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Abstract. In the first part of this paper we continue the general analysis of
quantum spin systems. It is demonstrated, for a large class of interactions, that time-
translations form a group of automorphisms of the C*-algebra 21 of quasi-local ob-
servables and that the thermodynamic equilibrium states are invariant under this
group. Further it is shown that the equilibrium states possess the Kubo-Martin-
Schwinger analyticity and boundary condition properties. In the second part of the
paper we give a general analysis of states which are invariant under space and time
translations and also satisfy the KMS boundary condition. A discussion of these
latter conditions and their connection with the decomposition of invariant states
into ergodic states is given. Various properties pertinent to this discussion are de-
rived.

1. Introduction

In a previous paper [1], hereafter referred to as I, the general analysis
of the statistical mechanics of quantum spin system was begun. The
primary purpose of the present paper is to continue this analysis. We
focus our attention on the problems involved with the time-development
of such a system in equilibrium. Our analysis begins with a proof that
time-translations form a one-parameter group of automorphisms of the
(7*-algebra 21 of quasi-local observables. It is then possible to demonstrate
that the single phase equilibrium states, whose existence was established
in I, are both invariant under time translations and satisfy the Kubo-
Martin-Schwinger analyticity and boundary properties.

Recently HAAG, HTJGENHOLTZ, and WINNINK [2], have studied the
properties of states invariant under time translations satisfying the KMS
boundary condition and have derived a number of properties of such
states which are independent of spatial structure. In the second half of
this paper we give an analysis of some of the implications of local struc-
ture and invariance under space translations. The KMS boundary con-
dition plays somewhat the role of a spectrum condition and allows us to
derive properties whose analog in relativistic field theory is dependent on
the spectrum condition. In particular it is shown that time translations
leave the center of the covariance algebra, generated by 21 and the group
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of space translations, pointwise invariant. Further one may demonstrate
that the decomposition of states into extremal space translation in-
variant states respect the KMS boundary condition. Finally one finds
that this condition gives connections between the spectra of space and
time translations. These latter results are valid in a more general frame-
work than that of quantum spin systems.

2. Basic Notation for Spin Systems

Consider a ^-dimensional lattice Zv and associate with each point
x ζZv a Hubert space of finite dimension N. Further, associate with each

®
finite set A C Zv the direct product space J f Λ — JJ J4?x. Define the algebra

of (strictly) local observables <Ά(Λ) corresponding to A as the algebra
93(J^Λ) °f a ^ bounded operators acting on JfΛ; 21 (/I) is a finite matrix
algebra. Now if ΛXC ^ 4 2

a n operator Aλ(^(Λ^) may be identified with an
operators A2ζ$l(A2) by setting A2 = A-^® IΛJΛ1 where 1Λ is the identity
operator on JfΛ and Λ2\Λλ denotes the complement of Ax in Λ2. This
identification induces a norm preserving mapping 2l(/l1)-> 2l(yl2) of
the abstract 0*-algebras and the isotony relation St(/l1)C 21 (/12) for
Λλ C Λ2. Due to this isotony relation the set theoretic union of all 2t (A),
with A C Zv finite, is a normed *-algebra and we define the completion
of this algebra to be the abstract O*-algebra 21 of (quasi-) local obser-
vables. Note that because the 21 (A) are simple algebras and are dense in
21 the algebra 21 is also simple i.e. the algebra 21 has no non-trivial two-
sided ideals1. The group Zv of space tanslations is a subgroup of the
automorphism group of 2ί whose action we denote by Aζ%ί(A)->τxA
£ 21 (A -f x) for x ζ Zv. The local subalgebras 21 {A) satisfy the commutation
relations

and 2ί is asymptotically abelian with respect to space translations i.e.

