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Abstract. The explicit determination of the matrix elements of the S U, irredu-
cible tensors is carried out by a purely algebraic method. These expressions may
be used to compute the Clebsch-Gordan coefficients by orthogonalisation. For
the special case of (0, ¢) tensors simple formulas are derived.

I. Introduction

Recently compact Lie groups of rank =2 have found wide applica-
tions in elementary particle physics. In view of concrete physical pro-
blems, for each group the following main problems have to be solved:
(a) determination of the irreducible representations (I.R.) and the matrix
elements of the group generators, (b) decomposition of the direct product
of two I.R. and hence the computation of the Clebsch-Gordan (C.G.)
coefficients. It is well known that the groups of rank = 2 are not multi-
plicity-free (the same representation may occur in the direct product
more than once) so that the C.G. coefficients are not completely specified
by the basis vectors. The Wigner-Eckart theorem is also modified:
the number of reduced matrix elements appearing there is equal to the
multiplicity of the equivalent representations.

The simplest of the above groups is S U,. In this case the problem (a)
has already been solved by a number of authors [1, 2, 3, 4, 5], while
problem (b) has received until now only an incomplete solution.
MosuINsKY [6] has derived a compact expression for the C.G. coeffi-
cients corresponding to the product (p,q) ® (p’,0), which is multi-
plicity-free, while KurianN, Lurif and MACFARLANE [7] have tabulated
the coefficients for the simple product (p, ¢) ® (1, 1), BATRD and BIEDEN-
HARN [8] for the cases (p,q)® (1,0), (p,q)® (0, 1), (p,q)® (1,1) and
Panpir and Muronpa [9] for the case (p, ¢)® (3,0). We must also
mention the numerical tables of S U, C.G. coefficients [10, 11, 12, 13] for
the products of lowest representations. However, the general problem
of deriving a simple analytical formula analogous to the Wigner-Racah
expression for S U, has not yet been solved and it is doubtful if such a
task is really possible.
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In the present paper we establish an analytic expression for the matrix
elements of an arbitrary irreducible tensor (I1.T.). Amethod used by Lurig
and MAcFARLANE [15] for the (1, 1) tensor is generalised. The method
consists in solving the commutation relations (C.R.) which define the
I.T. We obtain equations with finite differences whose solutions contain
the number of arbitrary constants corresponding to the equivalent
representations which occur in the direct product. The constants are
connected with the reduced matrix elements of the tensors. The C.G.
coefficients are obtained by orthogonalisation.

It seems that the method used in this paper for 8§ U, may be extended
to other higher rank groups.

In the Sections II—V we establish the expression of the matrix ele-
ments of the I.T. in the general case while in Sec. VI, the formula for the
(0, g) irreducible tensors, which are multiplicity-free, is derived. These
last expressions are obtained in a much easier way and are simpler than
those of MosHINSKY [6]. A brief version of the present paper has been
published elsewhere [14].

II. Preliminary remarks

The irreducible tensors T% corresponding to a representation u=(p,q)
of the SU; group and labelled by v = (I, I,, Y) are defined by their
C.R. with the infinitesimal operators X:

[X, T¥) = (u, v' |X] 1, %) T (1)

The general structure of the eigenvalue diagram and hence the range
of I, I, and Y may be deduced from the paper of GINIBRE [16] and is
represented in Fig. 1.

The matrix elements of the eight infinitesimal operators may be
found in DE SwART’s paper [17]. We shall mention only those which
are used in the present paper,

(s I, I, +1/2, Y + 1|K,| u; I, I,, ¥)

2, T Ay(x) B (y) 2
= oL [51',1+1/2"(§Tf|‘:‘2‘)r/? —Or,1-1p2 @"I)*Tz] (2a)

(s I, I+ 1/2, Y = 1|L_| u; I, 1, Y)

. B,y +1 Ap(x—1)
= CL Yk [51', I+1/2 (QMT?_/.FTII)EE + O, 1-1p2 “'2_21‘)317“] (2b)

where C’ﬁj i T are the C.G. coefficients of the S U, group and
d,@)=[@a—2)d+x+2)(c+a+ )2 3)
By)=[a+y+1)0d—y+1)(—c+ y)? @)
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where
1 1 1
a=502p+q; b=50®+29; c=5{p—-9 (5)
1 1
x—I+—2—Y; y=I~—?Y. (6)
From Fig. 1 follows
—c<r=<a; cSy=<bh (7
jy
- Al 252

