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Abstract. A complete description of the infinitely divisible positive definite functions
on a compact group is given. Their relation to infinitely divisible representations is also
discussed.

§ 1. Introduction

In certain problems of quantum field theory it is necessary to define
the notion of a continuous tensor product of Hilbert spaces. In his
attempt to construct such tensor products Streater [3] has introduced
the notion of an infinitely divisible group representation. These in turn
are described by infinitely divisible positive definite functions on the
group. If the group is abelian such positive definite functions are in
one to one correspondence with the so called infinitely divisible distribu-
tions on the character group. The reader may find a detailed account
of these in [1]. Here we shall give a complete description of the infinitely
divisible positive definite functions on a compact group and describe
some of the infinitely divisible representations.

§ 2. Infinitely Divisible Group Representations
and Positive Definite Functions

Throughout this paper we shall denote by G a fixed compact metric
group. By a representation of G we mean a continuous unitary repre-
sentation of G in a complex separable Hilbert space with an inner
product (.,.). Let T®,k=1,2,... be an enumeration of all the in-
quivalént irreducible representations (up to equivalence). Suppose T®
operates in a Hilbert space V, of dimension d,. Let &, &, ...,&*, be a
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fixed orthonormal basis in ¥, and let
WAe)=(T¢, &), 1=r,s=d,. (CRY)

Integration in G will always be with respect to the normalised Haar
measure in G. Under these assumptions it is well known (cf. [2]) that
the functions p® constitute an orthogonal basis for the Hilbert space
L,(G) and

J"P""(g)lzdr—, 1<rs<d, k=12.. (22

Let .# denote the multiplicative group of complex numbers of modulus
unity and D be the group of all continuous homomorphisms of G into
#. With the uniform topology, D becomes a discrete group with a finite
or countable number of elements.

Definition 2.1. A representation U of G with cyclic vector x in a
Hilbert space # is said to be infinitely divisible if, for any positive
integer ¢, there exists a representation U with cyclic vector x4 in a
Hilbert space # /% such that U is unitarily equivalent to the representa-
tion UY1® ... @ U4 restricted to the cyclic subspace generated by

q factors
x1® x4® ... ® x'/1 by the action of the group. Under this equivalence x

and x'4@® --- ® x/4 are to correspond.

Definition 2.2. A function ¢ defined on G is said to be positive definite
if and only if it is continuous and for every finite collection of points
91,92, ---»g, In G and complex numbers a,,4a,,...,a,, the following
inequality holds: Y a;d;¢(g;g;')=0. Equivalently, a function ¢ is
positive definite if and only if it is continuous and for every complex
valued bounded measurable function f on G, { f(g)f(h) ¢(gh™ )dgdh = 0.

Definition 2.3. A positive definite function ¢ is said to be infinitely
divisible if, for any positive integer g, there exists a positive definite
function ¢, such that ¢(g) = [¢,(g)]? for all g€ G.

We shall say that a positive definite function ¢ is normalised if
¢(e)=1 where e is the identity element of G. Let & be the space of all
normalized positive definite functions on G with the uniform topology.
If U is a representation of G in Hilbert space # and xe€ J is a unit
vector, then the function (U,x, x) is in 2. Conversely every element
of & arises in this manner. The vector x can be assumed to be cyclic
without loss of generality. It is an easy consequence of Definition 2.1
and 2.2 that every infinitely divisible positive definite function on G
arises from an infinitely divisible representation and vice versa. Thus
the problem of finding the infinitely divisible representations of G
reduces to the problem of finding the infinitely divisible positive definite
functions of G.
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§ 3. Some Lemmas on Positive Definite Functions
Lemma 3.1. 4 complex valued function ¢ defined on G belongs to 2
if and only if it is of the form
$(9)= zpk{ Y a wi’?(g)}
k

1=r,s=di

where p,,p,, ... are non negative constants such that Y, p, =1, (@®)) is a
k

positive definite constant matrix of order di, xd, and trace unity for every k,
v® are the functions defined by (2.1) and the convergence of the above
series is uniform.