II[^ ^B]\\ "jφΓ^ 0, A, B £21 and x ^Z\

We consider the sites of the lattice Zv to be occupied by particles which
interact through many body "potentials" φW(xv , . . xk) £ 21 ({xv . . . x^})
and define an interaction Φ as a sequence Φ = (Φ ( ^)#^i of &-body
''potentials". The interaction Φ may be regarded as a function from the
finite sets Xc %v to elements of 21 defined by Φ(X) = ΦW{xv . . . xk)
ζ 21 (X) if X = {xv . . . xk}. We consider only those interactions Φ which
have the following properties

1 For a general discussion of such algebras see J. GLIMM [8].
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ϊ . Φ{X) is Hermitian for X C Zv

II . Φ{X + a) = raΦ{X) for I c Z* and
and

πi.
With respect to the norm introduced by condition III the interactions
under consideration form a real Banach space &. Two subsets of 88 will
be of particular importance in the sequel. Firstly we define 8$x C 8$ to be
the set of interactions which involve only a finite number of particles i.e.
those interactions which are such that Φ (X) = 0 for N (X) sufficiently
large, where N(X)is the number of points in the set X. Secondly we define
^ 0 C ^ i to be the set of finite range interactions i. e. those interactions Φ
for which φW (0,#2, . . . isfc) = 0 unless {x2i . . . xk} C A for some finite A.

If we consider a system of particles on the finite set A the interaction
energy of this system due to the interaction Φ is then defined by

XCΛ

and clearly satisfies the stability condition

\\ϋφ{Λ)\\^N(Λ)\\Φ\\ .

3. Time Translations as Automorphisms

The aim of this section is to demonstrate under suitable conditions,
that the limit

τfA = lim eiι UΦ{Λ) Ae~u UΦ<Λ\ A ζ 21, t ζ R .
Λ—>oo

exists and defines a group of automorphisms A -> τfA which will then be
interpreted as the group of time translations of the spin system.

We begin by introducing the following notation for multiple commu-
tators

and
[A,B]W = [A, [A, Blp-1)] for n > 1.

We then have the following two lemmas
Lemma 1. If A ζ ^(A^, Φ ζ ^ and Nφ is such that Φ(X) = 0 if

N(X) > Nφthen

\\[uφ(Λ)9A]w\\ ^2^||Φpμ|| 77{( i ί- i ) (^ Φ - i ) + ^(Λ)}.
M= 1

Proof. We have, using local commutativity and the definitions of
Sec. 2

yZJ
X»CΛ XN C Λ
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where we have introduced the notation

and
Sk= Xk\j /Vi for I <Jc<N.

Therefore

\\[ϋφ(Λ),AVN>\\

S 2 Σ ••• Σ \\Φ(XN)\\ l[Φ(Xχ-i), [• lΦ(Xi), Λ]]]\\ .
XtCA XQΛ

But using
N{SS^) £(N-l) (Nφ -

we find that

\\[UΦ(Λ)9A]W\\ ^2[(N-l)(Nφ-l)

+ N(Λ1)]\\Φ\\ Σ . . . Σ
XΎCΛ XN-ΛCΛ

Repetition of this method of estimation leads directly to the desired
result.

Lemma 2. // A ζ_ 21 (Λj), Φ1 ? Φ 2 ζ ̂  and Nφ is such that ΦX(X) = 0
= Φ2(Z) if N(X) > Nφ then

\\[UΦi(Λ),A]W-[Uφ2(Λ),AW)\\

£ N2*\\Φ1-Φ2\\ j

where \\Φ\\=maχ {10,1 \\Φ2\\}.
Proof. The proof of this lemma follows from noting the algebraic

identity

= N£ [UΦί{Λ),... [UΦι_φ2(Λ), [U9,(Λ),
M = 0

and then estimating the norm in the same manner as in Lemma 1.
Using the above two lemmas we can readily derive the desired result.

For ai > 0, at ζZ (i = 1,2, . . . v) we introduce the notation

A a = {xζZv; -at ^ x i ̂  ai9 i = 1,2... v}.

Then we have
Theorem 1. // Φ £ &v A ζ 01 and t ζ R then the following limit exists

in the norm topology

lim eu UΦ^ A e~u UΦ^ = τf A (1)
au...av-> co

and the mapping A -> τfA defines a strongly continuous group of auto-
morphisms of the C*-algebra Qί of quasi-local observables.
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Proof. Firstly we note that it is sufficient to prove the existence of
the limit for strictly local A as these elements are dense in 21. Secondly
we have for Φ of finite range and 211\ \\Φ\\ (Nφ — 1) < 1, due to lemma 1

