Communications in Mathematical Analysis

Volume 20, Number 1, pp. 50-68 (2017) www.math-res-pub.org/cma
ISSN 1938-9787

BounpARY VALUE PROBLEMS FOR DEGENERATE COUPLED
SYSTEMS WITH VARIABLE TIME DELAY

MykorLA BokaLO"
Department of Differential Equations
Ivan Franko National University of Lviv
Lviv, 79000, Ukraine

OrLcA ILNyTSKA
Department of Differential Equations
Ivan Franko National University of Lviv
Lviv, 79000, Ukraine

(Communicated by Michal Feckan)

Abstract

The boundary value problems for coupled systems of parabolic and ordinary differ-
ential equations, where all equations contain time depended delay and degenerate at
initial moment, are considered. Existence and uniqueness of classical solutions of
these problems are proved. A priori estimates are obtained.
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1 Introduction

Evolution differential equations with time delay arise in modeling many dynamical real life
problems, when response of the system is affected by the current state of the system as
well as the past states of the system. The response of the system can be delayed, or de-
pend on the past history of the system in a more complicated way and cause a time lag.
Areas, where equations with delay are applied, include the study of materials with memory
(viscoelastic materials); dynamics of artificial neural networks which have transmission de-
lays, mathematical demography, and population dynamics. Delay terms can be of different
types: constant, time dependent, state dependent etc. Ordinary differential equations with
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time delay are well studied for both constant and variable delay (see, e.g., [2], [5], [4], [6],
[14], [17], [19], [20] and others). But in the case of partial differential equations (PDE) with
delay, situation with there investigating is not that good. While PDE with constant delay are
quite well studied ( see, e.g., [3], [21], [22], [25], [26], [34] and others), PDEs with variable
delay are still not widely investigated ([10], [11], [16], [33]).

Degenerate nonlinear differential equations used in modeling of different processes, in-
cluding desalination seawater movement of liquids and gases in porous media. Such equa-
tions arise in theory of elasticity, relativity and optimization ([15]). Parabolic degenerate
equation and problem for them are investigated in many papers (see., e.g., [12], [13], [15],
[27D)

Among mathematical models of process, in example, bacterial and cellular growth pat-
terns, tumor growth and tissue development, some can be described by coupled systems.
By coupled system we mean systems that contain equations of different type, in particular,
systems of parabolic and ordinary differential equations (see, e.g., [1], [8], [11], [18], [24],
[29], [35] and references therein). Significant researches of such systems were made by
C.V. Pao (see, e.g., [30], [31], [32] and others). In particular, in the paper [30] the time-
delayed coupled system was investigated using the method of upper-lower solution and the
associated monotone iterations. This method allows obtain existence-comparison theorems.
Similar results were obtained also in the papers [7], [18] and others. Note that a lot of re-
sults for parabolic equations with constant delay are obtained with the aid of the semi-group
theory. Coupled systems with time dependent delay are studied in [11].

In this paper the initial-boundary problems for coupled systems of parabolic and ordi-
nary differential equation, where all equations degenerate at initial time and contain time de-
pended delay, are considered. This work can be considered as continuation of [11]. Unique-
ness and existence of the classical solution of the problem are proved, the a priori estimates
are obtained. The method similar as in [9] is used.

The paper is organized as follows. In Section 2 main notations and auxiliary facts are
given. Statement of the problem and main result are given in Section 3. In Section 4 some
auxiliary results are proved. In Section 5 the main results are proved.

2 Notations and Auxiliary Facts

Let R¥, where k € N, be the standard linear space of ordered collections z = (z1,...,2x) of
real numbers with the norm |z := (Jz;> + ... + |z/*)'/?. By notation z' < 7 (respectively,
7! < 72), where z!,7> € R*, we mean that z} < zl.z (respectively, z} < zl.2 )forallie{l,.. k}.
By notation z < 0 (respectively, z > 0 ), we mean that z; < 0 (respectively, z; > 0 ) for all
iell,..k}.

Denote by C(H), where H is an arbitrary domain in R¥, the linear space of continuous
on H functions. If K is a compact set in R, then C(K) is a Banach space with the norm
llullcky == rgl;}g(lu(z)l. A sequence of functions {um}fn":1 converges to u in C(H), where H

is arbitrary noncompact set in RX, if ||uy —ullcxy — 0 (G.e., u, — uin C(K)) for any
m—0oo m-—0oo
compact K C H.

Let @ € (0,1], n € N, K is a compact set in R"™"!' := {(x,7) | x € R", € R}. Denote by
C*%/2(K) the Banach subspace of space C(K) of the functions u(x,?), (x,t) € K, with the
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finite norm

” ”K ” ” + |u(x,l‘)—u(x',t)| |u(x9t)_u(x9t,)|
u 2 = lUllck) sup —_— u T o
wa/ ek X=X (wonek  [t=11e?

The space C%%/?(K) is the Banach space and it is called the Holder space (see, e.g. [28]).

By Cﬁf/ 2(H ), where H is an arbitrary noncompact domain in R”*!, we denote the space
of functions u such that u € C**/%(K) for any K C H.

