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Abstract

Let f be an element of the subspace (L”,19)*(R?) (1 < p <a < g < 2) of the Wiener
amalgam space (L”, [7)(R). We give sufficient conditions for Lebesgue integrability of
the Fourier transform of f. These conditions are in terms of the (L”,[9)*(R¢) integral
modulus of continuity of f. As an application, we obtain that if | < @ < g <2 with
é - % < % and N = [%] + 1, then the Fourier inversion theorem can be applied to the

elements of the Sobolev space WN((L!,19)*(R%)).
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1 Introduction

Let d be a positive integer. R? is endowed with its usual scalar product

d f d
(x,§) > x.& = ) x;&;, euclidean norm x = x| = [ 3, x? and Lebesgue measure E — |E]|.
. =

j=1
For 1 < @ < oo we denote by L” = L*(R?) the classical Lebesgue space endowed with

its usual norm ||.||, and by @’ the conjugate exponent of « : 5 + é = 1 with the convention
=0.

L
oo

We define the Fourier transform F (f) = fof an element f of L! by
Y -4 —ixg d
[ =0Cm)2 | f(x)e *dx, £eRY (1.1)
R4

The Fourier transform has a well known extension, also denoted by T +— ¥ (T') = 7“\, to
the space &’ = S'(R¥) of tempered distributions. This extension has turned to be of great
usefulness in a variety of areas in Analysis such as: signal theory, probability, partial dif-
ferential equations, approximation theory, singular integral operators, number theory (see

[151[231,[2L[1L[71,[101,[12],[211,[16], [S], [4D).

It is known that ¥ is a bijection of S’ onto itself. However, this space is very large and
very often it is useful to have some knowledge on the image or the preimage by ¥ of a
pecular subspace of &’. In this regard the following proposition contains results well known
and widedly used.

Proposition 1.1. ) For1<a <2, F(L%)iscontainedin L* and there is a real constant
M, satisfying

Ifller < Mollfllor £ €L® (1.2)

(Hausdorff-Young theorem).
2) F(L') ¢ Co, where

Co= {g :RY — C/ g continuous and |llirn lg(x)| = 0}
X|—00
and if f is an element of L' such that fbelongs to L' then

f(x) = 2n)"2 f Fe™, aexeRr? (1.3)
Rd

(Fourier inversion theorem).

3) F(L?) = L? and for any element f of L*

1712 = /12 (1.4)
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(Plancherel identity)

lim f
R—co Jpa

In view of the results above the following question is worthy:
what condition on an element f of LY (1 <« < 2) is sufficient for f to belong to a Lebesgue
space IP withg <’ ?

2
Q2n) T dy— ()| dx=0.
0(0,R)

Titchmarsh has given to this question an answer using the notion of modulus of conti-
nuity.

Let (X, ||.|[x) be a complex normed space wich is included in Llloc and translation invari-

ant, that is:

.f€X, for feXandueRY,

where

T, f(x) = fx—w).

Then the modulus of continuity wy(.) in X is defined by
wx(f.0) = sup{liruf - flx/ueRJul <1}, feX, teR,.
The result of Titchmarsh may be stated as follows.

Proposition 1.2. ([21], Theorem 84) Let 1 < a <2 and f be an element of L*(R).
The condition
for some real number 6 >0, wia(f,t) = O@1") (1.5)

implies

— 1 1 1
f belongs to L for — < = < — +6. (1.6)
o B o

In the sequel we shall take X = (L!,19) with 1 < @ < ¢ <2 (see section 2 for definition
and some properties of this space).

We stress that L is a subspace of X wich is proper when 1 < a < g (see point 2) of
Proposition 2.3).
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The main results of the present paper are weighed Lebesgue norm inequalities between
the Fourier transform ]?and the modulus of continuity wx(f,.) of an element f of X (see
Proposition 3.4 and Proposition 3.10).

From these inequalities, we deduce an extension of Proposition 1.2 to the framework of
X (see Corollary 3.5). This result, in turn, enables us to obtain sufficient conditions on an
element f of X in order to apply points 2) and 3) of Proposition 1.1. As an application we
obtain Sobolev type theorems for X-Holder spaces (see Corollary 3.6) and Sobolev spaces
WN(X) (see Corollary 3.11).

