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Abstract
Consider the first order delay difference equation
Ax,, + PnXo(n) = 0, ne No,

where {pp}qcn, is a sequence of nonnegative real numbers, and {o(n)},ey, is a se-
quence of integers such that o(n) <n—1, and lim o(n) = +co. We obtain similar os-
n—oo

cillation criteria of delay differential equations. This criterion is used by more simple
method until now.
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1 Introduction

The problem of establishing sufficient conditions for the oscillation of all solutions of the
delay difference equation

Axp+ppXomy =0, neNyg={0,1,2,...}, (E)

where Ax,, = Xp11 — Xn, {Pnlnen, 1S a sequence of nonnegative real numbers, and {o(n)} e,
is a sequence of integers such that

omn)<n-1 forn>0 and lim o(n) = +co.
n—oo
Definition 1. By a solution of the delay difference equation (E), we mean a sequence of real

numbers {x,},>—x which is defined for k = — miNn o(n), and satisfies (E) for all n € Ny. It is
nelNg
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clear that, for each choice of real numbers c_x,c_g+1,...,C—1,Co, there exists a unique solu-
tion {x,},>—« of (E) which satisfies the initial conditions X_; = C_j, X1 = C—fils---rX—] =
C_1,X0 = Cp.

Definition 2. A solution {x,},>_ of (E) is called oscillatory if the terms x;, of the sequence
are neither eventually positive nor eventually negative. Otherwise, it is called nonoscilla-

tory.

In 1989 Ladas, Philos and Sficas [6] first proved that every solutions of difference equa-
tion

m
Ax,,+ijxn_kj =0, n=0,1,2,...
j=1

oscillates if and only if the characteristic equation
m
A1+ pai=0
=1

has no positive roots. The case of the difference equation
Axp + ppxn-k =0 (e)

was examined in [4, 7] where the following result was found.
Theorem A. If

1 n—1 kk
llrlllllol.}f % kai > m, (Cl)

i=n—
then every solution of Eq.(e) oscillates.
Theorem A should be looked upon as a discrete analogue of the well known theorem
[4, 5] about the oscillation of the first order delay differential equation

X' () + p(Ox(o(1) =0, t > 19,

where p(t) € C([ty,0),R;), o(t) <t, and tlim o(t) = oo, which oscillates provided that

!
1
liminf f p(s)ds > —. (c2)
e

t—o00 o (t)

One should notice that condition (c1) can be written as

nz—i k k+1
liminf pi> (—) (c3)
n—0o0 A k+1

ok 1 1 1
lim 1 = lim T =
k—oc0 + k—oc0 (1 + %) 1+ % e

In 1991, Philos [8] investigated the special case of (E) when o(n) = n— 0, and established
the following result.

and that
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Theorem B. Suppose that the sequence (n—op)nen, is increasing. If

. 1 G . ot
then every solution of Eq.(E) with o(n) = n— o, oscillates.

Then, it is interesting to establish sufficient conditions for first order difference equa-
tions with general delay. The problem of establishing sufficient conditions for the oscillation
of every solutions of (E) have been the subject of many investigation. See [1, 3] and the
references cited therein. In 1998, Zhang and Tian [9] studied the Eq. (E) and established:
Theorem C. If

n—1
1
limsupp, >0 and liminf Z pi>—,
n—oo n—oo i=o(n) e

then every solutions of Eq.(E) oscillates.

In 2006, Chatzarakis, Koplatadze and Stavroulakis [2] studied the Eq. (E) and estab-
lished:
Theorem D. If

n—1

n—1
. . 1
lim sup Z pi<oco and liminf Z pi> -,
n—oo . . e
i=o(n) i=o(n)

then every solutions of Eq.(E) oscillates.

Then we arise interesting question whether there exists discrete analogue condition (c2)
for (E) by using the simple method. Therefore, the main purpose of this paper is to establish
the sharper condition than Theorems B-D.

2 Main Results

Theorem 2.1. If

liminf > pi> -, (C)

then every solution of Eq.(E) oscillates.

Proof. Assume, for the sake of contradiction, that there exists a eventually positive solution
{x2}n=—k of (E). Then there exists n; > —k such that {x,} > 0 and {xs(;} > 0. Hence, from
(E) we have

Ax, = —DPnXo@n) < 0, n>ny,
and so {x,} is nonincreasing sequence. (E) can be rewritten as follows
Xn+1 = Xn+ PnXn <0
or

Xn+1
Xn

anI_
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From this, it is obvious that

ni pi < ni (1—?‘). .1

i=o(n) i=o(n)

Thus it follows from the condition (C) that we can choose a positive constant 8 such that
n—1 1
Z pizB>—-,nzny
. e
i=o(n)
for some ny > ny. In view of (2.1) we obtain

n—1
Y (1-%) 22)

i=o(n)

The right hand side of (2.2) means that

312 3, {r-enlu )}

i=o(n) i=o(n)

Since
Xi+1

Xi

<1 and e*>21-z (z>0)
holds, it is obvious that

ni (1-2‘) < i {1—{111(’“;‘)“}} 2.3)

i=o(n) i=o(n)

A

Il
3
L
—_
—_
=|7
;’_‘/
Il
|
—_
=
—_
=
S |=
53
~————

i=o(n)
Combining (2.2) with (2.3) yields
Xo(n)
<1 ,
P Il( Xn )
which implies that
6'8 < Xo(n)
S
Therefore we can see that
Xo(n) = (eB)xy. 2.4)

Substituting (2.4) into (E) yields
Ax;, + pn(ef)x, < 0.
By repeating the above arguments m times, there exists an integer n,,,; such that

(M) > (B)" 2.5)

Xn
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forn > n,,41 and m = 1,2,.... On the other hand, it follows from the condition (C) that

n n—1
ZPiZZPiZﬁ-

o(n) o(n)

There exists an integer n* € (o(n),n) such that

n* n ﬁ
Z pi= and ;pizi'

i=o(n)
Summing up (E) from o(n) to n*, and using the fact that {x,,} is nonincreasing, we have

™

Xpr4l = Xg(n) < _EXO'(H*)’
and so

gxg(n*) < Xo(n)- (2.6)

Summing up (E) from n* to n yields
Xpal — X < _Exo'(n),

and then 5
Exg(n) < X (2.7

Combining (2.6) with (2.7), we obtain

2
(g) Xo(n*) < Xp.

This and (2.5) can lead to the following contradiction

Xo(n* 2\?
ors(z2)o
Xy B
and completes the proof of the theorem. O
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