Denote by C*!(G) (respectively, CO’I(G)), where G is a domain R"*!, a linear space
of functions v(x,?), (x,t) € G, which along with their derivatives vy, vy, (k,/ = 1,n), v
(respectively, with their derivative v;) are define and continuous on G. Define C o l+a/2()
(respectively, C®!+e/ 2(_D)), where D is bounded domain in R"*!, a Banach space of such
functions v from C>!(D) (respectively, C 0.1(D)) with finite norm

VM 1wz = Wle) *+ D 02 0n+ D eallD gy p + 1112 2
k=1 kI=1

2+a,1+a/2
loc

D

al+a/2 R 1121

a,a/2 ,a/2)'
(G)), where G is a domain R™*! or a merge of a domain with part of its bound-

(respectively, ||v]| = |l

a,l+a/2
Cloc

ary, a space of such functions v that v € C2*®!*®/2(D) (respectively, C*'**/2(D)) and for
any arbitrary bounded domain D such that D C G.

Denote by C (G) (respectively,

A direct corollary from the Arzela-Ascoli theorem is the following statement.

Proposition 2.1. Let K be a compact set in R™ and {um},>_, be a bounded in Cr2(K)

sequence of functions, i.e., ||um||§ a2 S Ci, meN,where Cy >0 is a constant independent

of m. Then there exist a function u € C*2(K) and a subsequence {umj };’;1 of sequence
{um};,_, such that uy,; — win C(K).
- 7 jooo

Using the diagonal method and Proposition 2.1 one can easily prove the following state-
ment.

Proposition 2.2. Let H be an arbitrary noncompact set in R™ | and H = | J K;, where
i=1

{K,-};.’i1 is a family of compact sets such that K; C K1 for all i e N. Suppose that {u,,}

[

' isa
m=1

sequence of functions from CZ;;Z/ 2(H) such that, for any i € N the sequence of restrictions of

the elements u,, on K; is bounded in C**'*(K;), i.e., ||14,n||§"a/2 <Cp, meN,whereCy>0is

a constant independent of m, but can depend on K;. Then there exist a subsequence {uy,}

00
J=1

of the sequence {uy},’_, and a function u € C?o’f/ 2(H ) such that uy; — u in C(H).
J—)OO

3 Statement of the Problem and Main Results

Let n, M, L be natural numbgrs; !l be a bounded domain in R" (n > 1) with the boundary
0Q;T>0,0:=Qx(0,T], 0:=Qx%x(0,T],2:=0Qx(0,T].
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Consider a system

n n

Povet) 1= e 2D Y e 2D L W g 2D

ot Py 0x;.0x; P Oxy.
+a;(x, Dui(x, ) = gi(x, t, w(x, 1), we(x, 1) = fi(x,1), (x,)€Q,i=1,.., M, (3.1
ovj(x,1)
Py jw(x, 1) := qj(x,1) o +bj(x,0)vj(x,1)
—gm+ [ (06w ), we(x,0) = fus j(6,0, (6,0 €Q, j=1,..L, (3.2)

where wr(x,£) := (1 (x, t=71(8), ..., upg (6, t=Tag(0); V1 (6, = Tage1 (D), -, V(X E =Ty L(D))),
and 75 (s = 1,..., M + L) are continuous nonnegative functions on (0,7'] such that 74(¢) < ¢
forallt € (0,T], se{l,..., M+L}.

By W we denote the set of vector-functions w = (uy,...,up;Vv1,...,ve) such that u; €
CONC*(Q) (i=1,...M),v;eC®NQ) (j=1,..,L).

Consider the problem of finding a vector-function w € W that satisfies system (3.1),
(3.2), boundary conditions

wi(x, 1) = hi(x, 1), (,HeX, i=1,.,M, (3.3)
and analogy of initial conditions

limsup (max |w,(x,7)]) <oco, r=1,...,M+L (3.4)

t—0+ xeQ
(note that condition (3.4) is equal to condition sup |w,(x,f)|<oo,r=1,...,M+1L).

(x.NeQ
We assume that the initial data of problem (3.1)—(3.4) satisfy the following conditions:

(A aig=aink, aix,a; (i=1,..,M; k,l=1,...,n) are continuous functions on Q, and for
eachie({l,...,M}

n

D @ D&E = i) ) & V(1) € 0, VE €R", where (1) > 0 Vi € (0,T;
k=1 k=1

b;j(j=1,...,L) are continuous functions on Q;
(A pi: O —R,q;: Q— R are continuous positive functions such that lin% pi(x,t) =
—

0, xeQ, lirréq i(x,1)=0,x€ ﬁ, and there exists a function ¢ € C((0,T]), which satisfies
11— N
conditions: ¢(f) >0 when ¢ € (0,T],

T ¢
f @(s)ds = +o00,  sup f e(s)ds <oo(k=1,...M+L) 3.5
0 t€(0,T] Jt—1x (1)

and sup pijp<oo, sup gjp<oo(i=1,.,.M,j=1,..,L).
(x,)eQ (x,t)eé
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(A3) gix1,€1), (x,0,Em) € QX (O, TIx RMEXRML (i = 1,...,M), g+ j(x,1,€1),
(x,1,&,1m) € QX (0, T] x RM*L x RM*L (j = 1,...,L), are continuous, and continuously dif-
ferentiable by the variables ¢ and 7, functions, and there exist functions g}’s,gis (r,s =
1,...,M + L) such that

