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Abstract. In this paper two equivalent explicit realizations of the thermo-
dynamic representations of the BCS-spin-model are constructed and since they are
of well known form their type is easily determined. Time evolution and vacuum
properties of these representations are studied and it is shown that in general the
time development of the system is representation-dependent.

Our starting point is the Hamiltonian

N ; 2T0 N _ "
Hy=¢ Y (1—0})——F 2 o5 0 1)
p=1 pp’'=1

where the first term describes the energy of Cooper-pairs and the second
their interaction. (e, = (0%, 0%, 0%) are the usual Pauli matrices
o = (0% +10Y)/2). For N — oo the thermal expectation values of products
of @,’s simplify and just these limits are used for physical calculations.
The price one has to pay for this simple structure of the thermodynamic
functional are the mathematical difficulties connected with infinite par-
ticle numbers.

Let X, be the smallest *-algebra generated by the ¢,’s. We suppose

the elements of 2 to be realized in a natural way as bounded linear
operators in the Hilbert-space 9 = ) 9, (all 9, two-dimensional) [1].
=1

?
In this representation one takes the uniform closure (in the sense of the
usual operator norm | 4| = sup |dz|x € 9H) of X, we call the resulting

=l =1
C*-algebra 2.
Now we state a result: Let A be an element of 2| and
IRT IR tr(e—BHNA)

<A>ﬁ - lggnoo <A>N,ﬂ - 1\}1—11100 tr(e—BHy) (2)
where the trace for fixed IV goes over the 2¥-dimensional space on which
the (only) irreducible representation of the system {a;, . . . 6y} acts. For

B = B, = ¢ 'arcth ¢/T, one gets
(W5 olmy, = (thBe)" n™ .. . n™ with m=(0,0,1)  (3)

1
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and for § > f,
(ol .. almy, = ( @) olmy, , where

< (1) . O.pm > — ym n(’h) . (im) with (4)

2 2 e
n—(cos¢l/l Toy , smgb‘/l— Toy ’——Toy)

and y fulfils the equation arcth y = 87,y (see appendix). The functional
{ )p is linear and positive on X; and can uniquely be extended to X
We now construct the corresponding representations 74 ().

First we consider { ) 4(f > f,). Its product property suggests
a realization of the corresponding representation in an infinite tensor
product of Hilbert-spaces. This is actually possible in the following way:

Let be = X® 9, an incomplete direct product space, each 9, being
p=1 — _
four-dimensional. Such an 9, can obviously be written as ,, = 8;,1) ® H¢

with H# two-dimensional. We take the strong equivalence class ® to be
determined by the vector

5ﬂ¢“®1(‘/1+y]")®] )+|/ y|~n)®l—n))®( (5)

(n) is the vector which is determined uniquely up to a phase-factor by
the relation (on) [n) = |n).
Now take 75 4(0,) = (@ 1e l)q) ® (6® 1),. One easily convinces
g

9
oneself that for all 4 € X,

(Ep,0l 75,4 (A) Eg,4D = <A Dp,4 , (6)

if n and y are chosen to be the same as in (4) and that &; 4 is actually
a cyclic vector of 7 4 (75 4(2)) & 4 dense in ). According to [2]
(7p,4(2))" is a factor of type III for 0 < y < 1 and a factor of type II,
for y 0. For y =1 (f = o) the representation is irreducible and acts

in ®¢ 9@ with € determined by & = ® [n
=1
For the case 0 < y < 1 another equlvalent realization exists: Let

8, be the abelian C*-subalgebra in X, generated by the {(e,m)}, I" the
set of all sequences ¢ = {¢,} with ¢, = 0 or 1 equipped with the product
topology of the discrete topology of components. We define an addition
by componentwise addition (mod 2). Let G be the countable discrete sub-
group of I" consisting of sequences with only a finite number of ¢, = 1 and
v its Haar-measure. Let further be p(; 4 )/, the regular product measure on
T with p 4 () =1and gt ({e: e,=0)} = (1+ y)/2forall p. Then
the assertion is that an equivalent realization of 75 4(2) acts in a Hilbert-
space L2(G, v) ® L*(I, u( + 4/2) consisting of square-integrable functions
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f(y, €) v € G, e€ I."Now let ny, n, be two normed vectors orthogonal to
each other and to n. The generating elements of X now act as:

(@) 1, €) = (= 1) {7, &
w((0,m) 1, &) = (T ) (4 8,004 8,)

w((@m) [ (7 0) = — i (= V% (T2 1y + 804 )
8,=(0,...0,1,0,0...).

