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Abstraet. A classification of “first order” deformations of Lie algebra represen-
tations by the use of a cohomology group is studied. A method is proposed for
calculating this group for the case of algebras which are semi-direct products. The
role of unitarity of the representations is exhibited. Applications are made for the
Poincaré and E(3) algebras.

Up to now, only the “first order” deformations of Lie algebra re-
presentations (connected or not with a deformation of the Lie algebra
itself), seem to allow some possibilities of classification.

We recall in part I, how this is achieved by the introduction of a
cohomology group H*(¥, L(V)) where V is the (possibly infinite-dimen-
sional) representation space. When % is a semi-direct product K.T' of
a semi-simple and compact algebra K by an abelian ideal 7', a general
method can be used to determine this group H.

The procedure is exposed in part II; it is nearly the same as that
which may be used for the computation of the finite dimensional re-
presentations of such algebras [1]. The application to the motion algebra
E (3) is straightforward, if one considers only the deformations leaving
the rotation subalgebra and it representation fixed. For the Poincaré
algebra we shall see, using the “Lorentz basis” that the same method
can be applied (even with a non compact K).

In all the cases, we do not claim that the method used here is com-
pletely rigourous for the infinite dimensional representations — since
topological questions should be discussed in that case — nevertheless we
think it has at least an heuristic value.

Our main result is that the dimension of various interesting cohomo-
logy groups HY(¥, L(V)), restricted in order to produce unitary de-
formations, is one on R. This is true for SL(2, R), V being a representa-
tion space for the continuous series, for £ (3) and the Poincaré algebras,
with the representations [m, s], m > 0. It results for instance in the
Poincaré case that a deformation of such a representation [m, s], m > 0
with a fixed algebra can always change the mass, the spin being ‘“rigid”.
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It results also that a “first order’” deformation of the representation
associated to a deformation of the algebra! (Poincaré— De Sitter etec.)
has always the general form:

P:(K) = g(Ky); K, €K
e(T:) = @o(Ts) + ¢ [A, @o(Ty)] for T, €T
of which the “Gell-Mann formula’ is a particular example (and even the
only “rational” example).
Some remarks about the deformations of the representations have
been formulated in [2] (whose notations will be used here), and also in
various articles of HERMANN [3]. For the deformation of the algebras

alone, we refer to [4, 5, 6], and for the main cohomological definitions
and results to [7] and [8].

I. Some Generalities

1. Lie Algebras Deformations
Let @ = ([ 1, V) be a Lie algebra, V its underlying vector space, and
[ 1, the Lie algebra law.
A deformation of ¢ is a family of Lie algebras defined on the same
space V, but with a law depending of a parameter t: ¢4, = ([ ];, V) and
such that:

=l

We always assume that it is possible to expand it, at least in some
neighbourghood of t = 0:

[, ¥l =[x, y] + tF (2, y) + 2 Fp(z,y) + - -+ x,y€V. (1.1)
The functions F; have to be antisymmetric, and to verify a set of relations
in order to satisfy the Jacobi condition. [These “integrability conditions”
can be interpreted geometrically and can be expressed by an element
of H¥(%, 9%).]

2. Deformations of Representations

Let ¢ be a representation of . ¢ is an homomorphism of ¢ into

a space L(W). (One says also that W is a %-module.) A deformation

@, of @, associated with a deformation &, of ¢, is a family of maps:
V — L(W) such that:

Pt 9 (1.2)
Vi, Vo, y € V2 g2, y]) = [@:(@), @)z om - (1.3)

We shall also assume that the following expansion is valid:
Pu(@) = @ (@) + Loy (@) + P py(@) + -« . (1.4)

A deformation is said of the first order if gy = @g="+-+=0.

! Without “first order” term: Fy. Ex: [P, P)] = &+ i#* L, and L}, , = L,.
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Through (1.3), the functions @; and F; have to satisfy a set of
conditions:

Y e )= X @) )] (1.5)
MR ro L0 5m

These “integrability conditions” can also be interpreted in different
ways — in particular they are linked to the group H2(¥4, L(W)). In the
following we shall restrict ourselves to the first order condition (n = 1):

Po(F1(, ) = (g1 (®), ()] + [9 @), o1 ()] — @1l y] - (1.6)

3. Equivalence of two Sets (9,, ;) and (9', ¢';) [2]
Let (%, @), (9’4, ¢';) be two deformations of the same algebra ¢
and representation ¢.

We shall say they are equivalent if there exist a couple (7, 4;)
belonging to (GL(V), @L(W)) such that:

T,= 3 T, ; A,= ) A,
! ngo =2 (1.7)

A7t g (Tex) Ay = ¢'y(x) Yo eV .

In the particular case T, = A4, = 1, the condition (1.7) gives at the first
order in ¢:

‘771 (@) — @1 () = @o(Th2) + [@o(@), 4] . (1.8)

4. Definition of H (9, L(W))
W being a representation space for %, there is a canonical way to put
a @-module structure onto the space L(W), i.e. to define an action
of ¢ into L(W):
for A ¢ L(W), z € %, let .4 be the element of L(W) defined by:
.4 =[g@), AL - (1.9)
Z(4, L(W)): the 1-cocycle-elements of Z1 (%, L (W)) are the functions
w of & into L (W) satisfying the condition:
op(x,y)=0 Va,yc¥
dy being defined by the general formula:

oy, y) =z. @) —y. p)—p(y]) (1.10)
or more explicitly, using the definition of x.4 in our case (see 1.9):
oy, y) = [p@), y]— [p®), p(@)]— (=, y]) . (L.11)

BY(%, L(W)): the coboundaries are the functions y : ¢ — L (W) which
may be put under the form:

(@) =z.4 (= 0A(x) by definition) . (1.12)
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Here, this means:

() = [p(x), 4] .