0<—(xt§n)<grs(x H Y(xneQ,VéneRMTE

N o"fs
<g(x V(xpeQ, VEneRMHEL
M+L
Jnf laix, n-> el unl=a; >0, i=1,..,M, (3.6)
s=1
M+L
inf _[bj(x,1)— ZgM+js(x Hl=:b;>0, j=1,..L (3.7)
(x,N€Q o
M+L
sup Zg,s(x 1 =: g r=1,....,M+1L;
(xneQ 5

moreover, g,(x,1,0,0) =0, (x, e Q(r=1,....,M+L);

(Ag) ieCQ)(i=1,....M), fm+j € C(Q) (j=1,...,L), e CE) (i=1,...,M), more-
over, functions f;, h; are bounded (r = 1,..., M+ L, i: 1,....M).

Denote

= (P]W,...,PMW,PM+1W,...,PM+LW), Rw:= (le,...,RMW),

f=U s fuer)s  hi= (.. hay).
Theorem 3.1. Let conditions (Ay) — (A3z) be satisfied and

a; g/t >0, b; gM+]>o (i=1,...M;j=1,...,L). (3.8)

Suppose that w',w? are solutions of problems that differ from problem (3.1)—(3.4) only in

having f',h" and f?,h? instead of f,h, respectively, with the properties as in (Ay) for f,h,
respectively. Then the following inequalities hold

min{a_ g2+0”) Q(f()’s) F20,9), lnf (h 3, 5) = h2(y, %)), 0}

< u‘(x,t)—Lt.(x,t)
1
smax{mosup (09 =£70-9). sup (1}0-9)=;(.).0}
(x,)€Q,icll,...,M)}, (3.9)

1
min{bT inf (fM+,(y $) = figs j0-9).0} < VhCe 0 =v3(x1)
gM+] 0-9)€

1 _
slnax{—2+ sup_(fir /009 = frgej0-).0L (€ Q. je(l,....L}  (3.10)
by —8\ivj w9e0
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Corollary 3.2. Let conditions of Theorem 3.1 hold and, besides,
floan < A YxneQ (r=1,....M+L),
hl-l(x,t) < h,-z(x,t) Vix,neX (=1,...,M).
Then inequalities w}(x, 1)< w%(x, HVYx,HeQ(r=1,...,M+L) hold.

Corollary 3.3. Let conditions (Ay)—(Ay) and (3.8) hold. Then a solution w = (uy, ..., up;
V1,...,vL) of problem (3.1)—(3.4) satisfies the following estimate

1
vie(l. . M}: min{—— inf 079, 1nfzh,~(y,s),0}
E

Cl _g2+ (y
1
< wi(x,0) S max{———— sup fi(y.5), sup hi(3.5).0}, (xN€Q, 3.11)
a, —g; ,8)€Q (y,8)ex

. . 1 )
Yjell,...,L}: m1n{_—2’+ inf _fy4j(v,5),0}
bJ _gM+J (_)"S)EQ

1 —
<vi(x,1) < max{_—2+ sup_fu+(3,5),0},  (x,0) € Q. (3.12)
gM+] .90

Corollary 3.4. Let conditions (Ay)—(Ay) and (3.8) hold. Then the solution of problem
(3.1)—(3.4) is unique.

aa/2

Denote by C (Q) a space of functions v € C(Q) such that for any strictly internal

gbdomam Q’ of domam Q (e.1.£2’ C Q) and any number é € (0,T) a restriction of v on
Q' x[6,T] belongs to C2+®1+¢/2(y x [5,T1), and by C*¥?(Q) (respectively, C**/*()) - a

loc loc
space of functions ve C (Q) (respectively, C(X)) such that for any number ¢ € (0, T') a restric-
tion of v on Q X [6,T] (respectively, 0Q x [0, T]) belongs to C* af 2(Q X [6,T]) (respectively,
C*2(Qx [6,T])).

Denote by Clzoza’”a/ 2(Q) (respectively, C cl“’/ 2(Q)) a space of functions v € C%(Q)
(respectively, v € CO’I(Q)) such that their derivatives vy, , vy, (k[ = 1,n), v (respectively,

derivative v;) belong to Cﬁ)’g/ 2(Q) (respectively, ﬁ)f/ 20)).

Denote by C 1‘;3/ 211 (ﬁx (0, T]XxRM+L x RM+LY) 5 space of continuous functions g(x,1,&,7),

(x,t,&,m) € Qx (0, T] x RM+L x RM*L that are continuously differentiable by the variables
&,n and these derivatives are bounded, and for any 6 € (0,T), for some constant L > 0 and
for any(x,1),(x',t') € Qx[6,T], (£,n) € RMTL x RM+L gatisfy the inequality

[gCx,1,6,m) — (', &) < Lx =y +1 =572

Denote by Lip,,.((0,T]) a space of functions, which satisfy Lipschitz condition on each
closed interval on (0,T7].

Theorem 3.5. Let conditions (Ay)—(As) and (3.8) hold. Suppose that for some a € (0,1]
(B1) 0Q e C*,
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(B2) pis dints i iy 45, bj € CRI(0), g € CHOPH QX (0, TIXRMHE X RMHL, f €
CHP2(Q), hie CE @) (r=1,. M+ Lii=1,....M; j=1,...,L).

