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Abstract

In our previous work we have shown that if for any initial point there exists a trajectory
of a nonexpansive set-valued mapping attracted by a given set, then this property is
stable under small perturbations of the mapping. In the present paper we obtain several
extensions of this result.
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1 Introduction and preliminaries

During more than fifty-five years now, there has been a lot of activity regarding the fixed
point theory of nonexpansive (that is, 1-Lipschitz) mappings. See, for example, [2, 4, 6,
7, 8,9, 10, 12, 13, 15, 18, 19] and the references cited therein. This activity stems from
Banach’s classical theorem [1] concerning the existence of a unique fixed point for a strict
contraction. It also covers the convergence of (inexact) iterates of a nonexpansive mapping
to one of its fixed points. Since that seminal result, many developments have taken place in
this field including, in particular, studies of feasibility and common fixed point problems,
which find important applications in engineering and medical sciences [3, 5, 16, 17, 18, 19].
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In our previous work [14] we have shown that if for any initial point there exists a
trajectory of a nonexpansive set-valued mapping attracted by a given set, then this property
is stable under small perturbations of the mapping. More precisely, we have proved in [14]
two assertions. In the first assertion we have shown that for a given positive number 6, if the
perturbations are small enough, then for any initial state there exists a trajectory which is
attracted by a ¢-neighborhood of the attractor. In the second assertion we have shown that
under the same assumptions, for any initial state there exists a trajectory with a subsequence
which is attracted by the attractor. In the present paper we obtain several extensions of these
assertions.

Let (X, p) be a metric space. For each x € X and each nonempty set A C X, define

p(x,A) :=inf{p(x,y) : y € A}.
For each pair of nonempty sets A, B C X, define

H(A, B) := max{supp(x, B), supp(y,A)}.
xeA yeB

Let a set-valued mapping 7 : X — 2%\ {0} satisfy
H(T(x),T(y)) < p(x,y) for all x,y € X. (1.1)

Assume that a sequence {€;};°, C (0, c0) satisfies

[Se]

Zei < oo (1.2)

i=0
and that for each integer i > 0, a set-valued mapping 7; : X — 2%\ {0} satisfies
H(Ti(x), T(x)) <€, x€X. (1.3)

Let F be a nonempty subset of X.
The following theorem is the main result of [14].

Theorem 1.1. Assume that for each x € X, there is a sequence {x;};°, C X such that xo = x,
Xi+1 € T(x;) for all integers i > 0, and

lim p(x;, F) = 0.
1—00

Then the following two assertions hold.
1. Let 6 > 0. For each x € X, there exists a sequence {x;};°, C X such that xo = x, for
each integer i > 0,
Xi+1 € Ti(x;),
and
p(xi, F) <6 for all sufficiently large integers i > 0.
2. For each x € X, there exists a sequence {x;};°, C X such that xy = x, for each integer
i>0,
Xi+1 € Ti(x:),
and
liminf p(x;, F) = 0.
1—00
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2 First result

The following result was obtained in [11]. Here we present an alternative proof.

Theorem 2.1. Assume that
T(x)NF #0forall xeF. 2.1)

The following two properties are equivalent:
(a) for each x € X, there exists a sequence {x;} >, C X such that xo = x, xi+1 € T(x;) for
all integers i > 0, and
liminf p(x;, F) = 0;
i—>00

(D) for each 6 > 0 and each x € X, there exists a sequence {x;};°, C X such that xo = x,
for each integer i > 0,
Xi+1 € T(x;),

and
p(xi, F) < 6 for all sufficiently large integers i > 0.

Proof. Assume first that (a) is true. To show that (b) holds, let 6 > 0 and x € X be given. In
view of (a), there exist a natural number 7o and a finite sequence {x,'}?:o C X such that

X0 = X, 2.2)
xi1 €T(x), i=0,1,...,t0—1, 2.3)

and
p(xy, F) < 6/2. 2.4

Using induction, we now define x, € X for all integers ¢ > #y such that for each integer ¢ > 1y,
Xe1 € T(xr) (2.5

and
p(x, F) <6/2. (2.6)

Assume that 7 > 1y is an integer, x; € X, t = 0,...,7, are defined such that (2.5) is true for
eacht=0,...,7—1 and that (2.6) is true for each 7 = #y, ..., 7. In particular, we have

p(x, F)<68/2. 2.7)
In view of (2.7), there exists
Z1€EF (2.8)
such that
p(xrF,z1) <6/2. (2.9)
By (1.4) and (2.8), there exists
2€T()NF. (2.10)

In view of (1.1),
H(T (x:),T(z1)) < p(xz,21). (2.11)
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By (2.9)-(2.11),
p(22,T(x7)) < H(T (%), T (z1)) < 6/2.