7

v ol

Fig. 1. Eigenvalue diagram for an irreducible representation (p, g). The numbers denote the eigen-
value multiplicity. The maximum multiplicity is m = 1 + min(p, ¢)

The matrix elements (2) being expressed in the variables z, y instead
of I, Y, we shall adopt the former to label the matrix elements of the
1.T. Using the Wigner-Eckart theorem for S U, we find [17]:

(.“3’ Iaa Iz, Ys I Iz;Izp Y,{ M1 Il’ Izls Yl)
LT (8)
= 6Ya, Y, + 7Y, CIszzzsIz. (lul’ Zy, Y1 l,uz’ ) y2l s, 7') )

where we have used the well known triangle rule:

Is___II_I_Iz__r (1‘:0’ 1,...,2min(I1,I2)) (9)
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and the additivity of the hypercharge. The rather asymmetric notation
of the new matrix element is more fashionable; we shall return to a
symmetric notation in the final result.

We must also have in view the selection rules for u which are given
by SpEISER’s [17] graphical multiplication rules or by the rather in-
tricate expressions in [18, 19, 20, 21, 22] and [9].

We shall mention only the following relations:

a+ay—a3=1; bj+by—by=0 (10)

where 7 and ¢ are nonnegative integers while the multiplicity of the
equivalent representations is given by the expression:

M=N+1-n (11)

where 3
N=0by—co+ X u;0(—w) (12)

with i=1

Uy =083 — A+ C; Up=0b —by+ ¢y Ug=0¢;—c3+¢p (13)

and # is a nonnegative integer which vanishes for p; = p,, ¢, = ¢, and
whose concrete expression can be deduced from the above mentioned
papers.

A careful examination of the commutation relations (1) suggests
the following way of solving the system of equations which determine
the matrix elements of the I.T.:

a) Find the matrix elements with =0 of the tensor

" -
T% (P2 + @a)s ';—(Pz + ¢a),C2 (B o Flg. 1)‘

b) Determine by recurrence the matrix elements with » = 0 of the
tensor 'z~ (running from B to 4).

22"
¢) Solve the finite difference equations which determine all the matrix

elements of the tensor T*;; » (4 in Fig. 1).
£2 22 p,
2’8
d) Obtain by recurrence the tensors T4 (running

5(pa+s).%(pa +8),b,—s
from 4 to B).

e) Determine by recurrence the matrix element of the tensors
T4 1 (running parallel to BC).
‘é‘(pz‘*' 3"t)s—2'(ﬂz+ s—1),b,—s—1t

II1. The matrix elements of the tensor T’;; o
22 52w
2 ’ 2 s V2

Let us consider the matrix elements (‘us, I+ % (pe+ ¢+ 1),
1
Lt a4 aa+1), YVito £ uy I L, Yl) of the C.R.:
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[K+, Th ] =0 (14a)
—(1’2 + Qz)y (D2 + @a)s €2
[L T ] =0 (14b)
(pz + qz), (pz + @),
and the change of function
(t1s T1s Y1 | g Qg5 by| i3, 0) = (15)

[(x1+3/1+ 1)!f(“3’b3,Ca;zl‘i‘az)f(bs’aa’_ca;yl"'bz)]ll Flu, )
(@1 + Y1 + a2 + by + 1)1 f(@s, by, 15 21) f(byy @y — €15 Y1) o @1 Y1
where

b N .
fa, b, c;2) = +”(j_);)(f+x)' (16)

we obtain the system of finite difference equations

Fu, ,+ 1, 9,) = F(u, 2, 41) (17a)
Fu, %y, y, + 1) = F(u, 21, y1) (17D)

with the obvious solution
F(u, 2, y,) = F(p) . (18)

In the last expressions y stands for u;, u,, u3. Consider now the matrix
1 1

elements (ﬂ3,11+7(p2+ s+ 1), L, +5@+s+1), Y1+ by, — s +

£ 1] | py Iy Ly, Yy) of the CR.:

’*(pz 3): (172 +8),0,—s

[K+, T4 ] =0 (0=s<gq, (192)