Moreover,

(B3) 0a;/0x, € C(Q) (k,L,r=1,....,n;i=1,..., M),

(89) T € Lip (O.TN (5= 1., M+ L), inf 1()>0(=1,.... M)
te(0,

Then there exists the unique solution w = (uy,...,up;v1,...,vr) of problem (3.1)—(3.4),

and u; € C*(Q)N CHH1*2(Q), vj e C¥ Q)N CE Q) (i=1,...,M; j=1,...,L)

loc loc loc

and also estimates (3.11), (3.12) hold.

4 Auxiliary Results

Consider problem of finding a vector-function w = (u1,...,u, v1,...,vr) € W, which satis-
fies the system

oui(x,1) < Aui(x,1) < ou;(x,1)
i(X, 1 - i1k (X, 1 ik (X, 1 (X, Dui(x, 1
P )= k;a,uxx o +k§:;a,k<x PR COLIC)

M+L M+L

= > B wnn = Y B W, (6D = filn D), (RD€Q, i=1..,M, (41)
s=1 s=1

ovj(x,1) M+L~1
q(x, I)T +bi(x,0)v;(x,1)— SZ; gMH’S(x, Hws(x, 1)
M+L
= BB W, (60 = frr (1), (6D€Q, j=1,....L, 4.2)
s=1

and conditions (3.3), (3.4).

Suppose that functions p;,a; . @ik, ai, 4,0, fro tr hi (r=1,... M+L;i=1,...,M; j=
1,....,L; k,l= I,_n) satisfy conditions (A1), (Az), (As) and functions E’S, §3§ (r,s=1,...,M+
L) satisfy condition _

(A3) 8 82 €C(Q), Bpyy 10 Erpasis € CLO),

2,20,8 20000, 2y, 20, 8y 2000 QG=1..,M;j=1..Ls=
1,....M+1L;),

M+L
inf (ai(x,n)— X g (x,0)=:a; >—c0 (i=1,..,M),
(x.)€Q s=1 7

M+L —_
inf_(bj(x,0)= 3 Gy ;D) =b; > —00 (j=1,...,L),
(x,)eQ s=1

M+L >
sup Y 8o () =g <400 (r=1,...,M+L).
(x,HeQ s=1

Proposition 4.1. Let conditions (Ay), (Az), (A3), (As) and

TG -T>0. BTy, >0 (1=l M j=1...L). (4.3)
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Then a solution w of problem (4.1), (4.2), (3.3), (3.4) satisfies the following estimate

Vie(l,...,M}: min inf fi(3:5), 1nf hi.9). 0}

El_ §2+ ()7 $)eQ
1
Sui(x,t)ﬁmax{—er sup_fi(. ), sup hi(y,5),0}, (x.0€Q, (4.4)
a; =g (e (4,5)€Z

. . 1
Viefl,...,L}: mln{b_—z(}lanfMﬂ(y,s) 0}
_gM+] s)e

1 —
<vj(x,0) < max{—2+ sup fu+j(y, ), 0} (x,1) € Q. 4.5)
gM+J O, S)EQ
Proof. We set the following notations:

t t

o) := fgo(p)dp, (1) 1= f p(p)dp, te€(0,T], s=1,....M+L. (4.6)

T =75(0)

It is obvious that 6(¢) < 0 for all # € (0, T'], and 6 is monotonously growing on (0,7], 8(T) =0,
6(t) > —oo when t —» —o0; %,(¢) > 0 for all t € (0,T], and », are bounded (s =1,..., M+ L).

Let w be a solution of problem (4.1), (4.2), (3.3), (3.4). Denote by M > 0 a constant
such that

w(x, 0l < M, (x,1) € O, 4.7
and by w* we denote a function such that
W, 1) = wix De ™, (x,1) € 0, 4.8)

that is, w(x,7) = w(x,1)e %D (x,1) € O, where u > 0 is, for now, an arbitrary number.
From equalities (4.1), (4.2), taking into account equalities

Wy (X, 1) = w‘rft(x, f)e H00 —,ugo(t)w”(x, He MO y=1,... . M+L,

i (5,0) = 1t (2,000, w0 (x,0) = (,0)e 0 k=1,...ni=1,...,M,

t=75(1)
Wi, (X,1) = V‘/;,n(xa t)e_# Tf #lodp = e"“‘f(t)m/;’n(x, t)e_“g(’), s=1,....M+1L,
we obtain
o (x,1) & X, 1)
pi(x,1) la: kZI a; ik (x, t) + Za,k (x, t) +a’l.1(x, t)u?(x, 1)
M+L M+L
- Z 2, (6 W (1) — Z gz”(x DWho (0=, (nneQ, i=1,...M,
a\ﬂ( )
q;(x,1) RN ERE ZgM+J (S DWE(xD)

—ZgMHs(xt) (o= fly, (), (xn€Q. j=1...L (49)
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where

at'l(-xat) = ai(-x’t)_ﬂpi(-x’t)(p(t) (l: 1"~"M),
V(e = bj(x,0) —pg(x,0p(®)  (j=1,....0),
D =220 O n = fune ™ (rns=1,...,M+L).  (4.10)