The remaining of the paper is organized as follows. Section 2 is devoted to some pre-
requisites on the space X. Section 3 contains our results and applications.

2 Background on (L7, [9)*

In [19] and [20] Szeptycki has given an interesting answer to the following question:
What may be said about the set of those elements of S” whose Fourier transforms are
representable by functions in terms of Wiener amalgam spaces?

This answer has been given in terms of Wiener amalgam spaces which constitute the
framework of our work and is defined as follows

By L}OC = L}OC(Rd ) we denote the space of equivalence classes (modulo equality almost
everywhere) of measurable complex functions on R? which are locally in L!.

For any positive real number r we set:
d
I = Hl[kjr,(kj+ Dr),  k=(ki,...kq) €Z9.
]:

If 1 < p,q < cothen
o for any element f of Llloc and any real number r > 0,

1
al? .
2 I xellp ] if g<oo,
r”f”p,q = [keZd( , ) .
sup|lfxrlly if q=o0,
kezd

where, for any subset E of RY,

1 if x€E,
0 otherwise.

XE(X) = {

o (LP,17) = (L7, 1R = {f € L, (RD/1]|fllpg < o).

The Wiener amalgam spaces (L”,17) (1 < p,q < o) have been introduced by N. Wiener
(see [22]) and widely studied (see [11] and the references therein). Because of their
properties stated below, they offer a well suited framework for the study of the Fourier

transformation as an operator from &'NL! to L} .
loc loc

Proposition 2.1. ([13],[19],[20]) Let us assume 1 < p,q < co.
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1. (L7,19), (|l . llp,g) is @ Banach space included in S’ and satisfying
o(LP,IP) = LP,
o [PULTC(LP,l9) when p <q.

2. If Vis a subspace of S’ N Llloc wich is solid, that is:
Vf,gell [feVandlgl<f]l=geV,

loc
then the following conditions are equivalent:

OHFWV)ycL!

loc’

i)V c (L', P).

3. If 1 < p,q <2 then F((L?,19)) is included in (LY ,I"") and there is a real number M, ,
such that

lllﬁlq’,p’ < Mp,q lllf”p,q’ f € (Lp’lq) (21)
(Hausdorff-Young theorem).
Our results shall be stated in the framework of subspace (I7,17)* (1< p<a <q < +0)

of amalgam Wiener space (L”,l?) which has been introduced by I. Fofana in [8] and is
defined as follows.

Definition 2.2. For 1 < p <a < g < oo, we set

1_1
(LP,19)% = (LP,19*(R?) = {f €Ll Wfllpga =supra 7 fllpg < oo}.

r>0

Let us recall some of their properties.

Proposition 2.3. ([6],[8],[9]) Let us assume that 1 < p < a < g < 0.

1. (7,19 ||| p,g,0) is a complex Banach space included in (L?,19), translation invari-
ant and there is a real number C(p,q) such that

ITufllpge < CEO.DIflpga .  fe@ I 2.2)

2. .”f”p,q,a < ”f”a s f €L,
o if p <a < qthen (LP,l9)* contains properly L*,
e ifa=p ora=qthen (LP,19)* = L with equivalent norms.

3. If1 <p<a<?2then F(LP,19)%) is included in (LY ,I”)*" and there is a real number
M, , such that:

”ﬁlq’,p’,a’ < Mp,q”f”p,q,a » f € (Lp’lq)a~ (23)

(Hausdorff-Young theorem)
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4. When p < oo and f belongs to the Sobolev space WY(LP,19)%), that is, f and all its
distributional partial derivatives 5—;‘] (1<j<d)arein (LP,19)%, then

d
”Tuf_f”p,q,a < C”lvf”lpqalul , UeR

where C is a real number not depending on f.

3 Integrability of the Fourier transform and modulus of conti-
nuity

We begin this part with a notation and two preparatory lemmas.

Notation 3.1. For any integer k, we set
Ty = [-28,2499\ 21,241,
Lemma 3.2. For any integer k, we have

o= 7" 3.1)

and
a) Ly has 2924 — 1) elements,
b) for any element [ of Ly, there exists a vector u(l) of R? satisfying:

lu(l)] = 27%, (3.2)

<xuh<1, xel’". (3.3)

N —

Proof. Let k be any integer.
a) It is clear that Ty = |J IIZH, with
lELk
Li = {-2,-1,0,1}\(-1,0,)¢

and L; has 2¢(2¢ — 1) elements.

b) Let [ be any element of L.