\\eituφ(AJA e~itΌΦ{Λa) — eίtuΦ{Λb) Ae~ίtuΦ{Λb)\\

<Z2\\A\\ Σ ^β
N>±\'(a,b) I V M = 0

where we have taken A ζQl(Λ) and N (a, b) is an integer depending on the
range of Φ, and a and b. N(a,b) is an increasing function of ct = min
(ai9bi) (i =l,...v). Due to the restriction 2 | ί | \\Φ\\(NΦ~- 1) < 1 the
series occurring in this estimate is convergent and thus we deduce the
existence of the limit(1) for Φ of finite range and 2 \t\ || Φ\\ (Nφ— 1) < 1.
To remove the first of these restrictions we note that due to lemma 2

|| eit ϋφ(Λa) £ e-it Uφ(Λa) _ eit UΦi(Λa) £ e-i

<2\\A\\\\Φ~Φ1\\ ^ ^ ^ p Π {M(NΦ-

where we have introduced a second interaction Φλ ζ ^ and assumed
(! Φ11| ^ || Φ || Noting that this latter estimate is uniform in a and that
the series occurring on the right hand side is again convergent if
2 \t\ \\Φ\\ (Nφ— 1)< 1 we may deduce the existence of the limit (1) for
general Φ ζ 38x and small t. Explicitly for general Φ we choose a sequence
{Φn)n ^ i of finite range interactions which are such that ||Φ — Φn\\ n = OD

> 0
and | |Φ|| ^ | |Φ Λ | | a n d then express (1) as a double limit. The above esti-
mates justify the interchange of limits and the existence of the inter-
changed limit under the condition 2 |ί | | |Φ| | (Nφ— 1) < 1. Removal of
this last restriction is however easy using the group property

ei(h + t2)U0{A) JLg-i^ + tJUφίΛ) == eitλUφ{Λ) (eit2Uφ(Λ) £e-ίt2Uφ{Λn e~itxΌφ(Λ) ^

The strong continuity of the automorphisms A -> τf A follows immedi-
ately from Lemma 2 and concludes the proof of the theorem.

One may remark at this point that the methods used above also allow
us to deduce the existence of the mapping A -> τf A for small imaginary
values of t.

4. Equilibrium States

In I it was shown that for Φ ζ 3$ the thermodynamic free energy P (Φ)
of the spin system can be defined by

and the function Φ->P(Φ) is convex continuous. Further it was de-
monstrated that if T C & is the set of Φ for which the graph of P ( ) has
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a unique tangent plane then, for Φ ζT and A ζ 21 (/Ij) strictly local, the
limit

/lα + x C Λ

exists and the ρφ(A) define a state over the (7*-algebra 21 of (quasi-)local
observables. The equilibrium state ρφ defined in this manner is invariant
under space translations and is in fact an extremal element of the set of
Zv-invariant states over 21. Physically this last statement means that for
Φ £ T the system is in a single thermodynamic phase.

As time translations form a group of automorphisms of 21 it is possible
to derive certain properties of the equilibrium state with respect to these
translations. Such properties have been considered by HAAG, HTJGEN-
HOLTZ, and WINNINK [2] although we do not have quite the same input
as these authors require we can derive the following theorem, and its
corollary, as given in [2].

Theorem 2. If Φ ζT r\&1 then the equilibrium state ρφ has the follow-
ing tivo properties

1. Invariance ρφ is invariant under time-translations i.e.

2. KMS Boundary condition. For A, B ζ 21 the function ρφ(A (xf B)) of t
can be continued analytically in the strip 0 < Imt < 1 and is continuous on
the boundaries of this strip. Similarly ρφ((τf B)A) is analytic in the open
strip 0 > Imt > — 1 and continuous on the boundaries. The boundary
values of these analytic functions satisfy the condition

ρΦ(A(τf+iβ)) = ρφ((τfB)A) t real.