From condition (3.3) and correlation (4.8) we obtain
W (x,0) = K (x,0), (x,0)€X, (4.11)

where 7/ (x,1) := hi(x, e, (x,n €Z (i =1,...,M).
Let £ € (0,T) be an arbitrary number. Denote by Es. (s = 1,...,M + L) a set, which
contains of numbers # — 74(¢) such that t—74(f) < € when t > ¢, and also number . Denote

0, :=0x%x(&T], 0s:=Qx[e,T], Zp:=0Qx(&T].
Consider a problem of finding a function w*® = (%", .. ,u‘;/[ A ® ..,\/Z’E) such that
W € C(AX(E; U (e, TD)NCHN(Q,) (i=1,.... M), Ve C(QX(EpqjeU (e, TH)NCY(Q,)
(j=1,...,L), and which satisfies system

ou'® "
pi(x, t)ﬁ — Z aik(x,1) t +Za,k(x t) %) +a“(x t)u” (x,0)
k=1
M+L M+L

- Z gL (e W (1) — Z THanWE oD = D, (WDEeQs i=1,...,MAI2)

a\/*s(x ) M+L
4106 0)——— + D (6, )04, 1) — Z SO ()
M+L _

- Z gM+]k(x DWEE (1) = fiy (6D, (6D€Q, j=1,...,L (4.13)
boundary condition

W) =R, (LHEX, i=1,... M, (4.14)
and initial condition

W) = wh (60, (1) €QXE.,, r=1,...,M+L. (4.15)

In this problem the equations are not degenerated, therefore we can use results from
[11]. Ensure that for problem (4.12)—(4.15), with small enough values of y, conditions of
Corollary 2 [11] are valid.

It is obvious that from conditions ’gzs > 0 follow conditions gfé’ >0(r,s=1,....M+1L)

for all £ > 0. We shall show that there exists such y, > 0 that @~ ~2” ">0(3= 1 ., M) and

E‘Jf’_ —ﬁ/[’i; >0(j=1,..,L) for any € (0,u,], where @"~ := ( ilng(a’i‘(x, - Z 2l (x,0),
X,)E =1 -



BVPs For Degenerate Coupled Systems With Variable Time Delay 59

,5#_ £ (! M+L M+L

J = 1n (x,t X, 1 N Y= su rs (x,1). For this purpose, we

j = (500 - z Thrass (60, T S SZIg L (1) purp

put

(pip)" = sup (pi(x,09(), (gj9)" = sup (q;(x,D¢(t)), x":= max sup x(t).
(x,HEQ (x,HEQ sefl,...M+L} 1(0,T]

It is obvious that for each y > 0

M+L
@ = inf (@Oun= ) B =Hp(nDg0) 2T —u(pip)”, (@16)
s=1
M+L
—_— _ 1 ) ~—_ . +
b= ity bitxn - ZgMﬂ-,s(x,t)—uqﬂx,t)so(f))ij wapys @I
and
M+L
T = sup ()00 < T, >0, (4.18)
e 4

From (4.16) — (4.18) for all u > 0 we have

~2,u,+

R <
@ > Y —p(pip)t, V=g 2 b =g ¢ —ulge)”

a; —8&; a; =&
For each i € {1,..., M} consider a function [;(u) :=a; —§?+e“”+ —u(pip)t, u € [0,+0c0). It
is obvious that it is continuous and /;(0) =a; —’g“ > 0. From here it follows existence of
such ,ul > 0 that ;(u) > 0 for u € [0, u;]. For each je{l,...,L} consider a function lMﬂ(,u) =
b - gM L Je”" —u(gje)*, p € [0,+00). It is obvious that it is continuous and /1 j(0) = b7, —
gM+J > 0. From here it follows existence of such 47, > 0 that [y j(u) > 0 for u € [O,pM+]].

Let us take p, = min{uy,...,up+r}. From above it follows

-T2 L >0, BTt 2w >0 for pelOpd  (419)

1

Hence, for u € [0, ] conditions of Corollary 2 [11] for problem (4.12)—(4.15) are valid.

From (4.9) and (4.11) it follows that restriction w/ on Qx (EreU(E, T (r=1,...,M+L)
is a solution of problem (4.12)—(4.15). Therefore, according to Corollary 2 [11] for u €
[0, u.] we have an estimate

min Ky, s 1nf H(y,s), inf wH(y,s), 0! <u(x,t
{a?,_ o o, F0 B B0, w019 <)

< max p f0n9). sup H(vs) sup wh(.s).0)  (x.1) € Qe(4.20)

2
@ -5 o, e, (25)€Es (x.$)EQXE;

min{— £ A (ys), inf  wh(y,s), 0l <Vi(x,0)
{b/;’_ —Ei,;i yS)EQa M+j (,)EQXEp+ ) } /

1 —_—
<max{=——_— sup f,, 0.9,  sup  w(9.0) (wNeQ. (42D
j _gM+J (5.5)€0; (x,8)€QXEp4 e
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It is obvious that for any € € (0,7) we have

