, = A@2 Q0 pou (4.1)

Hence the transition probability amplitude from e Hev'y¥_  to
e it P g

CU_NY 100 =R (D) P Q. () P™ = (P™|S(D) PiPY (42)
where we have introduced the scattering operator
S(@)y=Q* (P Q (D). 4.3)

We note that the wave-function amplitude renormalization does not
affect the S-operator. However, S(®) is unitary on & if and only if
F,(P) = F_(®) (cf. Ref. [8], Section 2).

We have seen in Ref. [3] that the ground state @, , of H, , exists
for any x < oo and integrable v(x), but we know neither whether it is
unique or whether H, , has some other eigenvalues besides E, ,. Since
we have to allow for the possibility that there are more than one linearly
independent eigenvector @ of H, ,, we seem to have to envisage the
possibility that there are not only more than one S-operators (4.3) which
would describe transitions in #, (@), but also that there should be an
S-operator describing transitions from ¥, in %.(®,) to some P_ in
F_(P,), where @, L P,. However, a meaning could be given to such
transition probabilities only if A(®;)= A(P,). Furthermore, a theory
which would possess two or more mutually orthogonal eigenvectors
@, ,, ... of H, , seems to have redundancies at least as far as scattering
measurements of spins and momenta are concerned: for any ¥ e & we
would have two or more interaction states Q. (d,) ¥, Q. (P,) ¥, ... which
would have the same asymptotic distribution of spins and momenta
when t— F 0.

Finally, we should allow for the possibility that there are vectors
@ e # which are annihilated by all a, . (f), but which are not eigen-
vectors of H, ,. It is fairly obvious that for such vectors Theorem 3.1
cannot possibly hold in general since already for E, , we shall not have

(™ et B[ Ey o e~ Hest gy = (e™ M B Ey o ™ By= e~ 1D | (4.4)

i.e. we have no non-zero limit when t— F oo. In fact, if @ belongs to the
absolutely continuous spectrum of H, ,, then the limit of (3.4) as t — F oo
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will be zero. However, only if we include in & [3] all vectors annihilated
by a.(f) and choose @,, P, ... to be an orthonormal basis in &, can we
prove (cf. [5], Theorem 4) that

F= (Jka F.(D). 4.5)

On the other hand, if @ is an eigenvector of H, ,, then the asymptotic
behaviour of any e”Hx+' W e Z, (P) is that of a state of free non-
interacting particles. Hence, in that case Q. (®) correspond to channels
in which all particles are asymptotically free. It seems plausible to assume
that if @ is not an eigenvector H, , then we are dwelling in a channel
in which not all particles are asymptotically free, i.e., for which H is not
the channel Hamiltonian.
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