Proof. It is sufficient to prove the invariance property for strictly
local A. If the space average were absent in the right hand side of (2)
we would have the same starting point as [2] and the proof would then
follow from this reference. To handle this space average we proceed as
follows. As space translations form a group of automorphisms of 21 and
are hence norm-preserving we can for ε > 0 choose an a0 such that

WτviJVφ^t Ae-tVφ^t) - τf τxA\\ <ε (3)

for a > a0 and for all x ζ Zv. However, if x is restricted to take values in
a set Λb C %v then it is easily checked that we can choose aQ such that

\\eίtuφ(Λ-^^χxA)e-ίtuΦ^Λ^^ -X^^Φ^^ Ae'11^^^)! <ε (4)

for a > a0 and for all x ζZv. Using this estimate, cyclicity of the trace, and
definition (2), the invariance of ρφ follows, in the same manner as in [2],
from a series of simple estimates.
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Let us begin the proof of the Kubo-Martin-Sehwinger boundary
condition by defining, for A, B ζ 21 {Λ-^, the analytic function t —> F

and noting that due to the cyclicity to the trace we have the identity

FBΛ'iit) = F±f(t + ί). (5)

Next, following the methods of [2], we introduce for each function / ζ @,
the space of infinitely often differentiate functions with compact
support, the transform

f(z) = f dωeiωzf(ω),zζ C.

Then, from (5) we find

fdtf(t-i)F±$(t). (6)

Now given ε > 0 we can choose a0 such that the estimate (3) remains valid
and such that

for a > a0 and for all x ζΛh. These estimates together with definition (2)
allow us to deduce that

lim F%ιfφ (t) --
1 ' ' ' v

and thus from (6) we find that

Jdtf(t) ρφ((τf B)A) = fdt f(t - i) ρΦ(A(τfB)) (7)

for A, B strictly local, and hence by continuity for all A,B ζ 21. The
stated analyticity properties follow from this relations as pointed out
in [2]. The argument of [2] may be paraphrased as follows. The function
t ~> Qφ((τtB)A^ is continuous bounded and hence its Fourier transform
is a tempered distribution whose growth at infinite is at worst poly-
nomial. However from (7) we find

/ dt e-'»« ρφ((τf B)A) = e» / dt e - ' » ( ρΦ(A(τf B))

and hence this Fourier transform must decrease as e~ω at infinity. This
directly implies the desired analyticity.

Corollary. // A £ 21 is such that ρφ(A*A) = 0 then if follows that A = 0.
Using the Schwartz inequality we find that ρφ(A*A) = 0 implies that
ρφ(A*τfA) = 0 but then from the boundary condition ρφ((τf A) A*) = 0
and in particular ρ φ (A A *) = 0. But the conditions ρ (A*A) = 0 = ρφ(A A*)
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are only simultaneously possible if A is contained in a two-sided
ideal of 21. As 21 is simple the only two-sided ideals are trivial and thus
4 = 0.

The above corollary yields a statement similar to the Reeh-Schlieder
theorem [3] in relativistic field theory and it is perhaps instructive to
compare the elements necessary to derive this statement both in its field
theoretic and its statistical mechanical setting. Whilst in field theory the
property originates from invariance, locality, and the spectrum condition,
in statistical mechanics it is essentially a result of invariance, and the
KMS-boundary condition. This indicates that the boundary condition
plays somewhat the same role as the spectrum condition, a point which
is useful to bear in mind in the subsequent analysis. HAAG, HUGENHOLTZ,

and WiNNiNK [2] have already derived some of the algebraic consequen-
ces of this condition which are independent of locality and invariance
under space translations. In the following section we derive consequences
of this condition coupled with these latter properties.

5. Invariant States and the KMS Boundary Condition

In this section we will work in a more general framework than that
adopted in previous sections. We consider a 0*-algebra 21 with identity,
the group 0 = RVχ X ZH, and a representation τ of O as automorphisms
of 21 such that 2t is asymptotically abelian with respect to G, the group
of space translations i.e.

Corresponding to time translations we consider a further representation
τ' of T = B as automorphisms of 21 which commute with τ and we assume
all these automorphisms to be strongly continuous. We are specifically
interested in states ρ over 21 which are invariant under both τ and τ', i.e.
states such that

ρ(τβτ'tA) = ρ(A), g £ G, ί ζ T and A ζ 21 .

and we recall that associated with each such state is a representation
πρ of acting on a Hubert space 3? ρ with cyclic vector Ωρ and unitary
representations Uρ and Fρ, of G and T respectively, such that

π(τgτ'tA) = ϋβ(g) Fβ(ί) πe(A) V~Ht) U~l (g) and Uβ(g) Ve(t) Ωβ = ΩQ

for all A ζ 21, g ζ G and t ζ T. We denote by Eρ the projection on all

6r-invariant vectors in Jfρ, thus Eρ is such that
Ut(g)£!e = Eβ,gζG.