There exists an element j(/) of {1,2,...,d} such that [, belongs {-2,1}.
1"'case: j(I) = -2.

We notice that, for any element x = (x1,x3,...,x4) of IIZH, we have

xj=2" 4 with0 <1, <281, je{l1,2,...,d)

x.(—ej(l)) =2k_ 1)) with 0 < iy < k-1
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and therefore, setting u(/) = —27%¢ j()» we obtain

27 < xu() <1 and |u())| =27%.
2Mcase j(l) =1

Proceeding in the same manner as in the first case, we obtain that the vector u(l) =
27%e j() satisfies

=27 and 27' <xu(®)<1, xel’.
m]
Lemma 3.3. Suppose that 1 < a < p < 2. Then there is a real constant B such that for any

element f of X = (L',1)? and for any integer k,

- 11 _
Ifxrlly < B2 D wy(f.275 ). (3.4)
Proof. Let k be any integer.

Recall the following well-known results :

(T_uf—\Tu x) = 2isin(x.u)f(x), ueR%and a.e x e RY ,

e there is a real number A > 0 such that:

A6 <sinf, 6¢€][0,1).

Using the notations and results of the Lemma 3.2, we have, for any element / of L
27'A < Axu(l) < sin(xu(l)),  xe Ilzkfl
Alﬁx)l <|2i sin(x.u(l))f(x)L de  xe Ilzk—l
Fal A N f — T HW)L  ae  xel

1Fx et lly < AN f - Tl

= —1Ak-1d(L-1 - "
||lelzk—1||q' < A~k q)IIT_u(l)f—Tu(l)fllqgw,a/ (by Definition 2.2)
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- _ 1 1
1Pk eetlly < A7 My, €L g2 NS =t fllLga by (23)

1 “hd(l-L _
”f/\/lfk’lllq’ SA_IMLqC(LQ)z(k Dd(G q)wX(f’z k+1).

Let B =224 - A~ M, ,C(1,g)2%G %,
From the relation (3.1) and the result obtained above, we deduce

) kd(L -1 ~
”fXTk”q’ <B2 @ q)wX(f’z k+1).

A first form of our result reads as follows.

Proposition 3.4. Suppose that 1 < a < g < 2. Then there exists a real constant C such that,
for all element f of X = (L',19)® and any element B of (0,q’]

f Ff < f
x> Vd Ix|>1

Proof. Let us consider an integer k > 0.
By Holder’s inequality , we have

d 19
I~ @ wx(f,2 Vdix ™| dx. (3.5)

= - -5 = kd _ A-1)d]" 7
Ffdx <P AT ™7 = I FxrE, [25 =247 7.
T

From relation (3.4), we deduce
— kd(L—1 -1 B
|f<x>|ﬁdxs{32 D wy(£.27 2420 - 1) } T

T
_1 B
<{B@!- D2 Y ox(r2* D) T,

‘We notice that for x in T} we have

2571 < || < V2K, thatis, 287! < | and 27% < Vd|x| ™!

and therefore

2% < (N7 |7

2F1 < x| and
Ixl { 2—k+1 <2 \/Elxl_l~
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So, since t — wx(f,t) is non decreasing, we have

— d ﬁ
Foofdx<c? f % wx (2 V] dx
Ty Ty

with C = BQI— 1y 7 (Vd)+.
It is easy to see that {xeRd/lxl > \/2} cJTrC {xe RY/|x| > 1}.
k>1

Therefore from the inequality above we get

f Fof < f
x> Vd [x>1

As an immediate consequence of this proposition, we have the following result.

19
™% wx(£,2 V™| dx.

