
Communications in Mathematical Analysis
Volume 20, Number 2, pp. 62–67 (2017)
ISSN 1938-9787

www.math-res-pub.org/cma

On the Oscillation of Solutions of First-Order
Difference Equations with Delay

Yutaka Shoukaku∗
Faculty of Enginnering
Kanazawa University

Kanazawa 920-1192, JAPAN

(Communicated by Michal Feckan)

Abstract

Consider the first order delay difference equation

∆xn + pnxσ(n) = 0, n ∈ N0,

where {pn}n∈N0 is a sequence of nonnegative real numbers, and {σ(n)}n∈N0 is a se-
quence of integers such that σ(n) ≤ n−1, and lim

n→∞
σ(n) = +∞. We obtain similar os-

cillation criteria of delay differential equations. This criterion is used by more simple
method until now.
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1 Introduction

The problem of establishing sufficient conditions for the oscillation of all solutions of the
delay difference equation

∆xn + pnxσ(n) = 0, n ∈ N0 = {0,1,2, . . .}, (E)

where ∆xn = xn+1− xn, {pn}n∈N0 is a sequence of nonnegative real numbers, and {σ(n)}n∈N0

is a sequence of integers such that

σ(n) ≤ n−1 for n ≥ 0 and lim
n→∞

σ(n) = +∞.

Definition 1. By a solution of the delay difference equation (E), we mean a sequence of real
numbers {xn}n≥−k which is defined for k = −min

n∈N0
σ(n), and satisfies (E) for all n ∈ N0. It is

∗E-mail address: shoukaku@se.kanazawa-u.ac.jp



Oscillation of solutions of first order difference equations with delay 63

clear that, for each choice of real numbers c−k,c−k+1, . . . ,c−1,c0, there exists a unique solu-
tion {xn}n≥−k of (E) which satisfies the initial conditions x−k = c−k, x−k+1 = c−k+1, . . . , x−1 =

c−1, x0 = c0.
Definition 2. A solution {xn}n≥−k of (E) is called oscillatory if the terms xn of the sequence
are neither eventually positive nor eventually negative. Otherwise, it is called nonoscilla-
tory.

In 1989 Ladas, Philos and Sficas [6] first proved that every solutions of difference equa-
tion

∆xn +

m∑
j=1

p jxn−k j = 0, n = 0,1,2, . . .

oscillates if and only if the characteristic equation

λ−1 +

m∑
j=1

p jλ
−k j = 0

has no positive roots. The case of the difference equation

∆xn + pnxn−k = 0 (e)

was examined in [4, 7] where the following result was found.
Theorem A. If

liminf
n→∞

1
k

n−1∑
i=n−k

pi

 > kk

(k + 1)k+1 , (c1)

then every solution of Eq.(e) oscillates.
Theorem A should be looked upon as a discrete analogue of the well known theorem

[4, 5] about the oscillation of the first order delay differential equation

x′(t) + p(t)x(σ(t)) = 0, t ≥ t0,

where p(t) ∈C([t0,∞),R+), σ(t) ≤ t, and lim
t→∞

σ(t) =∞, which oscillates provided that

liminf
t→∞

∫ t

σ(t)
p(s)ds >

1
e
. (c2)

One should notice that condition (c1) can be written as

liminf
n→∞

n−1∑
i=n−k

pi >

(
k

k + 1

)k+1

(c3)

and that

lim
k→∞

(
k

k + 1

)k+1

= lim
k→∞

 1(
1 + 1

k

)k ·
1

1 + 1
k

 =
1
e
.

In 1991, Philos [8] investigated the special case of (E) when σ(n) = n−σn, and established
the following result.
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Theorem B. Suppose that the sequence (n−σn)n∈N0 is increasing. If

liminf
n→∞

 1
σn

n−1∑
i=n−σn

pi

 > limsup
n→∞

σσn
n

(σn + 1)σn+1 ,

then every solution of Eq.(E) with σ(n) = n−σn oscillates.
Then, it is interesting to establish sufficient conditions for first order difference equa-

tions with general delay. The problem of establishing sufficient conditions for the oscillation
of every solutions of (E) have been the subject of many investigation. See [1, 3] and the
references cited therein. In 1998, Zhang and Tian [9] studied the Eq. (E) and established:
Theorem C. If