)

Type and factor property of this representation now follow from the
well known theorems of v. NEumaN~ [3].
Collecting our findings we can state the assertion: For the thermo-
dynamic representation (75(2))" is for
f = oo a direct integral of irreducible representations
Bo < B < oo a direct integral of type ITI-factors
Bo= >0 afactor of type III
=0 a factor of type IL,.

Now we turn to the time-development described by our Hamiltonian.
One sees easily that quantities e'#¥t 4 iHrt = 4. (t) A € X cannot con-
verge uniformly for N — co, for that would imply uniform convergence
in all representations to the same time-development. As a matter of fact
the above 4 y(f) converges 1. only in certain representations of 2, 2. not
uniformly but only strongly and 3. in different representations to dif-
ferent limits. More concrete and fairly elementary one can show the

N
following theorem [4]. Let 7 (X)) be a representation where %7- %:’ 6,— 1S,

0 < = 1, 5, s diagonal. Then

¢itint g g—illwt SN, roosot(n Tost — &) + (1 — cos2t(nTos® — &)

uop+sin2t(nTys* — ¢) o x] [cos2n Tyt + (1 — cos2nTot) s, (8)
—sin29Tyts x]e,, p@=(0,0,1).

In these representations the time development is a combined rotation
around the axes g and s. Obviously the above formula defines an
automorphism of the respective C*-algebras 7(X) if one extends from
7 (X)) in the usual way. As ' is simple all its nontrivial representations
are faithful and one can attach to each automorphism 7, in a representa-
tion 7(X) an automorphism 7, of X by putting 7,2 = 7, 7,7~ (z) for
all € 2. In our case 7, is evidently representation-dependent, a fact
which stems from the great interaction range in our Hamiltonian. It is
also the reason why in certain representations particle-number and time-
automorphism do not commute. (The particle-number automorphism is
12¢
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the transformation 7,46, = (cos¢ + (1 — cos¢d) u, p + sing u x) o, ex-
tended to Z’.) This strange situation in view of commutativity of the
N

local generators Hy and Ky= }'o% is caused by the fact that
1

Nt g o—ilnt — ¢W2dHN 4 ad HyA = [Hy, A], does not converge uni-
formly as N — .

One can show elementary that e*348¥ . ¢ (¢) and € 224Ky > B(4)
as N — oo and [Hy, Ky] = 0 implies [«, §] = 0 (= means here strong
convergence of operators on the Banach-space X). As the strong con-
vergence of terms ¢*2d8¥ ig technically difficult to handle for spin
systems, it is advantageous to reduce the problem to convergence of
ad Hy on a dense set in 2.

Theorem: Let {H y} be a sequence of Hamiltonians (for fixed N they
depend on @;...06y). Then adHy— 4 on a dense set in X' implies
eitadHy _, oitd on 37 We sketch the proof: As all the Hy are hermitian
the resolvent set of ad H yisreal, therefore ﬁﬁ; = J y(4)isa uniform
proper resolvent family which converges strongly on X' because of our
assumption Jy(4) - J(A). This implies ([5] Theorem 5.1) eltadiy
—elt4 on X

Strong convergence of the derivations ad Hy on a dense subset of 2
is therefore a useful sufficient condition for existence of a unique
automorphism of the C*.algebra X. It allows to show this uniqueness
easily for Heisenberg and Ising models with appropriate interaction range.

It suffices to show convergence of adHyey which implicates con-
vergence on the dense set 2.

Finally we regard time-development in thermodynamic representa-

: 1 X
tions. For f,> > 0 we have 7, (T pX 0'1,) — yn and we can therefore
1

define an automorphism. Every automorphism of a type III-algebra is
spatially representable [6]. If one postulates uniqueness of the vacuum,
the corresponding unitary operator cannot be an element of (7z5(2))". In
the incomplete direct product space-representation it has the form:

o)

Ut — ® (eitToy(l——nap)) ® e—itToy(l—nap))p , (9)
p=1

to postulate uniqueness of vacuum seems to make sense as the thermo-
dynamic functional has a strong cluster decomposition property:

(G5 () - o () Yp = (o5 (0))s - - - (o5 (0D (10)

(that the functional decomposes for all values of ¢ is a speciality of the
model).
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Below the critical temperature, ie. f < f§ < oo, a unitary time-
development operator with unique vacuum cannot exist as there is not
even a weak cluster-decomposition property. A sequence of orthogonal

@
vacua is for example [ €% &; , d$/27, n integer. The (factor) decom-
position of the thermodynamic representations corresponds exactly to
the decomposition of an invariant functional into extremal invariant
functionals [7]. In this relation the BCS-spin model seems to be represen-
tative for systems which below some temperature have a transition to a
phase of higher order.