H > # i H > i H )
(ylr)lengf . 9) lnf f o, $), (y}sr)lefzghl O, 8) 2 (y{ggzh, o, ), (4.22)
sup fr(v,8)< sup fr(v,s), sup K(y,s)< sup I (y,s). (4.23)
(.5)€Q: (.5)€0 (1.5)€Z, (n.s)€E

It easy to show, using estimate (4.7) and monotonicity of 8, that

sup WA sup (we(y, et < MeH® —s 0. (4.24)
(7,5)€QXE, (1,59)€Qx(0,¢] e=+0

According to (4.22) — (4.24), taking € — 0 in (4.20), (4.21) we obtain
in{ —— H H
mln{aﬂ,— gZIJ + 0 5)e Qf (y’ S) lnf h (y S) O} < I,{#(_x [)

i

1
<max{———— sup f(,s), sup #'(,5),0}, (xH€Q, (4.25)
{2?."_ o S)EQ o, s)lejz }

1

nf_fiy, 0,9), 0} <Vix.0)

mln{~ - 2u+
b’j’- —gMﬂ(y )e

1 —_
< max{,ﬁ up_fiy, 59,0}, (€0 (4.26)
T 8Mij 09EQ

Let O, :={(x,1) € Q| ff'(x,0) <O}, Or4 := {(x,0) € QI ff(x,1) > 0},
T ={(x,0) € QI K/ (x,1) <O}, Ziy :={(x,1) € Q| K (x,1) > O}.
In case Q,_ # @, implying inequality 0 < e**®) < 1, p € (0, T], we obtain

inf #(y,s)= inf 0 > inf ,s) = inf ,8),
() Qf 0-5) )Qr,_f ' (y,s)EQr,_fr(y ) <y,s>le -5)

and so (see (4.19)) we have

ll —
_Eﬂ (ys)le 62 s)_’d” ,gﬂ fz(y, 5) > l(,u)(l nf fi(v,). (4.27)

Hence in this case in the left part of inequality (4.20) first term can be replace with
W (ymf fi(y, ). It is obvious that same replacement can be done in case Q; - = @, because

in this case first term of inequality (4.20) is nonnegative, and therefore, does not determine
the value of the left side of inequality (4.20).

After similar transformations regarding the rest of the terms of inequalities (4.25), (4.26)
we obtain

min{— inf f(, 9, Jnf hi(y.9) 0} < ui(x,r)e ™

l(ﬂ)(y)Q

< max{% (ySl,;prl(y, s), (ysup hi(y,s), 0} (x,H)e Q, wpe0,u.l, 4.28)
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min {

fM+j(y s), 0} <vj(x, e < max{

su (v,5),01, (4.29)
I () (y,s)gQ Jutss }

(.)€ Q, ue0,ul.

lM+](/J) (y )

Fixing arbitrary taken point (x,¢) € Q, and taking a limit in (4 28) (4.29) with u — +0. As a
result, taking into account /;(u) ;j) a; — g2 Iys j(y) —> b‘ - g M L jp We get estimates (4.4),

4.5). O
Lemma 4.2. For any (x,1) € Q, &', &%, 0", n* €e RM*L following equality is valid

gr(x’tafl’nl)_gr(xsl’é:z’nz)

M+L M+L

= Y E@-E)GL 80 )+ ) iy —m)GE (16,8 ' ),
s=1

s=1

where
1
Gl (x. 1,68 ) = 22" =)+ )z, (4.30)
1
2 1 422 1.2 0gr 2
Grarng &)= | 3 E(nta &)+ ghatr =) +)dz (43D
0 N
moreover
0 <Gl (x,t,61,E.m,10) < gk (x,0)  (i=1,2). (4.32)

Proof. Equalities (4.30), (4.31) follows directly from the Hadamard Lemma, and (4.32)
follows from condition (A3). O

5 Proof of the Main Results

Proof of Theorem 3.1. Consider problems for w! = (u!;v!) and w? = (u?;v?). Denote by w =
(w;v) a vector-function, which components are w;(x,7) =u; := ull (x,1)— ul.z(x, N, (xnHeO,
for i =1,.., M, and Wy ;(x,1) =V; := vi(r,) =v3(x, 1),  (x,0) € Q, for j = 1,...,L. Consid-
ering a difference between Pw' and Pw?, and using Lemma 4.2, we obtain equalities

Pty = pixn) T 3 g TID L 3 DD, o0
g k=1 MOX 3

M+L M+L

= ) B W = Y B W, (60 = filn D), (6D€Q, i=1...,M, (5.1)
s=1 s=1
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_ av;(x,1) _ Lo _
PM+jW(-x’ t) = qj(.X, t)a— + bj(x’ t)Vj(x, t) - Z gM+j,s(x’ t)WS()C, t)
! s=1
M+L . .
- ZE]ZVI_F‘]"S('X?[)WS,TS(X:?I) :fM+j(-x7 t)a (xvt) € Qs .]: 19"'7L7 (52)
s=1
Rw(x,t) :=Ti(x,0) = hi(x,0), (,H€EZ, i=1,....M, (5.3)
limsupmax [w,(x,f)| < oo, r=1,....M+L, 5.4)
-0+ xeQ