limsup
n→∞

pn > 0 and liminf
n→∞

n−1∑
i=σ(n)

pi >
1
e
,

then every solutions of Eq.(E) oscillates.
In 2006, Chatzarakis, Koplatadze and Stavroulakis [2] studied the Eq. (E) and estab-

lished:
Theorem D. If

limsup
n→∞

n−1∑
i=σ(n)

pi <∞ and liminf
n→∞

n−1∑
i=σ(n)

pi >
1
e
,

then every solutions of Eq.(E) oscillates.
Then we arise interesting question whether there exists discrete analogue condition (c2)

for (E) by using the simple method. Therefore, the main purpose of this paper is to establish
the sharper condition than Theorems B–D.

2 Main Results

Theorem 2.1. If

liminf
n→∞

n−1∑
i=σ(n)

pi >
1
e
, (C)

then every solution of Eq.(E) oscillates.

Proof. Assume, for the sake of contradiction, that there exists a eventually positive solution
{xn}n≥−k of (E). Then there exists n1 > −k such that {xn} > 0 and {xσ(n)} > 0. Hence, from
(E) we have

∆xn = −pnxσ(n) ≤ 0, n ≥ n1,

and so {xn} is nonincreasing sequence. (E) can be rewritten as follows

xn+1− xn + pnxn ≤ 0

or
pn ≤ 1−

xn+1

xn
.
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From this, it is obvious that

n−1∑
i=σ(n)

pi ≤

n−1∑
i=σ(n)

(
1−

xi+1

xi

)
. (2.1)

Thus it follows from the condition (C) that we can choose a positive constant β such that

n−1∑
i=σ(n)

pi ≥ β >
1
e
, n ≥ n2

for some n2 ≥ n1. In view of (2.1) we obtain

β ≤

n−1∑
i=σ(n)

(
1−

xi+1

xi

)
. (2.2)

The right hand side of (2.2) means that

n−1∑
i=σ(n)

(
1−

xi+1

xi

)
=

n−1∑
i=σ(n)

{
1− exp

(
ln

(
xi+1

xi

))}
.

Since xi+1

xi
< 1 and e−z ≥ 1− z (z > 0)

holds, it is obvious that

n−1∑
i=σ(n)

(
1−

xi+1

xi

)
≤

n−1∑
i=σ(n)

{
1−

{
ln

(
xi+1

xi

)
+ 1

}}
(2.3)

=

n−1∑
i=σ(n)

ln
(

xi+1

xi

)
= − ln

(
xn

xσ(n)

)
.

Combining (2.2) with (2.3) yields

β ≤ ln
(

xσ(n)

xn

)
,

which implies that
eβ ≤

xσ(n)

xn
.

Therefore we can see that
xσ(n) ≥ (eβ)xn. (2.4)

Substituting (2.4) into (E) yields

∆xn + pn(eβ)xn ≤ 0.

By repeating the above arguments m times, there exists an integer nm+1 such that(
xσ(n)

xn

)
≥ (eβ)m (2.5)
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for n ≥ nm+1 and m = 1,2, . . .. On the other hand, it follows from the condition (C) that

n∑
σ(n)

pi ≥

n−1∑
σ(n)

pi ≥ β.

There exists an integer n∗ ∈ (σ(n),n) such that

n∗∑
i=σ(n)

pi ≥
β

2
and

n∑
i=n∗

pi ≥
β

2
.

Summing up (E) from σ(n) to n∗, and using the fact that {xn} is nonincreasing, we have

xn∗+1− xσ(n) ≤ −
β

2
xσ(n∗),

and so
β

2
xσ(n∗) ≤ xσ(n). (2.6)

Summing up (E) from n∗ to n yields

xn+1− xn∗ ≤ −
β

2
xσ(n),

and then
β

2
xσ(n) ≤ xn∗ . (2.7)

Combining (2.6) with (2.7), we obtain(
β

2

)2
xσ(n∗) ≤ xn∗ .

This and (2.5) can lead to the following contradiction

(eβ)m ≤

(
xσ(n∗)

xn∗

)
≤

(
2
β

)2

,

and completes the proof of the theorem. �
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