L,TH _
E(?’z"‘”:‘g(?’z‘l’s)xba“s

—[s+1) (g — )2 T4 1
‘E(Z’a+8+1):‘§'(ﬁz+8+1):bz'—'3—1

(19b)

we make the change of function

(1> 1 Y1 |2 @as €5 + 8| 13, 0)

[(b 2 —Ca—38) (& + 91 + 1) ! (@3, bs, €55 Ty + a3) £ (b3, @5, —C35 9, + 2+ 1) ]1/2
8@y + Y1+ @y + ¢a + 8+ 1) f(ag, by, ¢1521) f(b1s @1 —01591)

X Gs(u, @y, 91) (20)
and find the system of finite difference equations
Gs(,u': &y + 1: yl) = Gs(.u, Xy, yl) (21 a‘)

Go(u, 2,y + 1) = Go(u, @, 41) = — Gy (1, %1, 94) - (21b)



126 L. BAnvar, N. MariNEscU, 1. RASZILLIER, and V. RITTENBERG:

Since from (15), (18) and (20) it results that the function @; _,, (1,21, ;)
is independent of z; and y,, for s = 0 we get:

b, —c¢,

Go(us 21, 41) = 20 T; (1) ¥% (22)
y:::
where 7", (u) are undetermined constants.
Let us take now the matrix elements (,u3, I, + % (py+ 1) — 1,
1
L+5 (0ot 1), Yyt b+ 1] | I T, Yl) of the C.R.:

[K+’T§§i &b]zo (23)
2’2"
and make the change of function:

(H1s 15 Y1 | oy @5 Cof i3, 7)

— [(bz"‘cz)! (@ +y+ D)@ty +a+e—r+1)! ]1/2 % (24)
(@ + 91 + ag + € — 27 + 1) )2 (% + y; — 7)!
[ f(@ss bss €35 %1 + @y —1) f(by @1, —C15 Y1) ]1/2]; )
f(ay, by, €15 2,) f(bs, @z, —C35 Y1 + c2—7) T('u’ 1
we obtain then the equations
12 (ay + co + 1 — )12 [f, (u, 2 + 1, ) — fr (s 20, 1))
_ fr-l(,ua Ly Y1 — 1) (25)

Tt D@ty

_ fr—1(tts 24, 9)
@+ytat+e—2r+3)(@+tytate—2r+2)°

Equations (20) and (22) give

1(b3s @3y —C35 Y1 + €a) ba = n ’ v

F(bys @y —Cy5 1) y§0 Ty (w)yy. (26)
One observes that for r = ay + ¢, + 1 the left side of (25) vanishes so that
we obtain an identity which is easily verified. Consider the function

foltas 215 y1) = folps 1) =

(s + 9y —as—c, + 1) (2 + y,—ay,—cy)!
flanrBa(lu’ xl’ y1)= 1 ! (x12+ y:+1)!(x11 +1;/11)! > > H(xlayl)' (27)

From (25) we then obtain for r = a, + ¢, + 1:
H(@, g1+ 1) = H(xy, 1) = H () . (28)

The general solution of the system of equations (25) is

r r—1

fr @ 91) =120 (=D lag+ca—r+ D r—=D!2 X

> (@, + oy —E) (o + yy + ap + ¢, —2r + 21 + 1)! 1 3
Br— k=Dl -0+ ot et i+l—r—B &+t 2% F)

k=0
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where @, = f,(u, ¥,) and @,(y,) ({=1,2,...,r) are arbitrary functions.
One can see by direct calculation that for the supplementary condition
(28) we have ¢,(y,) =0 if I+ 0 and f,(u, y;) must be a polinomial of
degree p, in y,. From the Speiser-Goldberg selection rules we then obtain
some relations between the constants 77, (x) so that instead of (26) we have

. f(b],.s a’;’ —C{; yl) ~ Y
fO (:u5 ?/1) - f(bn ay, —Cy, yl) Vé‘oTy (;u) yl (29)

where
ay = a,+ u 0(uy); by =0y — u0(ug); o1 = ¢y — uzb(ug);  (30)

T,(u) are arbitrary constants and N is given by (12).
Summarising the results, we have

(11 Tis Y1 | oy s Cof a3, 7 %7 @) (s %y Yy | has @, Cof gy )y (31)

where:

(11 %15 Y1 |ty @, Co| i3, 7)y

_ (x1+y1+az+cs+l—r)'
“[(az'*‘cz""')!’!(“&"‘?h"‘l) @, F yp—1)!

f(@s, bs, €35 1 + @y — 1) f(by, @y, — €1, 1) ]112
flay, bys 015 %,) f(bsy @3, —C33 Y1 + €2 —7)

X

(32)

r
(@ + 9 — B (g — )
XZ - k'(r—k)'(w1+y1+az+cz+l—r—k)

(b1, a3, — i 4y — k)
[y ay, —cisy—k) -

X

IV. The matrix elements for an arbitrary I. T.

Let us consider the matrix elements (,u3, L+ —;— (pe+s+1) —r,

Lt 5 @+s+1), Yydb—s—1... p, L L, Y,) of the C.R (19h)
and make the change of functions:

(11 21 Y1 |12y @as €5 + 8| 13 57)y

[7"(%‘5‘02'*‘8—7') (@ +ca+s+1) (@ +y,+ 1) x
@+ +a+c+s+1—r)! F(@y, by, €45 24)
(xy + g —1)! f(@ss bsy €35 21 + @y — 1)

f(bay @gy —Cas 4 + € +5—71) U
X F(Bor Az — 023 03 + ) F(byr By — 033 ?h)] 957 (1 21, 91) -

X

X (33)
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We obtain the recurrence relation

gg—{- 1,7(;“3 -'171, 3/1) (34)
— G (s y)+ Gy s (s 20y B any D)4 gY, (2 —1,y1)
Xy + Y+ Gy 54+ 2—27 zt+y+1

in which g ,(u, 2, %) is known from (32) and (33). The solution of the
recurrence relation is:

9% r (s @15 Y1)
8§
= ) (—1)rest e Byy5 0 (Mg, + Mg, 4 + g + 5 — 1) Hée.',s——i X
Mi,q 20 i=1

X(am; 1¢—mza0+ 6m, ,al)x
(x1+yl+s+1-—~2r+az+cz—|—m,2——m Q)M M- 1,1+ Mia—Mi_y,2

(@, + Y+ 14 my 3 —m; 4)7”; 18— Mi, 3+ Mi— 1,4 — M4, 4 X
X Gh,7 —o,s — o, (s Ty — Mo, g5 Y1 + Mg, 3) .
(€=1,2,3,4; i=01,....8); &= 3 my.,. (35)

=1

Choosing I, = I, — r and taking the matrix elements
1
(ﬂa,ll‘l‘_g‘(pz +s—t—1)—r I+

1
ty@ts—t—1) - Yl—l—bz—s——t—1]--~]y1,1111—r,Y1)
of the C.R.

K_, Tt
——(pz+s—t) —(pz+ §—1),b,—s—1)

____[ (s +1)(gs—39) (ps + s+ 2) ]”2
(pots—t+1)(ps+s—1t+2)
X Ths + (36)
_(1’:“‘1‘3 5+1):—‘(113+S—!—1):ba—3"t_
+[(P2 t)(p2+q2—t+1)(t+l)]1/2
Pats—i+1

X Tt ,
—(p,+s—c—1>,—(pz+s——t—1> by—s—t—1

we make the change of function

(t1s 15 Yy |1, @ — 8, Co + 8| pg, 1)y
=[r)Hae+ e +s—t+1) (@ +y+ 1) (@ +y — )2 X
X [(x1+y1+a2+02+s—t—r+1)’(a2+cz+s—t—r)! X

f(am bz: Co3 Qg — t) f(a'l’ bv C15 xl) (37)
f(b2s @y, —Cas €5 + 8) f(@35 b3y €35 ) + @y — 7 — t)
f(ba, Az, —C35 Yy + e+ s—71) 12
X f(bu @y, —0y; ?Il) ] ht s, r(:u’ 1, .7/1)

X
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and find the recurrence relation
hg&?'('u’ Ty, Y1) = — kz,—-l,s+1,r+1(4u’ 2, Y1) + (ag+co+ 8 =1+ 2) X
X [BY_q (s @1, 91) + (2 + 9y + 1)71 X (38)