Using the Jacobi identity, it is easy to verify the inclusion B! C Z.
The group HY(¥, L(W)) is the quotient space: Z(¥, L(W))/
BY(g, L(W)).

8. Occurence of H' (9, L(W)) in the Deformations of Representations
Let us first notice that the conditions (1.6) and (1.8) can now be
written:

¢<F1(x’ ?/)) = 6(])1(%', y) B (16,)
P1(@) — @1 () = p(Tyx) + 64,(x) . (1.8)

a) Fized Algebra Case

If one considers inly the deformations of the representations of a
given Lie algebra, it means that all the F;(¢ == 0) defined in (1.1) are zero,
and the condition on ¢, is, from (1.6'):

Sz, y)=0, ide ¢ €ZY (Y, L(W)). (1.6")

The equivalence of two deformations ¢, and ¢; becomes now the usual
equivalence of two representations; since with 7', = 1 the Eq. (1.7) is:
A7 () A, = ¢, (x), and at the first order, one gets:

P1(@) — (@) = 04, (x), Lo @ — o € B, L(W)). (1.87)

Then the elements ¢, leading to inequivalent deformations of ¢ have
to belong to H* (¥, L(W)).

In particular, one knows that of H'(9, L(W)) = 0, the representation
@ s rigid: all deformations are equivalent to the initial representation.

b) Particular Lie Algebras Deformation

In the particular case F; = 0, (but F, ete. & 0), ¢, is always a cocycle.
It is the usual way of deforming the Poincaré algebra into the De Sitter
algebras. However in that case, the representation is not in general rigid
even with H'(¥, L(W)) = 0, or more generally a coboundary does not
give necessarily a deformation equivalent to the initial one (see 1.8’). An
example is the “Gell-Mann Formula”.

¢) Deformation with a Given Lie Algebra

Let us assume that one has constructed two deformed representa-
tions ¢, and g;, associated with the same Lie algebra deformation %,
and let us assume also that: ¢, = ¢; (mod ¢"), i. e. the two deformations
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are different only by terms of order = n. Then ¢, — ¢, is a cocycle.
Moreover if @, — @, is a coboundary, then the difference between ¢,
and ¢, can be rejected to the next order.

The first part is a consequence of the conditions (1.5) which can be
written: d¢, = 2 terms involving F,, F,, and ¢, for ¢ <n. For the
second part: if (@, — @,) (x) = [p(®), 4], let us define 4, = "4, then
@ and A, @, A7} are identical modula #*+1.

6. The Semi-Simple Lie Algebras. One Example

With the definition of equivalence given in I — 3, it is easy to prove
the following result [2]:

If G is a Lie algebra such that H*(9, 4) = 0 and H* (¥4, L(W)) = 0O for
some representation @ into a space W, then all the deformations (9, ¢;)
of (¥, @) are equivalent to the initial set (4, p).

This is the situation for a semi-simple Lie algebra, and a finite
dimensional representation space W. Let us now show on one example,
that it is no longer the case when W is an infinite dimensional space.

Let us consider the deformation of SL(2, R) representations, the
algebra being fixed.

HerMANN has proved that the discrete representation of SL(2, R)
is rigid (a result in agreement with the intuitive picture) [3]. With the
restriction of making always a deformation into the unitary representa-
tions, a direct computation of H! for the continuous series (relative to
the compact generator J), gives that:

H(SL(2,R),Js, L(W))

is a one dimensional space on R.
(The notation means that we require ¢, (J3) = 0).

This proves that the continuous series can be deformed with J, fixed,
in essentially one direction (infinitesimally), as it can be also expected
from a geometrical point of view. (Details are given in appendix A.)

IL. Determination of H' (¥, L(V))

In view of the application to the Euclidian and Poincaré algebras,
we shall first give a general way of constructing the group H*, when the
algebra is a semi-direct product X.7.

The procedure is suitable when K is compact, or in a non-compact
case, when the representation is finite-dimensional. However, we shall
see that it applies also to the Poincaré case with an infinite dimensional
representation.

G being of the form K.T with K semi-simple, and 7T abelian, we
denote by X the elements of 7', and Y those of K.
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Let us call V the representation space, and ¢, the representation of &.

L (V) has the ¥-module structure given by (1—9).

When V is a finite-dimensional space, the Serre-Hochschild theorem
[9] simplifies the task, in particular by restricting the problem to the
K -relative cohomology. (Since it gives HY(¥,L(V)) =~ H (T, L(V))X.
However, in the simple case of HY, it is easy to give a direct proof of
that result.

Let ¢ be a one-cochain: ¢ € L(¥, L(V)). The restrictions of ¢ respec-

tively to 7' and K are denoted by ¢r and @gx. From the condition of
cocyecle (1.10), one gets:

px €ZM(K, L(V))

or € Z(T, L(V)) (2.1)
XeT

Y.pp(X)— X.9g(Y) = @r([Y, X]) {

Y¢EK
using the notations defined by (1.9).
K being semi-simple, H*(K, L(V)) = 0, and ¢y is also a coboundary:

34 ¢ L(V) such that pg(¥) = Y. 4 (= [py(¥), A] = 84(Y)).

Now the map ¢ = ¢ — §A4 belongs to the same cohomology class than
@, and verifies:

a) ¢x(¥Y)=10 VY¢CK
b) @p €ZM(T, L(V)) (2.2)
c) Y.9rp(X) = ¢o([Y, X])

[always with the notation (1.9)].