Lemma 3. // the state ρ satisfies the KMS boundary condition then it
follows that
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Proof. Denoting by FQ the spectral projector associated with the uni-
tary operator VQ we find immediately from the KMS boundary condition
and invariance that

{Ωe,[πβ(A),πQ(τgB)]Ωe)=(ΩQ,πβ(A)π(τgB)Ωβ)-(Ωe,πβ(A)π(τ'iτgB)Ωβ)

= (Ωe,πβ(A)(l-fdFe(ω)e-«)Ue(g)πβ(B)Ω) A,Bζ%,gζG.

Next taking mean values over G we find that the left hand side of this
equations gives zero due to asymptotic abelianness whilst the mean value
of Uρ is Eρ thus

(Ωρ,π(Aρ) (1 - / dFρ(ω) er»)EQπQ(B)ΩQ) = 0 .

Finally using cyclicity of Ωg for πQ we deduce straightforwardly that
F (A) Eρ = 0 if 0 i Δ and F ({0}) EQ = F ({0}) from which the quoted result
immediately follows.

The above lemma leads us to the following result.
Theorem 3. If ρ is a state over an asymptotically abelian algebra which

is invariant under both space and time translations and satisfies the KMS
boundary condition with respect to the latter, then the unitary representative
Vρ of time translations is contained in the weak closure of the set {ττρ(2l),
UV(G)} of operators, representing the algebra and the group of space-trans-
lations respectively.

Proof. To demonstrate that Ve(T) ζ {πρ(Sl), UQ(G)}" it is necessary
and sufficient to show that for each C £ {πρ(2l), Uρ(G)}'

[ve(t),c] = o,teτ. (8)
However

(Ωe,πe(A) CVβ(t)π(B)Ωρ) = (Ωρ, πe{A)CπQ(τ'tB)Ω)

= (Ωe,πe(A) Ve(t) πβ{B) V~ι(t) CΩβ)
 ( 9 )

and
CΩρ = EρCΩρ (10)

where we have twice used the fact that G ζ{πρ(2l), Uρ(G)}'. Now (8)
follows from (9) and (10) and Lemma 3.

In [4] and [5] it was demonstrated that the asymptotic abelianness
condition ensured that the set {πρ, Uρ}' is abelian. Thus the result of the
above theorem can be restated time translations leave the centre of the
co variance algebra generated by the pair {πρ, Uρ} point wise invariant.
This result has an analogue in relativistic field theory (see ARAKI [6]).

Due to the fact that the commutant {πρ, Uρ}' is abelian one can derive
(see [4] and [5]) unique integral decompositions of states ρ, invariant
under space-translations, into ergodic states i.e. states extremal among
the set of states invariant under space translations. These decomposi-
tions are physically interpretable as the separation of thermodynamic
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phases. From Lemma 3 and the structure of the integral decompositions
it is easily inferrable that if ρ is invariant under time translations and
satisfies the KMS boundary condition then the ergodic states, associated
with ρ via the decomposition, are also invariant under time-translations.
We now wish to demonstrate a stronger result. We will show that the
ergodic states arising in this manner also satisfy the KMS boundary
condition. To this end we need the following two Lemmas.

Lemma 4. Let ρbea G-invarίant state over 21 and assume 21 to be asymp-
totically abelian with respect to G. If C ξ {πρ, UQ}' there exists an A ζ 2ί
such that τtQ{A) approximates C strongly and if C is hermitian A may be
chosen to be hermitian.

Proof. This lemma is an immediate consequence of the fact that
{π ρ ) C7 e } 'C<(see[4]).

Lemma 5. Let ρ be a G-invariant state over a C*-algebra 21 which is
asymptotically abelian with respect to G. Further assume that ρ is invariant
under time translations and satisfies the KMS boundary condition. If
C 6 {nφ Ue}', C = C* and || CΩρ\\2 = 1 then the state ρc over defined by

is also invariant under time translations and satisfies the KMS boundary
condition.