where
~1 1 1 2 1 2
8rs(x,1) = Gr,s(x, tLw (X, 0, w (x, 1), wo(x, 1), wi(x, t)),

2 (xn= Gis(x, t,w! (1), w? (x, £, wh(x, 1), wi(x, t)),

fn =l -0, )= w' ) —wixo).
Let us verify that conditions of Proposition 4.1 hold, that is, ensure, that §ll § 2 0, E?s >0on
0.8}, 20,8y, 2000 QG =1 My j=1. Lis=1,...M+L)and @ - ;" >0,
b]‘. —§i;[:j >0@G=1,...,M;j=1,...,L). From Lemma 4.2 (see (4.32)) it follows that
'g'l.l’s(x, 1) >0, ’gﬁs(x, 1) = 0 for any (x,7) € Q, and ’g}mj,s(x, fH >0, ’gﬁws(x, 1) > 0 for any
(x,0) € é(i =1,....M;j=1,....,L;s=1,...,M+ L) for any (x,t) € Q. Using condition (As3)
and Lemma 4.2 (see (4.32)), we obtain

M+L M+L
a = inf |ai(x,0)— Y 3 (x,0)|> inf |ai(x,0)- 'l =a;, i=1,...,M,
Fo= nf laicen Zlg< )|z inf laicn Zlg< )| =q;
_ M+L M+L
b> := inf |bi(x,1)— g (xO|> inf |bi(x,0)- L nl=b7, j=1,...,L,
o= inf [bicen ;gM+J,S( )|z inf [b;cen ;gm,,s( )|=b7.
M+L M+L
2>t = sup Z:g'is(x,t)s sup Zgis(x,t):gf*, r=1,....M+L.
(xne0 = (xneQ =

Therefore, @, =g > a; =g/ >0 (i=1,..,M), b, =gy > b; =gy >0 (= 1.0, L).
Hence, conditions of Proposition 4.1 hold, this means that for function w estimates (4.4),
(4.5), with replacement f,h, u; (i=1,...,M),v; =1,...,Lyon f, % (i=1,...,M),7; (j=
1,...,L), hold. From here it follows (3.9), (3.10). O

Proof of Corollary 3.2. From conditions of the statement we have f!(x,7)— f?(x,1) <0
V(x,0) € Q, h'(x,H)—h>(x,1) < 0 ¥(x,1) € X. From (3.9), (3.10) we have wl(x,£) —w?(x,1) <0,
ie., w(x,0) <w?(x,0) ¥Y(x,1) € Q. O

Proof of Corollary 3.3. This follows directly from Theorem 3.1, by substituting w!' = w and
2
w”=0. ]
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Proof of Corollary 3.4. Suppose the opposite and let w!',w? be two different solutions of
problem (_31.1)—(3.4). Then, acc_grding to Theorem 3.1, we have 0 < w!(x,7) — w?(x,7) <
0, (x,1) € O, that is, w! = w? on 0, a contradiction. Thus, the corollary is proved. O

Proof of Theorem 3.5. Let € be an arbitrary number from interval (0,7/3), and notations
O, X¢, E; same as in proof of Proposition 4.1.

Let us take a function 6, € C*((0,T]), which satisfies conditions: 0 < 6.(¢) < 1 for
t€(0,T], 6,(t) =0 for t € (0,2¢] and 8.(¢) = 1 for t € (3¢, T]. Put

h(x,0):=0,(Dhi(x,1), (x,HEX,  fr(x,1):=0.(t) [r(x,1), (x,t)EQ, i=1,..M, r=1,..., M+L.
Note, that
|7 Ce, O < Thi(x, DIV (x, 1) € Z, [ (eI filx, ) Y(x,1) € 0, i=1,.M, r=1,..,M+L.(5.5)

Consider a problem of finding a vector-function w® = (u‘lg, ... ,uﬁ/[; v‘lg, .. .,v‘Z) such that
uf € C(QAX(EisUO,TD)NC>(Q,) (i =1,.... M), Vi€ C(QX (Epm+je V0, TN c*(Q,)

(j=1,...,L), and which satisfies system

Pw(x,t) = ff(x,0), (x,)€ Q¢ i=1,...,M, (5.6)
Py jw®(6,0) = fi7, (60, (6,0€Qs, j=1,...,L, (5.7)
and conditions
u;(x,t) =hi(x,1), (x,0)eX;, i=1,...,M, (5.8)
wex,0)=0, (5,H)€QXE, e r=1,....M+L, (5.9)

where P, (r=1,...,M + L) are differential operators defined in (3.1), (3.2).

From Theorem 2 [11] it follows existence of unique solution w® = (u‘lg, s ui/l; v‘lg, e, vi)
of problem (5.6)~(5.9), such that u; € C%¥/%(Q x (E;, U (&,T]) N Coi'*%(Q,),

vj € C™QX (Epyje U (e, TD) N C¥1*2(Q,) (i = 1,...,M; j=1,...,L). According to
Corollary 2 [11] for restriction u; on QX (E; ;U (¢,2¢]) we have an estimate