Proof . The function ¢ € 2 if and only if there exists a representation
U and unit vector x such that ¢(g)=(U,x, x). U can be decomposed
into a direct sum of primary representations. Each primary representa-
tion is a finite or countable direct sum of copies of some T®. The lemma
is an immediate consequence of these facts.

Lemma 3.2. Suppose ¢,€ ?,n=0,1,2, ..., and ¢,(g)— ¢o(g) as n—
for every g. Then ¢,— ¢, uniformly in G.
Proof. By Lemma 3.1 we can write

¢n(g)=§k:pnk Y aPmyp®@), n=0,1,2..

1=Sr,sSdx

where, for each fixed n, p,, are non negative numbers such that )’ p,, =1
k

and for each fixed n and k, the matrix ((a®(n))) is positive definite and
of trace unity. Since |¢,(g)| <1 and ¢,(g)— ¢(g) as n—co for every g,
we have

lim § 6,0 vP(@)dg = [ dolg)vR(g)dg .

Since the functions y®(g) are mutually orthogonal in L,(G) and have
normdj, * (see (2.2)) we have

hm Pnka‘k)(n) Poxa®(0) for every r, s,k .

Since Z af® =1, we obtain

r=

li_{n Pnk = Pok s (3.1)
11m a®(m)=a®(0) if py,+0. (3.2
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For each fixed n, {p,;, p,» ...} can be viewed upon as masses of a discrete
probability distribution. Hence (3.1) implies that *

"11{2 Z IPuk — Poil =0. (3.3)
k

Since Y a®yp® e 2, its absolute value is not greater than unity. This
togethér with (3.3) implies that ¢,— ¢, uniformly. This completes the
proof of the lemma.

Lemma 3.3. Let ¢,€P be a sequence such that Re, (i.e. the real
part of ¢,) converges uniformly. Then the sequence {¢,} is conditionally
compact in the uniform topology.

Proof. Suppose ¢ and g,h are two points in G. Let U be a
representation and x be a unit vector such that ¢(g) =(U,x, x). We have

l6(g) — o) = (Uyx, x) — (Uyx, )|
S 1Ux — Upx|
< U, —x|
< {2[1-Red(¢g'H]}*.
If Re ¢, converges uniformly it follows from the above inequality that

the sequence {¢,} is uniformly equicontinuous. An application of
Arzela-Ascoli theorem completes the proof of the lemma.

Lemma 3.4. Let v be a continuous function defined on G and satis-
fying the inequality L
[ f@f®wgh™"dgdhz0

GxG

for every bounded measurable function f such that § f(g)dg=0. Then
w(g) — § w(g)dg is positive definite.
Proof. Let f be a bounded measurable function such that | f(g)dg=m.

Let [ w(g)dg = a. Then the invariance of the Haar measure implies that
§ f@) fB) [w(gh™")—aldgdh
= [(f(g)—m)(f(h) —m)p(gh™)dgdh=0.
This implies that y(g)—a is positive definite. The proof of the lemma
is complete.
Lemma 3.5. For every positive definite function ¢ on G,
JIm¢(g)dg=0.

! For a proof of this the reader may refer to Lemma 9.1, page 206 in [1].
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Proof. This is an immediate consequence of the fact that ¢(g~ )= (g)

and the Haar measure is invariant under the mapping g—g~!.

Lemma 3.6. For any ¢ € 2,4,,9, €G,
[1—Re¢(g:9,)]F S[1—Red(g,)]* + [1 —Red(g,)]*.

Proof. Let U be a representation in a Hilbert space and x a unit
vector such that ¢(g) = (U,x, x) for all g € G. Then

1U,x — x| = [2(1 — Re g (9))]* . 34
Now we have
U,

g1 sz—x” =l nygzx" Umx” +1l ngx—x”

(3.5)
S Up,x— x| + Uy, x — x|

(3.4) and (3.5) imply the required inequality. This completes the proof of
the lemma.