Proof. The fact that ρc is invariant under time translations follows
from C2Ωρ = EρC

2Ωρ and lemma 3. To prove that ρc satisfies the KMS
boundary condition we use lemma 4 and choose for A ζ 21, Ac ζ 21 such
that AQ = A% and

\\φ*-πβ(Ac))Ωs\\ <ε,\\{C*~πe{Ac))πQ{A*)Ωe\\ < e - ( π )

Now as ρ satisfies the KMS boundary condition was have for / ζ 2

fdtf(t) (Ωβ, πβ(B) F ρ ( - i) πQ{AAc)Ω)

= fdtf(t - i) (Ωv πβ(AAc) Ve(t) πe(B)Ωe) .

But from (11) it then immediately follows that

fdtf(t)ρc((τ'tB)A) = fdtf(t - i)ρo(A(τ'tB));

however this latter condition is equivalent to the KMS boundary con-
dition.

Theorem 4. Let ρ be a state over a separable C*-algebra 2t, which is
asymptotically abelian with respect to the group G of space translation.
Assume that ρ is invariant with respect to both G and the group T of time
translations and that ρ satisfies the KMS boundary condition. It folloivs
that there exists a unique integral decomposition of ρ into extremal G-in-
variant states which are also T-invariant and satisfy the KMS boundary
condition.
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The existence of a unique decomposition of a G-invariant state, over an
asymptotically abelian algebra, into extremal G-in variant states is demon-
strated in [4] and [5]. In [4] it is shown that this decomposition can be
obtained from the unique central decomposition of the covariance algebra
generated by the pair {πρ, Uρ} (the separability assumption for 21 en-
sures the existence of the central decomposition). The fact that the states
occurring in this decomposition are invariant under time-translations
and satisfy the KMS boundary condition follows directly from the
theory of the central decomposition and the preceding lemma.

It might be remarked that the existence and uniqueness of the integral
decompositions arising in the above theorem are derived in [5] under
rather weak separability conditions of a physical origin. We have assum-
ed the separability of 21 in the above theorem for conciseness but the
theorem should be valid even in the more general framework of [5].
Secondly we note that some extremal (^-invariant states have non-trival
decompositions into states which are invariant under a closed subgroup
of G (see [4] and [7] for details). It follows that these latter decomposi-
tions, which correspond to the spontaneous breakdown of translation
symmetry, also respect the property of invariance under time-trans-
lations and the KMS boundary condition.

Finally it is of interest to examine the spectral properties of the unita-
ry operators Uρ and Vρ which implement space and time translations
respectively. Such properties have already been extensively studied for
states invariant under space translations (see [4] and [7]).

Theorem 5. Let ρbe a state over a C*-algebra 21, which is asymptotically
abelian with respect to the group G of space translations, and assume ρ is an
extremal G'-invariant state which is also invariant under the group T of
time translations and satisfies the KMS boundary condition. Let E and F
be the projection-valued measures associated with the unitary operators
UQ(G) and VQ(T), which implement space and time translations respecti-
vely, via the spectral representations

iv9 and Fρ(ί) = fdF(ω)e+iωt.

Then 1. supp E ~ — supp E supp E -f- supp E C supp E
2. supp F = ~ supp F; supp F + supp F C supp F
3. if S§ = {p; E({p}) φ 0} then Sj = - <Sf; SJ + #JC <S£

and if p ζS$ then E({p}) is one dimensional
4. each discrete eigenstate of UQ is invariant under Vρ i.e.

Ve(t)E({p}) = E({p}).

Proof. Property 3 is proved in [4]. The additivity of supp E is de-
monstrated in [7] and, noting that space and time translations commute,
the proof easily extends to show that supp F is additive. The symmetry
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of supp E and supp F follow immediately from the KMS boundary
condition in the form

ψt, πβ(A)E(- p) F(ω) πβ(B) Ωβ) = (Ωβ, πQ(B)E(p) F(- ω) πe(A) Ωe) e»

(to be understood in the sense of distributions). Finally property 4 follows
from Lemma 3 if we apply this lemma to a subgroup of 0 chosen such
that E{{p}) is invariant under the subgroup of translations.

Note that all statements of the theorem except the additivity pro-
perties are valid without the extremality assumption for ρ. It is possible
that a more detailed investigation of the KMS boundary condition will
yield further information concerning the discrete spectrum of time trans-
lations and its link with the discrete spectrum of space translations.
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