1 _
i (e, 0l <max{——— sup |ff9  sup Lo} (1) € O/ Qae, (5.10)
al' - gl ' (1,5)€Q:/ Q2 (,8)€X [Zoe

and for restriction v? on QX (Epm+je U (g,2¢]) we have following estimate

1 _
Mool <max{———  sup  |fy, 009 (4.0 € e/ Qae (5.11)
b =831 0.9€0. /0

From definitions of f¢ and /® it follows that_ right parts of (5.10), (5.11) is equal to zero,
and, therefore, w?(x, tl: 0 for each (x,1) €e QX (E, U (e,2¢]) (r=1,...,M+L). Extend
w? by zero on whole Q and leave for this extension notation w®. It is easy to show that w®
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is a solution of a problem, which differ from problem (3.1)—(3.4) only by having f* and
h? instead of f and h, respectively. From here and according to Corollary 3.4 and (5.5) it
follows that

1 —
Juf (6,0 < max{———— sup_If;y,9)l, sup |y, 9}, (x.1)€Q, (5.12)
a, — g8~ O.0eQ (r,9)eX
1 —
Vi, r>|<max{b—2+ sup |fur+j(> 90}, (60 €Q. (5.13)

8myj O-9)EQ

Let {en},,_, be a sequence of numbers from interval (0,7/2), such that g,, | 0 when
m — oo, Denote W= won = R = (=1, ,Myr=1,...,M + L) for each
m € N. From (5.12), (5.13) it follows that

sup |w)(x,0)| < Cs, r=1,... M+L, meN, (5.14)
(xeQ
where C3 > 0 is a constant independent of m.
Let {0x};~, be a monotone sequence of numbers, such that 6y | 0, 0 <6 <T and

k—o0

Qp :={x € Q: dist{x,0Q} > 6} be a domain in R” for each k € N . Denote I := (6y,T],
Qr := Qi x Iy, ok = QxI;. Note, that Oy 0K, Ok C Oks1, OF c Q! for each k e N;

UQk—Q UQk—Q UQ"—Q

Denote g7 (x,1) : —fm(x H+gr(x,t,w"(x, t) wi(x,1)), (x,1) € Q foreachr=1,... M+L,
m € N. From continuity of functions g, on Q x RM*+L x RM+L fowi on Q (r= 1 LM+
L; m e N), and estimates (5.5), (5.14) it follows that g* is continuous on Q and for any k eN
following estimates hold

IIg’,"IIC(a)<C4, r=1,...,M+L, meN, (5.15)

where C4 > 0 is a constant independent of m, but it may depend on k.
From (5.6), (5.7) it follows that for each m € N we have

oul'(x,t) o oul'(x, 1 ou"(x,1)
pi(x,1) - Z a; ik(x,1) + Za, k(x,1)

ot & Oxr0x; Oxy
+a;i(x, D' (x,1) = g7 (x,1), (x,t) €, i=1,..,M, (5.16)
oV (x,t) —
q;(x, t)"T +bj(x V() = gy 6D, (kD€Q, j=1,..,L (5.17)
and from (5.8) we obtain
ul'(x,t) = h'(x,1), (x,0)eX, i=1,....M. (5.18)

Since u" is a classical solution of equation (5.16), which satisfies boundary condition (5.18),
and from conditions (B), (83), (B4) and estimates (5.14), (5.15), according to Theorem 1.1
of monograph [28, p. 476], we obtain following estimate

max ||MM||Q ,<Cs, meN, (5.19)

1<isMm
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where Cs > 0 is a constant independent of m, but it may depend on k.
Since vj.“ is a classical solution of equation (5.17), analogically as in paper [18], follow-
ing can be shown

& <Cs meN, (5.20)

m
max [Vi'll, 2 <

1<j
where C¢ > 0 is a constant independent of m, but it may depend on £.
Note, that from conditions (A3), (As), (B2), (B4) and estimates (5.19), (5.20) we have

m @
(max (g2, , < Cr. meN, (5.21)
where C7 > 0 is a constant independent of m, but it may depend on k.

From (5.14), (5.21) and conditions of the Theorem, according to Theorem 10.1 of
monograph [28, p.400], for each k € N we obtain

max g}, o, <Cr. meN. (5.22)
where C7 > 0 is a constant independent of m, but it depend on Cs, Ce.

From condition (8;) and estimates (5.14), (5.19)—(5.22), analogically as in paper [8],
following can be shown

{gjg;”VT”gHa/z <Cs, meN, (5.23)
where Cg > 0 is a constant independent of m, but it may depend on £.

From (5.22), (5.23), Proposition 2.2 (Section 1) and Theorem on differentiation of con-
vergent function sequence, it follows that there exists function w = (u;v) € [Clzota’lm/ 2(0)M x
[CI‘YO’C““/ *(Q)1" and a subsequence (which we also note {w”}%_,) of sequence {w"}%_,,
which converge to w in [C2(Q)M x [C*1(Q)]E. Now, note that A — h when m — oo
uniformly on each compact K C X. Also note, that from continuity of g,, " we have
gt(x,t) = fr(x, 1)+ gr(x,t,w(x,1),w,(x,t)) when m — oo foreach (x,) e Q (r=1,...,M+L).
According to said above, take in (5.16), (5.17), (5.18) limits with m — co. As a result we
obtain identities, which mean that function w is a classical solution of system (3.1), (3.2)
and satisfies boundary condition (3.3). Fulfillment of condition (3.4) follows from (5.14).
Estimates (3.11), (3.12) follow from (5.12), (5.13). O
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