This implies that there exists a point
X1 € T(x;)
such that

P(z2,X741) <6/2.
When combined with (2.10), this implies that

p(xer1, F) <6/2.

Thus the assumption made for 7 also holds for 7+ 1. This means that we have constructed
by induction a sequence {x;};°, which satisfies (2.5) for all integers 7 > 0 and satisfies (2.6)
for all integers ¢ > 7¢. In other words, property (b) holds.

Assume now that (b) is true. In order to show that property (a) holds, let x € X be given.
By property (b), there exists a finite sequence {xi}f o C X such that

Xo = X, (2.12)
xiv1 € T(x;) (2.13)

foralli=0,...,5;—1, and
plxs,, F) <27, (2.14)

Assume that g > 1 is an integer and that we defined natural numbers
Si<--<8y

and a finite sequence {xt}fz"o C X such that (2.12) holds and for each i =0,...,5,-1, (2.13)
holds, and
p(xs, F)<27% (2.15)

for all k =1,...,q. (Note that for g = 1 our assumption holds in view of (2.12)—(2.14)).
Property (b) implies that there exist an integer S ;11 > S, and points x;, t =S ,+1,...,8 441,
such that (2.13) holds fort=S,...,54+1 — 1, and

p(xs,,., F) <277

Thus the assumption made for g also holds for ¢ + 1. This means that we have constructed
by induction a strictly increasing sequence of natural numbers {$;}7°, and a sequence of
points {x;};>, C X such that (2.12) holds, (2.13) holds for all i = 1,2,..., and (2.15) holds for
k=1,2,.... By (2.19),

litrninfp(x,,F) =0.

In other words, property (a) holds. This completes the proof of Theorem 2.1. O
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3 Second result

Theorem 3.1. Assume that
zeT (@) forallze F 3.1)

and that the following property holds:
(a) for each x € X. there exists a sequence {x;}
all integers i > 0, and

;')Zo C X such that xy = x, x;4+1 € T(x;) for
liminf p(x;, F) = 0.

Then for each 6 > 0 and each x € X, there exist a point z € F and a sequence {x;}°, C X
such that xy = x, for each integer i > 0,

xiv1 € T(x;),

and
p(xi,z) < 0 for all sufficiently large integers i > 0.

Proof. Let 6 >0 and x € X be given. In view of (a), there exist a natural number #y and a
finite sequence {x,-};":O C X such that

X0 = X, (3.2)
Xi+1 ET(x,'), i=0,1,...,00—-1, (33)
and
p(xq, F) <8/2. 3.4
In view of (3.4), there exists a point
Z€F (3.5)
such that
P(x4,,2) < 6/2. (3.6)

We are now going to define by induction points x; € X for all integers ¢ > fy such that for
each integer ¢ > 1,
Xei1 € T(xr) (3.7

and
p(xt,2) <6/2. (3.8)

To this end, assume that 7 > #j is an integer, x; € X, t =0,...,7, are defined such that (3.2) is
true, (3.7) holds for each t = 0,...,7—1, and (3.8) is true for each integer ¢ € [f,7]. (Note
that in view of (3.3) and (3.6), our assumption does hold for 7 = #;.) In particular, we have

p(xr,2) <6/2. (3.9)

In view of (3.1) and (3.5),
z€T(2). (3.10)

It follows from (1.1) and (3.9) that

H(T(x0),T(2)) < p(xr,2) <6/2. (G.11)
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By (3.10) and (3.11),
Pz, T(x7)) <6/2.

Therefore there exists a point
Xep1 € T'(x7)

such that
(2, x711) <6/2.