The two last conditions mean exactly that: ¢, € HY(T, L(V))X,
(which is the Serre-Hochschild theorem).

Let us examine now the restrictions resulting from the two last con-
ditions. In the following, we shall use the notation ¢ instead of @y, @,
being always the representation of .

Condition c). We proceed in the same way as in [1]. Let us emphasize
here that there is nothing more than the usual Wigner-Eckart theorem ;
in fact the principle is the following: by (c) ¢ (X) is transforming under
the subgroup K exactly like the representation ¢,(X) itself, hence it is

clear that ¢ (X) can allow transitions only between some given represen-
tations of K.

Let us formulate it like in [17]:

T is a K-module for the adjoint representation, we assume that it is
a simple module D* (it is the case for E (3) where T' =~ D! and for the
Poincaré algebra where 7' = Dt %)

V is a K-module: by restricting the representation ¢ to K.
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First we add the following supplementary assumptions:
— K is compact, and ¢ is a unitary representation

or — K is non compact, and ¢ is a finite-dimensional representation.
In both cases, the following decomposition is valid:

V=@D dimDi<oo,

D¢ being an irreducible representation of K. (It comes from the semi-
simplicity of K in the second case).

We restrict ourselves to cases of multiplicity one for each D¢ which
occurs in the decomposition. (The general case can be also considered,
according to [1], but with some more complicated notations, and we do
not need it in our examples).

T and V being K-module, L(V) is a K-module and therefore the
space L(T', L(V)) has a canonical structure of K-module, defined by

L(T, L(V
?EK( D),y perr, Loy

where (2.3)
XeT
(Y.p) () = Y pE)—p(V, XD g
Elements ¢ such that Y.y =0 are said K-invariants. The space of
invariant elements is denoted by [7]:
L(T, L(V)k
with these notations, the condition (c¢) can be read now:
@ €L(T, L(V)X. (24)
Using the canonical isomorphisms:
LV)=V*e V=0 D*e D).
¥
The map ¢ (T') € L(V) can be decomposed into blocks ¢?t(T') € L(D?, D?)
giving transitions between D? and D7, and from (2.4):
@i ¢ (D** @ Di* @ D)K. (2.5)
Here the K-invariance means: projection of the product onto the trivial
representation DO of K. Using again the canonical isomorphisms, one gets:

(X, d, =2 ¢liydy,
Jym’

where ¢}, is a basis of D?, and X, € D*= T. In other words, the ¢’?
are simply the Clebsch-Gordan coefficients used in the coupling of
D*® D? and Di.

In the particular case of the E(3) and Poincaré algebras, the multi-
plicities of the representations appearing in the product decomposition
is always one. When such a situation is realized, the space defined by
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(2.5) is one dimensional. But we already know an element of (2.5): the
initial representation ¢,, restricted to 7', obviously satisfies the con-
ditions (c) and (b).

Hence, with the above assumption over the product decomposition,
it results that:

(pii — C;‘z‘(pz‘)i , (2.6)
where C7% is an arbitrary constant depending only on the representations
Dt and DA,

Restrictions on the coefficients C7¢ come from the condition (2.2) b.

Condition b). It is the condition: ¢ € Z*(T, L(V)), i. e.

X.0(X) = X' o(X [with the notation (1.9), or: ]
PEI=E IR @), (0 = [ ), 901

Let us “translate” first this condition in a langage very similar to the
preceeding one.

For an arbitrary y € L(7T, L(V)) let us define the antisymmetric
bilinear form, B ¢ L(T A T, L(V)):

BX, X =X.9pX)—X".pX). (2.6)

Notation (1.9).

There is also a canonical K-module structure on the space
L(T AT, L(V)), it is defined by:

YEK—-Y.BeL(TAT,L(V))

with:
(Y.B)(X,X')=Y.B(X,X')—B([Y,X],X)— B(X, [Y,X"]) (2.7)
B being any antisymmetric bilinear form.

For the particular form of B defined by (2.6), it is a simple conse-
quence of the Jacobi identity, that:

Y.B=0
which can be noted, as before:
BcL(T'AT, L(V)E. (2.8)
We have also a decomposition:
L(TAT,L(V)X= P L(TAT, L(D}, D)K. (2.9)
i,

Let us call 2% the finite-dimensional space L(7 A T, L(D?, D)K. A par-

ticular element of 2%/ is furnished by the representation itself:
BJF (X, X)) = g (X) g (X) — g (X) g (X))
Biki ¢ 3ii

These forms are not independant ; according to the commutation relation

of gy, one has:

(2.10)

Y B¥=0. Vij (2.11)

17 Commun. math. Phys., Vol. 9
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Coming back to the condition (b), we write it now in more details
between two spaces D¢ and Di:

[@o(X), p(X)Vi— [ (X'), p(X)Jé=0, VX, X' €T.
Introducing the relation (2.6):

0= 2 [ov P (X) gt (X) — C7% giF (X') gl (X)]

_%' [Okz' (pf)k(X') (pgi(X)—Cjk <P£k(X) (pgi(X')]
or:

X (Cik 4 CFé) B{)“(X, X)=0 VX, X eT. (2.12)
&

To sum up, the following relations result from (b):
%‘ (Ci% 4 C®?) BZ‘)Ici =0
X Biti—0
k

(2.13)

where BJ}? is defined by (2.10).

The space Z'(¥, L(V)) is determined by the functions ¢ € L(%, L(V))
satisfying (2.6) and (2.13).