Corollary 3.5. Suppose that 1 <a < q <2, 0 is a positive real number and f is an element
of X = (L', 19 such that

wx(f,t) = O(te), when t goes to 0. 3.6)
Then

3.7

Proof. Consider a real 8 verifying (3.7). There is a real number D > 0 such that:

LIM/E

o%e] d
and f\/c_i @ +OB+d=1 44 & because of

—(i, +9),8+d:,8d[—(i,+g)+l
@ @

ﬁ (o'}
X wy (£,2 Vdlx ™) | dx < (ST 1H)D f (G 0p+d=1 g

Vd

d

Therefore, according to (3.5),

f If(x)lﬁdx < 00,
x> Vd

Moreover, since 8 < ¢’, Holder inequality and of (2.3) imply ,

f If(x)lﬁdx < 00,
|x|< Vd
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It is clear from point 2) of Proposition 2.3 that, taking d = 1 and p = « in Corollary 3.5,
we recover Proposition 1.2.
Corollary 3.5 has the following consequence.

Corollary 3.6. Suppose that

(i) 1 <a<qg<2and?0is a positive real number such that

0< <

RIm—
Ul
N =

(ii) f belongsto X = (L',19)* and satisfies (3.6).
Then

felL? for <

Q|+
Ul
N |-
IA
D | =

Proof. According to the hypotheses

<

Y
Q\
e

1
q/
Let 8 an element of [1,2] satisfying

1
=<

SN

+

=
]|~

According to the Corollary 3.5, ]?belongs to IP.
Using the Fourier transformation in §” and Fourier inversion theorem in S, we obtain

fx)= }:\(—x) ae xeR?.

Therefore, according to Hausdorff-Young’s theorem f belongs to 7.
In addition, we have

Ul
N —

RIm—

1
<—=x=
Bl
So, just take p =f'. O

Remark 3.7. It is well known that if 1 < @ < oo and f belongs to L then the following
assertions are equivalent:

(@)
wre(f,t) = O(t) when t goes to 0

(i) f € W' (the partial distributional derivatives (%f (1 <j<d) of fbelongto L)
J
(see [3]).
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Therefore, taking 6 = 1 and g = « in the Corollary 3.6, we obtain the following implica-
tion:

1 1 1 1 1 1
l<a<2and0<——-=<—, feW'|=|felLr forpela,a’[with—=——-=].
a d 2 at a d

So, Corollary 3.6 may be viewed as a Sobolev-type theorem for (L!,19)*- Holder spaces.

In the sequel we shall establish a weighted version of Proposition 3.4. The weight that
we shall use belongs to a special class introduced by F. Moricz in [14] and is defined as
follows.

Definition 3.8. Let us consider a real number y > 1. A positive and locally integrable func-
tion A on R4\{0} belongs to A, if there is a real number X, such that:

kd(1-y)

1
lxrlly <9627 lldr I, keN. (3.8)
Example 3.9. a) Suppose that 1 is a positive and locally integrable function on R%\{0} such
that, for some real number K,
sup{A(x) / x € Ty} < Kinf{A(x) / x € Ty—1}, k€Z.

Then, we have for any real y > 1 and any integer k

1
I 7 lly < sup{A(x) / x € Ty} Tyl
< Kinf{A(x) / x € Te_)|Tyl?
L _
< KITil7 1 Tt e, i

Therefore

dy-1) kd(1=y)
Y Y

oy kd(-y
Irlly K277 Q=17 277 lyr,lh-

So, A belongs to A, for any real y > 1.
b) Let us consider a real number ¢ and set

Ax) = 16, x e RO{0).

We have, for any integer k
[ (Na2bye, ifc=0
supld(x) / x € Ti) = { 20=Deife<0
and 2
: W= ifc>0
inf{A(x) / x € Ty} = { (VA2 1), ife <0,
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Therefore, there exists a real number K such that

sup{d(x) / x e Ty} < Kinf{lA(x) [ x€ Ty—1}, keZ

These inequalities and the result obtained at the point a), imply that A belongs to A, for
any real y > 1.

The announced result reads as follows.

Proposition 3.10. Suppose that: 1 <a<q<2,0<B<q,y= q—[?q+ﬁ and A belongs to A,
Then there exists a real constant C such that, for all element f of X = (L!,19)®

- 8
f If 0P A(x)dx < CP f ™% wx(f, Vdd ™| A(x)dx (3.9)
Ix|> Vd Ixl>3
Proof. We notice that
1 1-
é, + — =1 and therefore Y = —é,
q v Y q

So, using Holder inequality, (3.4) and (3.8) we get

P Ao <l\fxr i Il

B
S[szd(é_é)wx(f’z—k+l)2_§_t’i] (](,yf A(x)dx.
Tk-1

kd ﬁ
Bz—mx(f,z—k“)] X, f A(x)dx

Ty-1

<

Note also that, for any element x of 7}_;, we have

2751 < Vdlx™! and therefore 27« < (27! V) x|~

So, since wx(f,.) is non decreasing, we have

2! «/Z)ﬁBr %, f ﬁ/l(x)dx.