Thus our assumption concerning 7 also holds for 7+ 1. This means that we have constructed
by induction a sequence {x;},°, C X which satisfies (3.2), (3.7) for all integers ¢ > 0, and (3.8)
for all integers ¢ > ty. Theorem 3.1 is proved. O

4 Auxiliary result
In the sequel we use the following result which was obtained in [14].
Lemma 4.1. Let g > 0 be an integer and let a sequence {x,-}fiq C X satisfy
Xiv1 € T(x;)
for each integer i > q. Then there exists a sequence {yi}l?'iq C X such that
Yg = Xg»
vit+1 € Ti(y;) for all integers i > q

and for all integers j > q+ 1, we have

-1
p(yj,xj) < Z 2€;.

i=q

5 Third result

Theorem 5.1. Assume that for each x € X, there exists a sequence {x;};°, C X such that
X0 = X, Xi+1 € T(x;) for all integers i > 0 and

liminf p(x;, F) = 0.
[—00
Then for each x € X, there exists a sequence {x;};°, C X such that xo = x, for each integer

i>0,
Xir1 € Ti(x)),

and
liminf p(x;, F) = 0.
1—00

Theorem 5.1 is the main result of [11].
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6 Fourth result

Theorem 6.1. Assume that for each 6 > 0 and each x € X, there exists a sequence {x;};>, C X
such that xo = x, for each integer i > 0,

xir1 € T'(xp),
and
p(x;, F) < 6 for all sufficiently large integers i > 0.

Let 6 > 0 and each x € X. Then there exists a sequence {x;};°, C X such that xo = x, for each
integer i > 0,
Xi+1 € Ti(x;),

and
p(x;, F) < 6 for all sufficiently large integers i > 0.
Proof. There exists a natural number g such that

(o)

Yea<als (6.1)
i=q
There exists a finite sequence {)c,-}l.q:0 C X such that

X0=X (6.2)

and
X,‘+1€Ti(xi), i:0,1,...,q—1. (63)

By assumption, there exists a sequence {u[};’zq C X such that

Ug = Xg, (6.4)
ui1 €Ty, i=q,q+1,..., (6.5)
and
p(u;, F) < 6/2 for all sufficiently large integers i. (6.6)
By (6.6), there exists an integer
p>q (6.7)
such that
p(u;, F) < 6/2 for all integers i > p. (6.8)

Lemma 4, (6.4) and (6.5) imply that there exists a sequence of points {xi}l?’zq C X such that
Xi+1 € Ti(x;) for all integers i > ¢,
and for all integers j > g,

j-1
pujx) < 26 (6.9)

i=q
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By (6.1), (6.8) and (6.9), for all integers j > p,

p(xj, F) < p(xj,u;)+puj, F)

j-1
< Zzeim/z <6
i=q

This completes the proof of Theorem 6.1. O

7 Fifth result

Theorem 7.1. Assume that for each 6 > 0 and each x € X, there exist a point z € F and a
sequence {x,-};?io C X such that xo = x, for each integer i > 0,

Xiv1 € T(x;)
and
p(x;,2) < 0 for all sufficiently large integers i > 0.

Let 6 > 0 and x € X. Then there exist a sequence {x;}°, C X and a point z € F such that
Xo = X, for each integer i > 0,
Xiy1 € Ti(x;),

and
p(x,2) < 0 for all sufficiently large integers i > 0.

Proof. There exists a natural number ¢ such that

(o)

Dlea<4als (7.1)
i=q
There also exists a finite sequence {xi}?:o C X such that

Xo=X (7.2)

and
Xiv1 € Ti(x), 1=0,1,...,g-1. (7.3)

By assumption, there exist a sequence {u,-};.’iq C X and a point z € F such that

Uy = Xg, (7.4)
uii1 €T, i=q,q+1,..., (7.5)

and
p(u;,z) < 0/2 for all sufficiently large integers i > 0. (7.6)

By (7.6), there exists an integer
p>q .7
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such that
p(u;,z) < 6/2 for all integers i > p. (7.8)

Lemma 4, (7.4) and (7.5) imply that there exists a sequence {xi};’iq C X such that

Xi+1 € Ti(x;) for all integers i > ¢, (7.9)
and for all integers j > g,
j-1
plujx) < ) 26 (7.10)
i=q

By (7.1), (7.7), (7.8) and (7.10), we have for all integers j > p,

p(x),2) < p(xj,uj) +p(uj,z)

j-1
< Zzeim/z <6.
i=q

This completes the proof of Theorem 7.1. O

Acknowledgments. The first author was partially supported by the Israel Science Foun-
dation (Grant No. 820/17), by the Fund for the Promotion of Research at the Technion and
by the Technion General Research Fund.