BY (%, L(V)). A coboundary is a linear function y of ¢ into L(V),
such that ¢ (X) = 04 (X) = [¢y(X), 4] for some 4 € L(V).

We are only considering the K-relative cohomology. Hence vy is zero
on K. Thus 4 has to commute with K. The matrix blocks 47¢ are then of
the form: A47% = u¢4’%, and the general form of a coboundary is:

Wi = (ui— ) gl . (2.14)
II1. Some Examples
1. Buclidian Group Ey = T4 x SO(3)
The algebra is formed by 6 generators:
H.,H H,F, F_F,.

H, are the generators of the rotation subalgebra. We have also:
[H, Pyl = [Ho, F-) = [Hy, Fy] = 0
[Hi F_]=— [HF]=2F,
[Hy Fy) = — Fy; [Ho, Fyl=F_; [Fy, Hy] = — Fy;
[F-,H,]=F_

and the F' generators commute.

The representations space is V = 5 D,
j=1s
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We want to compute the group H(E,, L(V)), the E, representation
on ¥V being given by the following action (with the notation g, (X) = X):

Hyép=méj,,,
H =Y +m)(l—m+1)&m1,
H & = V(l +m+ 1) (C—m) & mers
Fobj = Oijz—*;;z Eimrym— Aymé&;
— Cia )G+ 12— m2 & gm
Fiém=0; V(?"‘ m)(f—m— 1) & y,m+1
— 4G —m) G+ m 1) &
+ CisrVG+m+1) G+ m+2) &y mn
Fobpm=—CifG+m)G+m—1)&_1my
— 4G+ m) G—m+ 1) &y
- 0i+1l/(f— m+1)G—m+2) & ,m-1,

4 — a b l/ 72 — g2 _ ¢ia
TG+ Ci= 42 -1 T e
and a is a real number.

(This representation is easily obtained by contraction of the represen-
tations of SL(2, C) given in Gelfand-Minlos-Shapiro).

with

a) “Unrestricted” H'(E,, SO(3), L(V))

We shall consider the deformation “around’ the rotation part: i.e.
leaving fixed the representation of SO (3). It corresponds to a computa-
tion of a SO(3) relative cohomology group, denoted by H(&,, SO(3),
L(V)) (its elements are required to be zero on SO (3)). From (II) (2.1),
it is the general situation when V is a finite dimensional space. By
“unrestrictive cohomology’ we want to emphasize that there is no sup-
plementary conditions on the cochains. In particular, we do not make
any condition of unitarity in that part. The deformation obtained with
this elements of H?* can lead to non- unitary representa.tions

Let @ be an element of H(E,, SO(3), L(V)). We have

p(Hy) = @(H-) = ¢(H 3) =0.
1) From condition (2.6), we have only 3 constants to introduce; it
is convenient to choose the following ones

@i = % @i b

gl = — 4ol 1)

githd = — Vi gL,

17*
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For example, one has:

P Fy) Ejm = 0 )12 — M &j1,m + Bim &jm
-+ ’}/,-l/(j +1P2—m? &y,
2) Let us write explicitly the condition (2.2) ¢ in that case:
2" (BiCisr+ Ayy) i = (5441 + Cigg Bivn) f+ 2)
2" (oA;-1— 05 Bi-1) 1— 1) = (45— B;C) G+ 1) (3.2)
2" (Y510 — Cioy) (27— 1) =2 B;4; + (y;Ci41— Ci11%+1) (27 + 3).
From
A;5=4;4,(G+2),
2’ and 2" give
Bil = Bi+1 G+ 2),
therefore
_ 0
=55+
o is a constant (possibly complex).
With r; = y,_; — o; we are left to solve

(2j+1) erj )2 +(27+3) O,+17‘]+1,

(7+
with
Cyry(2— 1) (2] + 1) = o,
we get
20a(2j 4 1)
o; = 9(7+1)2 Gj41
or
O'J“‘z‘?'gza—*ote=0,
thus
_._l_ 1 ( 200\ o
e vy 8 G B L PR )

Thus the general solution of the system is

Q .
ﬁf:ﬁﬂ_lf‘ Ad; with — da=p
Vi-i=—AC; + k (3.4)
a; = A0; + kj

with &; — kj = r; + 24C;.

A coboundary is:
0A (x) = [4,p(x)] and because we work with a K-relative cohomology,
(here SO(3)). A must commute with the H generators, i. e. A has the
from

Asa'.m .u'féhm . (35)
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Therefore for F operators:

(4, 9o(F)] = (pj—1— p3) Ci[ 1 &1, — (i1 — 143) Ci41[ 1 &40, (3.6)
(where we have omitted the explicit expression of the rotation Clebsh-

Gordan coefficients). From the existence of a lower dimension space D
in ¥, we have to ask that:

aio = yjn_2 = O
or:
7'7"’ =0.
The only solution for the constant C iindependant of j) is:
1 200 A/ P2 =72 . 0
=—j—g.Thenr,-=%y ‘/47.2_"1 =——2}.C’5(W1thl=——7).
From (3.4): o =AC;+k;

Vi-r=—AC;+ k;.

Now, we will show that k; is a matrix element of a coboundary i. e. from
(3.6) we look for arbitrary complex numbers u; such that:

{ (Hi—1—m)C; =¥k
- (,uj+1_;ua')0j+1 = FKj+y1 -
A solution is:

__dn
=TT (3.7)
ti, =0
‘We have thus shown that:
@(F) = Ay (F) + [4, gy (F)] (3.8)

where 4 is a complex number, 4 an operator defined by (3.7) and (3.5),
or equivalently :

dim H'(B,, SO(3), L(V)) =1 onC.