IFPA(x)dx <
Ty T

[wx<f, Vx|

The above inequality being true for any positive integer k, we have

f IFPA(x)dx < C f
x> Vd x>

where C = [(2‘1 \/E)ﬁBr‘Ky. O

418
[wx<f, Va5 | A

1
2
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From point 2) of Proposition 2.3, it is easy to see that Theorem 1 of [14] is a special
case of Proposition 3.10 (the one where d = 1 and p = a).
A consequence of Proposition 3.10 is the following result.

Corollary 3.11. Suppose that1 <a <q<2with 1 -1 < Land f e WN(X) where N =[£]+1
and X = (L',19)°.
Then f belongs to L' and

flx) = (27r)_% f FfO)e ™*dy, a.e xeR.
Rd

Proof.
e Letbe e N? with |§] = N —
‘We have

DfeX and ai(Df’f) € X forany je{1,2,...d)
X

So, there is a real number D independant of f and 6 such that

V>0, wx(D’f,0) < DIIVD? Hlll1 g ot (3.10)
(see Proposition 3.2 of [6])
By hypothesis
g Nandthereforel+$—%<1+6—11—é:$+aL
i— 1. 3 L and therefore & < 6—11+ L.
q q @

Choosing 8 such that 1 + = — E <1< 611 +-L and i < 1 we get from inequalities (3.5)

B B
and (3.10).

f| | dl(D"f)(x)lﬁdx<Cﬁ[D|||V<D"f)|||1qa«F [ f PV,

|x|>1

In addition, since L — l,

3 we have

1
<@

f P& D dx = (s 471 f B+ gy = (5471 f PG g < oo
|x|>1 1 1

So there is a number E independant of f and 6 such that

\%
f| o D°f) fdx < EPIND DI, (3.11)
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e Since X is a subspace of &', it is known that
. \%
(-i)f=D’f) inS, 6eN’ |g=N-1.
We have also

L11B(N=1)
2

59

IA
M=
=

B
< Z |x"|}
< ANy Z I, xeRe.

|6|l=N-1

1
where A(N) = (#(0 € N/ |o] = N - 1})”
So, we have:

f ¥l dx < AP f (=i’ fPdx
Ix|> v a1 V=1

\
=ANY )] f| g @D wpdx

|6|l=N-1

From this inequality and (3.11), we get

f| | W_Z[|x|N‘1|f<x>|]ﬁ dx <ANYEP T IV O,

|6|l=N-1

Therefore, using Holder inequality , we get

| |f<x>|dxs( | |x|“‘N)ﬁ’dx)’7( [ st dx)ﬁ
x> Vd |x|>Vd x> Vd

3A<N>E( f ||“‘N)ﬁd) [ v’ N }
|X|>‘/6_l1 g g |9|§_1 f Lq’

‘We notice that % - ﬁ% > (, and therefore

1
B

, e ’ gL g N1
f |x|(l—N)ﬁ dx — O.(sd—l)f t(l—N)ﬁ +d_1dt — O_(Sd—l)f t Bdl ﬁ’+ i ] ldt < 0.
x> Vd Vd vd



Practical Stability of Differential Equations with State Dependent Delay 75

So, there exists a real number K| not dependant of f, such that

f d SK VDH N
va Wldx <Ky Y VD’ Pl

|6|l=N-1

Moreover, by Holder inequality and (1.6), we have

QU

f If(x)ldx < B, «/2>|$( f |f<x>|4’dx) < Kllflhge
|xl<Vd |xl<Vd

where K> is a real number not dependent of f.

From these inequalities it follows that there exists a real number K not dependent of f,
such that

f |f(oldx < K
R‘i

1l gat ) |||V<D"f>|||1,q,4.

|6|l=N-1

Thus f belongs L!(RY) and, by Fourier inversion theorem,

f(x)= 22 f Fe™dy, a.e. xeR?.
Rd
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