References

[1] S. Banach, Sur les opérations dans les ensembles abstraits et leur application aux
équations intégrales. Fund. Math. 3 (1922), pp 133-181.

[2] A. Betiuk-Pilarska and T. Dominguez Benavides, Fixed points for nonexpansive map-
pings and generalized nonexpansive mappings on Banach lattices. Pure Appl. Func.
Anal. 1 (2016), pp 343-359.

[3] Y. Censor and M. Zaknoon, Algorithms and convergence results of projection meth-
ods for inconsistent feasibility problems: a review. Pure Appl. Func. Anal. 3 (2018),
pp 565-586.

[4] F. S. de Blasi, J. Myjak, S. Reich and A. J. Zaslavski, Generic existence and approxi-
mation of fixed points for nonexpansive set-valued maps. Set-Valued and Variational
Analysis 17 (2009), pp 97-112.

[5] A. Gibali, A new split inverse problem and an application to least intensity feasible
solutions. Pure Appl. Funct. Anal. 2 (2017), pp 243-258.



60 S. Reich and A. J. Zaslavski

[6] K. Goebel and W. A. Kirk, Topics in metric fixed point theory. Cambridge University
Press, Cambridge, 1990.

[7] K. Goebel and S. Reich, Uniform convexity, hyperbolic geometry, and nonexpansive
mappings. Marcel Dekker, New York and Basel, 1984.

[8] J. Jachymski, Extensions of the Dugundji-Granas and Nadler’s theorems on the con-
tinuity of fixed points. Pure Appl. Funct. Anal. 2 (2017), pp 657-666.

[9] W. A. Kirk, Contraction mappings and extensions. Handbook of Metric Fixed Point
Theory, Kluwer, Dordrecht, 2001, pp 1-34.

[10] R. Kubota, W. Takahashi and Y. Takeuchi, Extensions of Browder’s demiclosedness
principle and Reich’s lemma and their applications. Pure Appl. Func. Anal. 1 (2016),
pp 63-84.

[11] E. Pustylnik, S. Reich and A. J. Zaslavski, Asymptotic behavior of perturbed iterates
of set-valued mappings. Fixed Point Theory 13 (2012), pp 165-172.

[12] S. Reich and A. J. Zaslavski, Well-posedness of fixed point problems. Far East J.
Math. Sci., Special Volume (Functional Analysis and Its Applications), Part I1I (2001),
pp 393-401.

[13] S. Reich and A. J. Zaslavski, Generic aspects of metric fixed point theory. Handbook
of Metric Fixed Point Theory, Kluwer, Dordrecht, 2001, pp 557-575.

[14] S.Reich and A. J. Zaslavski, Convergence to attractors under perturbations. Commun.
Math. Anal. 10 (2011), pp 57-63.

[15] S.Reich and A. J. Zaslavski, Genericity in nonlinear analysis. Developments in Math-
ematics, 34, Springer, New York, 2014.

[16] W. Takahashi, The split common fixed point problem and the shrinking projection
method for new nonlinear mappings in two Banach spaces. Pure Appl. Funct. Anal. 2
(2017), pp 685-699.

[17] W. Takahashi, A general iterative method for split common fixed point problems in
Hilbert spaces and applications. Pure Appl. Funct. Anal. 3 (2018), pp 349-369.

[18] A.J. Zaslavski, Approximate solutions of common fixed point problems. Springer
Optimization and Its Applications, Springer, Cham, 2016.

[19] A.J. Zaslavski, Algorithms for solving common fixed point problems. Springer Opti-
mization and Its Applications, Springer, Cham, 2018.