(SO (3) means we consider only the SO (3) relative cohomology: it cor-
responds to leave SO (3) fixed during the deformation).

b) Restricted H'(E,, SO(3), L(V))

To consider the deformation of E(3) representations into unitary
representations of the group (i.e. with hermitic operators ¢(F))
(Fy = F§, (F+)* = F-), we are led to introduce some restrictions on the
@ (F). They are:

& = Yi-1> (3.9)

Bi=8;. (3.10)
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From (3.10), one gets that g is a real number. (See (3.4)) and from (3.9),
since C; is pure imaginary, and A real, that k; has to be real. (The (u;)
are then pure imaginary). Introducing these restrictions in the preceding
results, one gets:

dim H} (Ey, SO(3), L(V))=1 on R  (r = restricted) .

Remark. For the deformation of representation of E (3), the algebra
being fixed, the picture associated with these results is very analogous
to those which appears in the SL (2, R) case (see appendix). The discrete
casimir is left unchanged, the continuous one is translated along a real
axis for the unitary deformed representations.

2. The Poincaré Group
In attempt to extend the above method (part II), it is natural to
look for an expression of the Poincaré’s unitary representations in a basis
where the Lorentz subalgebra is diagonal. This procedure seems par-
ticularly suitable for a deformation leaving the homogeneous Lorentz
part fixed. In the following we restrict ourselves to that kind of defor-
mations only. We shall use the Lorentz basis form of the representations.

a) Spin Zero Case

Let us consider first a representation [m, s] with m > 0 and § = 0.
Restricted to SL(2, 0), it has the following reduction [Joos]:

(a) Dm0 = [ d2 Poit,
0
(Denoting the unitary representations of SL(2, C) in the usual way:
@o,ﬁ)_
In [10], it is shown that it is possible to transform the usual Poin-

caré’s representation, in such a way that the translation operators act
like ladder operators between the non-unitary representations of SL(2, C).

For example (dropping the index j, = 0)
(b) %(Po) |7m; l> =2MG =" [G—24) G+ 2A+1)]2 ]7m; 2_0

M . . . . . .
g e 0+ G— i+ DI ms 2+ 4y
And there is at least a “formal’’ equivalence between the direct integral

(a) and direct sum:
Jégo G0, ihin

n=—oc

[Since we can reconstruct the usual representation, from expression like

(B)]-



Deformations of Lie Algebra 255

It is also in a similar sense (not very rigourous mathematically . . .)
that we shall apply now the results of the section II. The dimension one
for spaces like (2.5) or (2.9) comes from computations made in [10].

From (2.6), a cocycle is a transition operator between 90 i —» g0, i1 £ 1,
it corresponds to two sorts of coefficients C*+%%* and C*~4%. (2.13) gives
only one non trivial relation on the symmetric part S of these coefficients:

SA+ih — QLA+ — (Qte — ¢ (3.11)

where a is an arbitrary (possibly complex) number.

The antisymmetric part 4%¢ of C%? can always be put under the
form: y? — uf, which here also corresponds to a coboundary. Let us take
for example: »
b(p) = ) Ar+m-Di,Aeni

n=1

P
b(— p) =) Ar-nid=(n-1)i (3.12)

n=1

b(0)=0.
A28 2+ @41 = p(p 4 1) — b(p) .

Then

Finally, every cocycle can be put under the form:

grHLr =agf TP+ (b(p)—b(p+ 1) T2, (3.13)
where we had written p for 4 + ip.

Restricted deformations into unitary representations: it is not possible
to express directly in a non ambiguous way the unitarity of the group
representations in the “Lorentz basis”. However, using the explicit form
of the hermitian operator ¢y(P,) we shall admit that a condition of
hermiticity for ¢, (P,) is:

CMA+1 — Oh2-1 (3.14)
With this condition, @ is now a real number.
Therefore from (3.13) dimH! = 1 (on R).

b) Representation m > 0,8 + 0
Four types of transition are allowed now. They are:
(o ) > (o £1, 4)
or
(jo» A £13) .

From (2.6), the matrix elements of the cocycle are proportionnal to those
of the initial representation:

(pioi 1L,245704 Oioi 1370 ¢{)oi 1,255,042

P4 : io A 5 3‘15)
(p]o,lx' 13704 A+ i,A Jos A 1,702 (
o 0 ¢O o
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The conditions (2.13) on the coefficients are of two sorts, according to
the final state (j, A’) is different or not from the initial state (j,, 4).

) (jo A) = (o, 4)-
The situation can be pictured by:

A
A+i|B (o
AlA D !
j Jo*1 *2 o
Fig. 1

Starting from 4, B is a possible final state, and two ways are allowed:
ABC and ADC.

The 2 conditions (2.13) may then be written (with obvious notations)
CCB 4 (B4 = CCD 4 COP4 (3.16)

Starting from C and going to A, one sees that the symmetric part and
the antisymmetric part of C4 8 satisfy independently this condition. Let us
examine first the symmetric part of the coefficient §4 B. If we start from
B to D, we have:

SDC 4 SCB _ QDA i AB (3.17)
with (3.16), it gives:
S4B _ §DC
{SDA — SCB

or more explicitly :
A+id . GA+ia
Sfo +1 = Sjo

s S (3.18)
Sz.o +1,50 — Sin _:‘ilﬂo
i. e. the symmetric part are independent of the “fixed index”
SAtid - QA+i,2
” (3.19)

Siu"' 1,50 — Sfu+ 1,50 .