Acknowledgements. T wish to thank Prof. W. TrirrING for posing the problem
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Appendix

Calculation of thermodynamic expectation values [8, 9]. We cal-
culate a generating functional which by differentiation in parameters a,
b, ¢ yields all expectation values of elements ¢ X,

. tre—BHN Ay(a,b,c)
(A(a,b,c)yy = Jim_ = lim {Aydy,p  (11)

tre—B8Hxy N—sow

B .,
AN(abc)—eNE “136”81\’2”

N2 L N1Y2L+1)
._ﬁH _ .
tre”Pirdy= Y L(N/Z—L)!(N/2+L—%—l)!

, call g, =2L (12)

L=0L=—
. LT+ L 2L
N2 L N!'(@2L+1)
—fHy _ -
tre L§0 Lz:E_L (N2 — L)' (N/2 - L + 1)! (13)

2T0

eﬁ [s (2 L#—N) + ——(L(L + 1)—L*(L* + l))]

2L 2I¢
Gy (T @b 0) =<(LL*|Ay(a,b, c>ILLZ>

—<LL2 L 22 vl 2y Lz'LLz>

L + Lz L Lz ], Lz— L—IL7z—
=2( x )( x ) TRl ug ug
X

where
c

b .. b1 2
Uy = [cos _1(:7 CoS = — @ sm%eos T] ey (14)

a . b . .a b
um—[costmjv—%—zschosT e N

. a b a . bl it
Ugy = [zsm—ﬁcosﬁ—- cosﬁsm—ﬁ]e N

. a a bl —il
u22=[zs1nﬁsmN+cos—ﬁcos—zv e N
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In Gy let N go to infinity, - - Yo e -» w,- Then
Gy (27\713-, 215 ;a, b, c)~>e“‘°“J (]/ — wl) (a% + b2)) = G, (4o, Wwy; @, b, C).
(15)
2L 2Lz . T
Setting —— & =Y~y =w one can write (13) as a Stieltjes-integral:

Axyns= [ Gx( y,w,a, b, ¢) duy(y, w) over the triangle 0 < y < 1,
|w| < y. As N — oo the measures uy tend to a point-measure concen-
trated in (y,, w,) with arcth y, = 7Ty, and w, = ¢/T,. Because of the

N-—o0

uniform convergence of the Gy one concludes (Ay)y,z ——
G o (Yo, W3 @, b, ¢). This is only right for § = ¢! arcth /T = f,.

For B < f, the measures get concentrated on (y,, w,) with y, = w,
= th fe and {(Ay)y,s— €°™Pe. Therefore in this case

(o) ... gmy = (th Be)™ .. . nlm m=(0,0,1).  (16)

For f > 3, one can decompose the functional:

2n

(4= f 22 (A

—BHy 4 (17)
tre 4

_ 1 = lim ¢ 4wy

<A>5 ¢ = 1m (Ay(a, b, 0)>Nﬂ¢ N—ooo tre—PHN,$

N
Hy,4=— ftw 3 (6,n), m= (cosdsin,sing sinf, cosf)
p=1
<A (@, b, C)>Nvﬂ,¢‘

={1+iﬂ;\f"

(@ cos¢ sind + bsing sin0 + ¢ cosf) + O(N"z)}N (18)

. in6 . .
7\’:3? ezthw(acosq& sin6 4+ bsing sin 6 + ccos0) __ <A>ﬂ,¢

2:1

[ 22 (A= Tolthwsinb)/a? + 09 6o hocosd - (4(a, b)), (19)

0

by comparison one determines w, 0:
thw sinf = V?/o — w? thwcosf=wy; tho=y, cosh= % . (20)
0

Therefore

2n
. ;. dé ) )
{Op, -+ O =f ErE R (21)
0
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