X (hg'_1,3,,-+1(l" xl’ yl + 1) - hiy__l’s,r(/’t7 xl - ]'3 ?/1)] ’

where h{ ; . (4, 2, ¥;) is known from (33)—(35) and (38).
The solution of the recurrence equation is:

B o p(iy @, 1) = 3] (= 1)t 70l o0 (2, + 9y — 7 — mg,1 — Mg, 4) X

”jﬁgo
’ ¢
X O(bz —Cg— S8 — no,l)jgaw).,t——i(anj,l,ﬁ—nj_ﬁ,o + 51z/_1'ﬁ—-n]..ﬂ, 1) X

(@5 + ca + 8 + 1y, — 7 4 2)1H M =i
(% 4 Y1+ 1 — 15,4 + 1y, )10 it =R 50

X hg.8+na,1,r+na,1 + 70rg (s By — N0, Yy + Mo,3) (39)

4
(ﬂ=1,2>3:4; f:O>1>-‘-:t)) 60;':2”%',13
=1

X

and so all the matrix elements are known.

V. Final result

Noting that x; + v3 — %3 = ¥, + ¥, — Y3 = r, we shall write the final
result in a more symmetric manner:

(;ua: I3’ Iz,s: Y3 IT‘;:,Izz, Yzl M5 Il’ Izu Yl)

(40)
= ﬁ;,IIaL::’Iz, (11> @1 Y1 | thos %o Yo pias T3, Ys) -
The expression derived for the I,-independent matrix element is
(41> @1, Y1 |Has Ta, Yol Yas Tss Ys)
(41)

N
= 20 Ty (15 has pi3) (P15 @15 Y1 | os Tas Yo | i3, %3, Y3)y
p=

The coefficients 7', are related to the reduced matrix element. The formula
for the (nonorthonormalized) isoscalar coefficients is:

(115 15 Y1 | s Tas Ys| Pi3s T3 Ya)y (42a)

= [t s+ 1) @at 9o+ 1) (1 = 20+ 2! (=2 o 2 X

(2, + @5 + ¥s -+ 1) (a1, By, €15 24) F(@as By €45 @) £(bs, @3y —C3595) 12

(1 + 25 — x3)! f(@3, b, €35 X3) [(B15 By —C15 1) f(B2s B2y —Co3 Ys) ] Fy(‘u’x’y)
where

By m,y) = X X0 (= 1)t et Muat Mo g, oy Opyames o X

"o, ™o,8

X
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X 0(by — Yo — Mo,1) O(ag + ca— & — Ta+ T3 — Mo,1— Mo 5+ Mo, + Myo,q) X

X @ (Mg, 5 B> %, Y) P (Mo, Mo, 5 My T Y) Xy (15 By — Mg, 4 — Mo, 45 (42b)

(@, + 22 — 23 + N1+ No,3)!
Y1+ No,3 + Moz, X3 + Mo,p + Mo, Y5 — Mg,1) (1 — @3 T @y — Mg 1— T,0)!

and

2~ 22
w(no,z; ,u$ x, ?/) = 2 q 60),', az—-zr—i(ani_l_a—nm,o"" 672(_1,“-7!‘,“,1) X
Ri,a V=
(@ + 93 + 2n4y + Mg + Rus + 0iq F 2 TR (42¢)
(@, 4 9+ Mz — Mg F Dt oL R R ’

(“ =1,2,3, 4)
Ya—Ca+ Mo,y

w(n(),(x, mo,ﬂ; ,u9 x, 3/) = 2 H 651’:Uz‘—cg+7lo,1—-1' (5m,_1,13~—m,,ﬂ,0 + (42(1)

mi,8 j=1
(3 + Y5 + Mo — Myg — Myy 4= 1)1 T M2 = Maa = Mire
(%1 + Y1+ Mos— Moa - My 5— My A LYM-taF M=M=

)

+ 67"1—:.5—7”1. B 1)

(f=1,2,3,4)
_ }(@s, bs, €55 @) f (b1, @1, — €15 41)
Xy (‘u, T Yo T ?/3) T H@, by, €35 %) f(bas @5, — €35 93) x (42¢)
x X (= 1)k (@ + 41— ) (y, — k) [ (b1, a3, — 15y, — &)
T k(@) — @3+ ag— k) (yy + @3+ co—k 4+ 1)1 f(by, @y, —Cy3 9 — k) °

We note that if the selection rules correspond to a multiplicity smaller
than N + 1, the functions appearing in (40) are no longer linearly in-
dependent.