The antisymmetric part A48 can easily be put under the form of a
difference A4 — AB. It is enough to observe from (3.16) that it obeys a
Chasles relation (and to proceed in the same way as in 3.12).
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B) (o> 2) = (jo» 4)-
The situation is a little more complicated since four ways are now
allowed :

A
= A+i
— 1
1 i) >
J°—1 jo*1 Jo
—d)\-l
Fig. 2

We have to compute the forms B, defined by (2.10). It is enough to
compute only the diagonal term. We use the following notation:

joijm| Bt (P, Py) [jm);, = Bht1.
Up to factor, they are:
Bt = —i(j—1jo) (j + o+ 1) Bio
Bl =+ 04 + o) (1—7Jo + 1) B
B = o+ i) (—id+ Dy
B = — (G —12) G+ 1A+ 1) ey
We use the notations of [10] for the expression of the representations.
For example:
PolimY, s = Ol bie [(j—jo) (G + jo + D)IV2 [jm)s, 4 1,1
+ O [+ o) (G—do + DIV [jm)j,—1,1
+ OB ERA LG+ i) G— A+ DI [jm;, 5
+ 053 [G—24) (G + 1A+ D)2 [jmp;,

(3.21)

(3.20)

and
0;1“,41 +1 O}f A o
C;o + 1,7 C;‘o» Jo+1 ﬂfo
oy and B; being explicitly computed in [10]. For a representation [m,S]:

m (s+id) (s —iA+1)
4 (jo+94) (o — A+ 1) (Jo — 2A) (o + 44 — 1)’

oy =
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B;, is obtained by changing j, <> — i 4.
Let us put now
oy = ShAtig,

ﬁ?fo = Simio"‘l ﬁfo :
From the conditions (2.13):

Shiti pitiy ghi=t Bi=i gy Qieot1 Bhtl . Giefe—l Bl 0 (3.23)
or (using the independence of j of the constants).
jolog — o5 ) = A (Bj, — Bj,—1)
i A (ot — eti—q) + 4o (B, — Bi,-1) (3.24)
+ (o + az) + (B, + B,—1) = 0.

(3.22)

The solution of this equation is

o AMA+i)o—y
AT B @+ (A0
o 25
Bl = = JolJo+ 1) a—y (3.25)

@A (G127

where « and y are two constants («, v € C). Using the explicit form of
oy, and fB;,, one gets finally:
4 MAtda—y
mE (s Fid) (s — 1A+ 1)

Sjo,jo+1_______4__ 7.0(7'?4' 1) “.+ Y .

m? (s —jo) (s +Jo 4 1)

The initial representation being of spin 8, j, has to belong to [—S8, +S].
The only way of eliminate the poles for s = j;, —j, —1 in (3.26)2 is to
put: y =—8(S + 1) oe. But then:

Sl,l+i — _%n%_ — Sio:fo +1 o . (327)

Sl,l-i—i —

(3.26)

We have then:
P1(Pp) = & @o(P) + [4, @o(Pp)) (3.28)
where o' is a possible complex number.

Exactly as in the Euclidian case, we do not have made until now
any restriction about the hermiticity. The condition that ¢, is an her-
mitian operator is equivalent to the condition «’ is a real number and 4
an antihermitian operator (in the impulsion basis).

¢) Zero-Mass Representation and Discrete Helicity

The reduction on SL(2, C) have been given in [10] and in [11].
There is only one possible transition from (j,, 1) to (jo, A — %) or (jo, A + 2),
depending upon the sign + or — of the helicity, therefore one type of

2 Tn fact in Sfodotl . Cdndotl |
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coefficient:
i A (p) = O 02 (P - (3-29)
In that case, the conditions (2.13) are always trivially satisfied: there
is no condition on C*=%2,
Remark. A simple change of basis in the space V =@ Diot+in
transform ¢, into .

d) Continuous Spin and Zero-Mass Representation

With W2 = — {21, { continuous, the coefficients «; and f; of the
initial representation are:
Cz
BELAFE A G G
CZ
Pu=a@ A G, T
Four transitions are allowed in that case, and the computation is exactly
the same as in the case S == 0, m > 0.

(3.30)

The only difference is that the domain of variation of j, is now
— 00 < jo < 4 oo.
From (3.25) one gets for the symmetric part of the coefficient:

i+t =2 (A(A+ §) a— )
B . (3.31)
Shodotl = ’“‘Za‘(jo(%ﬂ) x+y).

Finally, we have obtained the following results: for a unitary representa-
tion [m, 8]m > 0, 8 = 0 of the Poincaré group P, the group H(P, L(V))
ts a one dimensional space on C. With the “unitary restriction’, it is a one
dimensional space on R.

In the case of the zero-mass representation, the obtained cocycle can
always be transformed into the initial representation @, by a change of basis.

In the continuous spin case, H' (P, L(V)) is a 2-dimensional space
on C in general.

IV. Application to the Deformations of Representations

1. With a Fixed Algebra

In that case the coboundaries may always be rejected by means of
a unitary transformation, and the only thing we have to consider is the
deformation produced by the representative elements of H(¥, L(V))
[Ci. 1. 5a].

It results from III, that the only deformations leaving the Lorentz
subalgebra fixed of the Poincaré representation [m, 8] m = 0 are of the
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form:
{‘pt(MMv) =0 (41)
(Pt(Pu) = a(t)(Po(P,u) s
where ot (t) = 1 + ta + 126 + . . .
and correspond to a representation [m’, S with the same spin value, and
with a different mass: m'(f) = «(t)m,. Of course this is not surprising,
since the rigidity of the spin is expected.