Lemma 3.7. Let HC G be a both open closed subgroup of G. Suppose
Y is a positive definite function defined on H. Let ¢ be defined by

o@)=wlg) i geH,
=0 if g¢H.

Then ¢ is a positive definite function on G.

Proof. The continuity of ¢ is obvious. Let now a4, a,, ..., a, be any n
complex numbers and g¢,,¢,, ..., g, any » points in G. Each element g;
belongs to some left coset of H in G. Let H;=Hw,;, i=1,2,...,k be the
distinct cosets to which g4, ¢g,, ..., g, belong. Then

Y, ad;$(g.9; = Z{ Y 48,9095 ‘)}
1=i,jsn i Ur,s):gr,g9s€H;
k

=3{ T amelewtem) I}

i=1\(r,s):gr,g9s€H;

Since g,w; ! € H for all r such that g,e Hw; and ¢ =y on H, it follows
that every term within brackets on the right hand side of the above
equation is non negative. This completes the proof of the lemma.

§ 4. Representation of Infinitely Divisible Positive Definite Functions

Before proceeding to the statement of the main result we shall prove
a lemma on the infinitely divisible elements of £.

Lemma 4.1. Let ¢ € P be infinitely divisible and ¢(g)+0 for every
geG. Suppose ¢p=¢%,n=1,2,... where ¢,€P for all n. Then there
exists a sequence y,€D such that ¢,y, converges uniformly to unity.
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Proof. Since ¢ = ¢ for all n, it follows that n(|¢,| — 1) converges
uniformly to log|¢| as n—oco. By Lemma 3.1 we may assume that ¢,
is given by

0= T o T d0wo).

1=r,s5dy

Since [ |¢,(g9)|*dg— 1 as n— o0, we have from (2.2

(k) 2
limYp2 Y la Ml _

n=o g 15r,s<dy dk

Since, for each k and n, a®) is a positive definite matrix of trace unity
and ) p,;, =1, it follows that
k

lim 3 pli/d=1.

Hence
im Y ph+3 ) pa=1,
P20k g =1 kidie=2
im Y ph+ Y pw=1.
ROk g =1 kidiez2
Hence Z )
lim p=1.
”_)wk:dk‘—‘l ,
Thus

lim ( sup pnk)( ) pnk) =1.

n—=>o \kide=1 kidie=1
In other words there exists a sequence k, such that lgg Dukn= 1, where
n

T® is a one dimensional representation of G. Let y, be the corresponding
homomorphism of G into .£. Then

0D %(9) = Pk, + 74(9)

where 7,(g) is also positive definite and y,(e)=1— p,,, . Since y,(e)—0
as n—o0 and [y,(g)| = y,(e), it follows that ¢,%, converges uniformly to
unity. This completes the proof of the lemma.

Theorem 4.1. Let ¢ be a normalised infinitely divisible positive definite
function defined on G. Suppose ¢(g) +0 for every ge G. Then ¢ admits
a representation

d(@=1x(g) exply(g)—7(e)] foral geG, “4.1)

where v is a positive definite function on G and y is an infinitely divisible
element of the group of homomorphisms of G into S.

Conversely every function ¢ of the form given by (4.1) is infinitely
divisible and without zeros.
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Proof. The converse part is trivial. In order to prove the first part
choose a sequence ¢, € Z such that ¢ = ¢. By Lemma 4.1, there exists
a y,€D such that ¢,x,—1 uniformly as n—oo. Let p,=¢,x,. Then
¢ =y, ¥n- Let g be any point in G and 4, be the closed abelian subgroup
generated by g. The functions v, and ¢ restricted to A, are Fourier
transforms of probability measures u, and u respectively on the character
group A, of A,. Since y,~1 uniformly u, converges weakly to the
measure degenerate at the identity of A,. Further 4" is a translate of
uin A,. Hence by Theorem 5.1, page 89, [1], it follows that

lim fp,(9)" — expn[y,(g) — 11/=0.
Hence
Jlim [$(g) —%a(9)" expn[w,(9) — 11| =0. 4.2)

Since (4.2) holds for every g, Lemma 3.2 implies that the convergence
is uniform. Since ¢ has no zeros we have

,}ijg sup [n[Rey,(g)— 11— logld(g)l| =0. “4.3)
By Lemma 3.5,
nf(p.(g)—1)dg=nf Reyp,(g)—1)dg=a,, say.

a= [loglp(g)dyg .