The expression given above may be used to compute the C.G.
coefficients if we use the orthonormality relations [17]. The computation
of the general expression for the C.G. coefficients, a very difficult task,
must be done for each concrete case individually.

VI. The special I. T. corresponding to the representation (0, )

The matrix elements of these tensors which are multiplicity-free
can be obtained directly without making use of the general formula given
in Sec. V. This is preferable because it is difficult to observe the simpli-
fications which occur in this case in the intricate expression (42). We
shall return to Sec. III observing that in the present case the sum (31)
contains a single term:

q — —
(.U'v 21 Y1 /‘2,’;%’ ‘”312’ HM3s 7') = Ty(1) (Ih: Ty Y llz’%i’ '% M3, "')0 (43)

while eq. (32) gives

92 —q
‘“z’—;;‘: Tz M3s 7')0

=3 [f(“zf b, €35 ay + ;) f(by, @y, —015 1) ]112
710 | flay, by, €15 @) f(Dgy @ay — 55 41 + €4) )

(/"1’ Ty Y
(44)
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Ty (u) is an undetermined constant. To determine the matrix elements of

the other tensors we shall use a method other than that of Sec. IV. From

the commutation relation (19b) and the change of functions (33) we

shall determine the matrix elements (u,, ;, ¥ | g, @2, €3 + S | 3, 0)o.
The recurrence relation (34) with 7 = 0 is:

Foo@u¥)  gol@pyi+ 1)

gs+1,0(x1’ y1)= T,y s+ 2 @ 4y + 1 (45)
We make the change of function:
(2, + 9!
gs,o(xl’ ?/) = @+ 9+ s+ D) us(xl’ yl) (46)
and obtain the recurrence relation
Us 41 (.'271, yl) = U (xlr yl) - us(xl’ Y1+ 1) (47)
which has the solution:
i !
sl ) = X (- 1 i1 %@ 1+ B) (48)
From (46) and (48) we find finally:
(@ + y1)! u s!
Js,0 = (x1+y1+8+1)!k§0 (— ka X (49)
X @+ Y+ k+ 1) go,0(@, y1 + &) -
The function g, o(xy, ¥,) is derived from (33) and (44):
1 f(@s b, €35 ay + 1) f(by, @1, —C15 41)
Jo0 (xl’ yl) (@2 (@ + 9+ 1) flay, by, ¢15 2) f(by, @3y —Ca5 62+ 41) (50)

Using the relations (33), (49) and (50), the matrix elements
(U1, @1, Yy | ey Qg C5 + 8| 13, 0) are completely determined. To find the
other ones we consider the C.R.:

[K+,T(;”¢2; 20 ]=0 (51)
e s

and the same method as in Sec. III. We than obtain the matrix elements

(/‘1, %1, Y1 ‘Iv‘z» » Y2| Us> T3, ?/3) expressed in terms of (uy, @y, ¥y |fa, @a
¢y + S| g, 0) derived above.
Expressed in the variables # and y the final result is:

Ha» 3, ?/3) (52)

= T [(ex+ 33+ 1) (@ + 20+ g2+ D! (=23 + g+ 7)) X
X (s — @ Y)! (o3 + 25 — 23)! f(@a, b, €33 X5) f(B1, A1y —C15 Y4) ]1/2
2 2 (Y1— %a + @) ! f (a1, by, €15 %1) f(bss sy —C35 Y3)

x B O et m = n = Bl @t g = D

% (x1+ y1—k)! Fbw @, —ci5 91—k 4+ 1) f(bsy ag, —C35 41 + 42— k)
(@ + 22+ ys—k)! f(bs @3y —C33 Y1 + ca— b + 1) f(b1, @1y —C15 91— k) °

(,“1, %1, Y1 |Mes ‘%2‘ » Yo
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To compare the present result for the I.T. corresponding to a re-
presentation (0, ¢) with MosHINSKY’s one [6] corresponding to a re-
presentation (g, 0) we have to use the symmetry properties of the C.G.
coefficients [17]. We then observe that the former is more convenient,
containing fewer terms.
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