A similar result holds for the E (3) algebra. For the zero mass represen-
tation, it results from III, B, that the representation [m = 0, §,] is rigid.
But here, it has to be noticed that the condition for the Lorentz algebra
to be fixed is certainly too strong. In fact, if one allows the generators
N to move, J being fixed, one can easily deform the mass zero represen-
tation of helicity S into a representation of mass m = 0. It follows
clearly from the expressions of the generators given in [12].

2. With a Deformation of the Algebra. The ““Gell-Mann Formula’
According to a general result of Richardson on the stability of the
subalgebras, one knows that all the deformations of the algebra K.T'3
is of the following form:
the only new commutator is:
[Xo, Xple = [Xo, Xplo + tFy(X,, Xp) + ... where X, Xp¢T
and
F(X,, Xp) €K .
Let us consider now a second order deformation %, of the semi-direct
product ¥ = K.T
[Xa, Xp]=1t2Clp Y,
GlY, Y] =ChY, X, €T (4.2)
Yy, X,]=Ch Xy Y, €K.
The first order deformations of the representation have already been

examined with different methods by BEHREND [13] and HERMANN [14].
With:

Y)= (Y

P(Y) = @o(Y) } 4.3)

P1(X) = @o(X) + t 1 (X)),

they have found that it is possible to take (with some assumptions):

@ (X) = [4, @o(X)], (4.4)
where A is the second order casimir of K, suitably “normalized”. The
relation thus obtained, already known in some cases in the physics
litterature (for example [15, 16, 17]) was called the “Gell-Mann formula”.
For more details about that formula, we refer to Hermann articles [14].

3 K is semi-simple and 7' abelian.
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Let us consider the Poincaré algebra (or E(3) algebra). We know
from (IIT) that the general form of g, is:

71 (X) = Ao (X) + [4, 9o (X)], (4.5)

where 4 commutes with ¢,(K). 4 is then determined by its matrix
elements a(jy, A), depending only on the Lorentz representation (j,4).

In the following, we found the general form of 4 for a deformation
of a Poincaré representation [m, 8] m == 0 corresponding to the following
deformation:

(Lys Lol = 1 (GuoLog = Guelon + GvoLipo — 9rolig
[(Lyys Pgl = 5(g0o P — 9uo ) (4.6)
[P,, P,] = ¢&it?L,,.

¢ = + 1 gives a deformation into SO (3, 2), and

e = — 1 gives a deformation into SO (4, 1).
We have used the notation

Pl,l = (pt(Pﬂ); Luv = %(va) = q)t(L;u)

PH = (pO(P/J) .
We have to study the second-order condition of commutation, i. e.:
lp(P)s @1 (P))] = ei Ly, , 4.7)

where ¢, is given by (4.5):
o (P,)=AP,+ [A,P,].
a) Spin Zero Case

jo = 0, the matrix elements of 4 are only functions of 1. (4.7) gives
only a condition on the coboundary part:

[[4,P,], [4,P,]] = eiL,, . (4.8)
Let us define:
g(A) =a(d+t)— a(l)
we have
[4, P44 = g(3) P+
[4,P,)~% = — g(A—3) PiiA
and (4.8) is equivalent to:
. 0'2(3.) (p)‘.‘,2+ipﬁ+i,}. _ Pf;'“'inf'i"')
— 0%(A— 3) (PLA—i pAimid _ pLi=ipi=ily — o[,
(the other parts are identically verified).
With the notations introduced in part II:

o*(A) By+i(P,, P,) + 0*(A— i) BYi(P,, P,) = — ¢iL,,. (4.10)

(4.9)



262 M. Levy-NagAs and R. SENEOR:

It is enough to examine one matrix element of the preceding form. Let
us choose (see [10]):

(Aj + Lm| B *D (Po, Py |A,5,m)

P12 — m2 12 . .

we have

) ) 1) —m (U2
g+ 1, m| Lyy |4, 5, m)y = [(2(771"1))—(27_7:3)] (G + 1)2 + A2y

and we know from the commutation of the P,, that:
Biti4 Bi-i=0
Finally one gets from (4.10):

[6(A)2 — o(A— i)?] = %E;(sz )
In the spin zero case
m? .
%= 42 1)
therefore
G — o(h— ift = o5 eid, (£.11)

the solution of (4.11) is easy to obtain in 2 steps:

G (A) = —5 (R +id+ ) (4.12)
y is an arbitrary constant -
then: a(A+1)—a(d)= V (A2 244 p)2. (4.13)

The general solution for a(4) can be deduced from (4.13). It is a sum of
square roots, and furnishes a dependence in A which is in general irra-
tional. i. e. 4 is an irrational function of M? — NZ2. The only simple (and

rational) case corresponds to y = — 1/4, i.e.:
aliti)—a()= + & (/1+ ) (4.14)
This is easily solved:
a(l)=F %i(l + A%) + a constant.
Or equivently:
A= +—5— z]/— (N? — M?) + constant , (4.15)

which corresponds to the “Gell-Mann Formula”.
[The hermitic solution corresponds to & = + 1, i. e. to a deformation
into 8O3, 2)].
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b) Initial Representation: [m, S]m > 0,8 % 0
In the diagonal part of the Eq. (4.8), we have to take into account
the four allowed transitions. We use the notations:

07'(,()') = “(fo’)' + 7’) - a(fo: )')

01(jo) = a(jo + 1, 2) — a(jo,4) .
Then:
d7,(2) B*+i(P,, P,) + of (A— i) B*=#(P,, P,)

+ 03o) B+ 1(Py, P,) + 03(jo— 1) BP7H(Py, P,) = — eily, .
The computations are very analogous to those given in part IIT (2) and
we omit the details. The results are the following:

— From the non diagonal part, one gets that:
either ¢; (4) is independent of j, and g; (j,) independent of A

05,(4) = (=)o (2) 4.17)

(4.16)

either
02(o) = ()"0 (jo) -
— The diagnonal part furnishes 2 equations which can be solved by
using the preceding remark. They are:

Jolta—1— a3) + i A(Bj,— Bj,—1) =0
iA(eh— eay) — (ah + @a_1) = fo (B, — Bi—1) (4.18)
- (137,0—*- ﬂ?fn'i'l):_—;— with {

The solutions are

o = y02(A)
ﬁ;o = /33'092 (70) .
A (A +4) 4 ay (A% + (A +4)%) + by

o*(2) = mA(s 1 34) (8 — iA + 1) (4.19)

and
0 (Go) = o (— 1jo) -
4 is an irrational function of the two Casimirs in general. The only

simple case can be computed by requiring (4.19) to be a perfect square.
The solutions is then unique up to a constant factor, it is:

ay =+ Li 4+ - 7y

and corresponds here also to the Gell-Mann formula.
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reading of the manuscript.

Conclusion
For all the reasons exposed in I. 5a, b, ¢, it is important to know the

group HY (%, L(V)) for the deformations of the representations. We have
seen that the group H*(¥, L(V)) is a one-dimensional space on C, both
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for the Euclidian and the Poincaré algebras (in the case m >0, 8 = 0
for the last one). With some hermiticity conditions, necessary to produce
a deformation into unitary representations of the group, it becomes a
one dimensional space on R. Then the deformations of Poincaré’s re-
presentations, the algebra being fixed, correspond simply to a variation
of the mass, the spin being rigid. (As it can be expected in general for
all the discrete numbers indexing the representation). When the algebra
is also deformed, we have seen the general form of the first order deforma-
tion, the most simplest example being given by the ‘“Gell Mann Formula”.

Appendix
Deformation of the Continuous Series of SL(2, R)

Let us study the first order condition (1.6) (or 2.2) satisfied by a
general deformation

i) = ;m’o Fala) 7.

We start from a unitary representation of the SL(2, R) Lie algebra:
[of the class OO or C}/2 in Bargmann notations],

‘pO(H3) ,fm = mfm
¢0(H+) fm = amfm+1 (Al)
‘PO(H—) fm = o—(m—lfm—l

where m assumes all integers (or half integers) values between — co, + co.

(One may choose a,, = (¢ + m(m — 1))/2 ¢q being the value of the
+ oo
Casimir. We require that the deformation leaves the space (P f,, in-

changed, and the simplest way is to ask that ¢,(H;) remains fixed during
the deformation.

From (2.2¢), ¢,(H.) transforms under ¢y(H;) like ¢q(H,), or
equivalently:

(pl(H'!-) fm = mfm+1 }
A2
q?l(H—)]lm = dmfm—l : ( )
The last relations (2.2 b) is
[po(H+)s @i (H-)] = [@o(H-), @1 (H4+)]
1. e.
dm“m—l - “mdm+1 = Cplly — &m——lom—l (A3)
or

Ay =1+ T O g = OBy + 0y = @,

where @ is a complex number independant of m.
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The solution can be written:

= s (4 00)

Xy~ 1

Cru =-L(—‘2’—,’_ Qm) .

% —1

(A4)

Let us examine now the condition of being a coboundary for ¢;. The
general form of a coboundary is of the type A.2 (because we are dealing
with H,-relative cohomology), with:

Om = (,um+1 - ;um)“m }
dm = (;um——l - ,um)am—l .
For some arbitrary (complex) numbers u,,.
It is then easy to see that any solution of the form (A.5) must have:
a=0.
It remains one condition: g, = || (Um-1 — pm) but it is always

possible given a number z,, = 2 to construct such Uy It is enough

[otm|?
to take:

(A.5)

n—1

n
Po=0,ptn=2 2, pon=—2 2.
p=1 p=0

To sum up, the group H(SL(2, R), H,, L(V)) (relative to Hy) is — on C,
a one-dimensional group, a representative of which being given by:

(pl(H-*')fm =El‘fm+1
" (A.6)
‘pl(H—)fm = ;:”_—l'fm—-l .

One can check that there does not exist a non trivial deformation
only at the first order. Nevertheless it is easy to prove that a cocycle
(A.6) is “integrable” (i. e. is the first term of a family ¢, given a deforma-
tion). It is enough to consider the representation corresponding to the
value ¢ + at of the casimir. One has (up to a phase)

O(®) = (¢ + mim — 1) + at)ir

O ) = o+ g+
It is also easy to measure the weakness of the “equivalence to the first
order” on that example. Using the previous deformation, one can con-
struct a series of non equivalent deformations with the same first term ¢;.

Restricted Deformations
Until now, we have not taken into account any consideration of
unitarity, and a complex number a leads to a non-unitary deformed
representation.
18 Commun. math. Phys., Vol. 9
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Let us require now the unitarity of the deformation. For ¢;, it means:
d,, = C,,—, and from (A.3) one sees that a is then a real number.
In that case (choosing a real «,,), H' is a one-dimensional space, on R.
Both cases correspond well to the intuitive picture.
Since the character integer or half integer is not altered by a deformation,
we can choose for ‘‘structure space’ the complex plane: a representation
being determined by the value of its casimir ¢q. The unitary continuous
series are lying on an axis: ¢ = 1/4 so that:
— a deformation into a unitary representations can start into only one
direction (this axis);
— a deformation into a non unitary one can start into any directions
in the complex plane: this is expressed by a multiplication by a
complex number.
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