By (4.3), a,—a as n—o0. Since ,(g) is positive definite n[y,(g) — 1]
satisfies the conditions of Lemma 3.4. Hence the function y, defined by

Let

(@) =nlw,(g)— 11— a,

is positive definite. By (4.3), Rev,(g) converges uniformly to log|¢(g)| — a.
By Lemma 3.3, the sequence y, is conditionally compact in the uniform
topology. Now (4.2) implies that %" is also conditionally compact in
the uniform topology. Since the group D is discrete, it follows that the
set {¥"} is finite. Hence there exists a y € D such that y=7%" for infinitely
many n. This yx is infinitely divisible. Now extracting a suitable convergent
subsequence from y,, and using (4.2) we conclude that

$(9)= x(9) exp(y(9) + a)

where y is positive definite. Since ¢(e) = y(e) = 1, it follows that a = — y(e).
This completes the proof of the theorem.

Now we shall proceed to analyse the nature of infinitely divisible
positive definite functions with zeros.

Lemma 4.2. Let ¢ € P be infinitely divisible. Then the set {g : ¢(g) = 0}
is a both open closed subgroup of G.
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Proof. Let {¢,} be a sequence of elements on & such that ¢ = ¢=".
In particular |¢|*=|¢,*" and |Pp(g)*+0 for some ¢ if and
only if nl_@) n(l —|¢,(g)*) <co. It follows from Lemma 3.6 that the set
g:@on(l — |¢,,(g)|2)<oo} is actually a subgroup. Since ¢(g) is
continuous this subgroup is open. Since an open subgroup is closed
the proof of the lemma is complete.

Theorem 4.2. A normalised positive definite function ¢ on G is infinitely
divisible if and only if it admits a representation

d(@=x@expy(@—7y@E)] if geH
=0 otherwise

where H is a both open closed subgroup of G, x is an infinitely divisible
homomorphism of H into $ and y is a positive definite function on H.

Proof. This is an immediate consequence of Theorem 4.1, Lemmas 4.2
and 3.7.

Remark 1. There are many compact groups which do not possess an
infinitely divisible homomorphism into .#. Finite groups and compact
connected semi simple Lie groups are such examples. In these cases
the factor y is absent in the representation of an infinitely divisible
positive definite function.

For a compact connected group without infinitely divisible homo-
morphisms into # every normalised infinitely divisible positive definite
function is of the form exp[y(g)—y(e)] where y is positive definite.

Remark 2. For any representation T with cyclic vector x in a Hilbert
space £ we can construct an infinitely divisible representation as follows:
let e(s#) be the Hilbert space CA A DA XA D - PH R RHD...
and e(x) be the vector n factors

. 1 1
e ! "2{1@ x @ ﬁf(x@x)@ @ W(x@) ®x)+ }
Let e(T) denote the restriction of the representation 1 TR TR TD ...
to the cyclic subspace generated by e(x). Then e(T) is an infinitely
divisible represenation with cyclic vector e(x).

If U is an infinitely divisible representation with unit cyclic vector x
such that (U,x, x)# 0 for any g and (U,x, x) = ¢,(g)" for all ge G and
n=1,2, ... where ¢, is a sequence of positive definite functions converging
to unity as n— oo, then U is equivalent to e(T) for some representation T.
In the case of compact connected semisimple Lie groups every infinitely
divisible representation U is equivalent to some e(T).
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