
Communications in Mathematical Analysis
Volume 20, Number 1, pp. 1–26 (2017)
ISSN 1938-9787

www.math-res-pub.org/cma

V I  E C
C  M-C D

J A∗
Division of Science

Faculty of Science and Engineering
Tokyo Denki University

Hatoyama-machi, Saitama 350-0394, Japan

(Communicated by Marco Squassina)

Abstract

We consider a system of quasilinear parabolic type equations involving operator curl
associated with the Maxwell equations in a multi-connected domain. The paper is a
continuation of the author’s previous paper. We deal with a variational inequality with
curl constraint. It is an extension of the results of Miranda et al. for p-curl system.
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1 Introduction

In the previous paper Aramaki [4], we considered the Maxwell equations in an electromag-
netic field. If we denote the electric and the magnetic fields by E and H, respectively, it is
well known that E and H satisfy the classical Maxwell equations

εEt +σ j = curl H,
µHt + curl E = F,
εdiv E = q,
div H = 0

(1.1)

in QT := (0,T )×Ω where Ω is a bounded domain in R3, ε is the permittivity of the electric
field, µ is the permeability of the magnetic field, σ is the electric conductivity of the mate-
rial, j is the total current density and q is the density of electric charge. Since the displace
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current εEt is small in comparison of eddy currents, we neglect the term. We use the non-
linear extension of Ohm’s law | j|p−2 j = σE where σ is the electric conductivity. Then H
satisfies the following equation{

µHt + curl [ 1
σ |curl H|p−2curl H] = F,

div H = 0 in QT .
(1.2)

Natural tangent boundary conditions are

H · n= 0, E× n= G on ΣT := Γ× (0,T )

where Γ = ∂Ω is the boundary of Ω and n denotes the outer normal unit vector field to
Γ. Here the second boundary condition corresponds to consider a superconductive wall.
Putting ν = 1/σ, we must consider the following problem.

µHt + curl [ν|curl H|p−2curl H] = F,
div H = 0 in QT ,

H · n= 0, ν|curl H|p−2curl H× n= G on ΣT ,

H(0) = H0 in Ω.

(1.3)

For such formulation, see Yin et al. [15], Yin [14], Miranda et al. [10] and Aramaki [3, 4].
We consider a constitutive law arising in type-II superconductors and we know it as an

extension of the Bean critical-state model in Prigozhin [11]. In this case the current density
cannot exceed the critical value Ψ(x, t) > 0 and we have

E =
{
ν|curl H|p−2curl H if |curl H| < Ψ(x, t),
(νΨp−2+λ)curl H if |curl H| = Ψ(x, t)

where ν = ν(x) ≥ 0 and λ = λ(x, t) ≥ 0 is an unkown Lagrange multiplier.
The authors of [10] considered the system of equations containing such problem. They

replaced the term ν|u|p−2u with u = curl H in (1.3) with a Carathéodry function a(x, t,u)
which satisfies some structure conditions, and they showed the existence theorem. They
also examine the variational inequality with evolutional curl constraint for the case where
a(x, t,u)= a(x,u)= ν|u|p−2u. This associates with the solution to the Bean model. However,
they assumed that Ω is a simply-connected domain Ω.

In this paper, we extend the results of the variatonal inequality to the case where Ω
is multi-connected domain with tangential or normal boundary conditions. Furthermore,
it will be seen that the results in [10] are extended. The authors of [10] treated only the
case a(x, t,u) = ν(x)|u|p−2u, but we shall extend the result to the more general form of
a(x, t,u) = a(x,u).

The paper is organized as follows. In section 2, since we allow the domain Ω to be
multi-connected and we need some Poincaré type inequalities, we must set the domain ap-
propriately. Moreover, since we consider more general formulation a(x, t,u) than ν|u|p−2u,
we must impose the structure conditions for a(x, t,u). Furthermore, we shall review the ex-
istence theorem and the regularity of solution which will be used in section 3. In section 3,
we show that the variational inequality with evolutional curl constraint. We shall extend the
results of [10] who considered only the case a(x,u) = ν|u|p−2u. Section 4 is devoted with
the continuous dependence on the data. Finally, in section 5, we consider the limit problem
as the time variable tending to infinity.
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2 Preliminaries

In this section, we state some preliminaries and the existence and regularity theorems which
were proved in the previous paper [4] (cf. also [10]) for the genelarized system containing
the system (1.2) with some boundary and initial conditions.

Since we allow that Ω is multi-connected, we assume that Ω has the following condi-
tions as in Amrouche and Seloula [1] (cf. also see Amrouche and Seloula [2], Dautray and
Lions [6] and Girault and Raviart [7]). Let Ω ⊂ R3 be a bounded domain of class C1,1 with
the boundary Γ = ∂Ω and Ω is locally situated on one side of Γ.

(i) Γ has a finite number of connected components Γ0,Γ1, . . . ,Γm with Γ0 denoting the
boundary of the infinite connected component of R3 \Ω.

(ii) There exist n connected open surfaces Σ j, ( j = 1, . . . ,n), called cuts, contained in Ω
such that

(a) Σ j is an open subset of a smooth manifoldM j.

(b) ∂Σ j ⊂ Γ ( j = 1, . . . ,n) and Σi is non-tangential to Γ.

(c) Σi∩Σ j = ∅ (i , j).

(d) The open set Ω̇ = Ω \ (∪n
i=1Σi) is simply connected and Lipschitz.

Put QT = Ω× (0,T ), ΣT = Γ× (0,T ). Let a : QT ×R
3 → R3 be a Carathéodry func-

tion with values in R3 satisfying the following structure conditions. There exist constants
a∗,a∗ > 0 and 1 < p <∞ such that for all (x, t) ∈ QT and u,v ∈ R3,

a(x, t,u) ·u ≥ a∗|u|p, (2.1)

|a(x, t,u)| ≤ a∗|u|p−1, (2.2)

(a(x, t,u)− a(x, t,v)) · (u− v) > 0 if u , v, (2.3)

or

(a(x, t,u)− a(x, t,v)) · (u− v) ≥
{

a∗|u− v|p if p ≥ 2,
a∗(|u|+ |v|)p−2|u− v|2 if p < 2.

(2.3)′

Here for any vectors u,v ∈ R3, we denote the Euclidean inner product by u · v. Note that
(2.3)′ implies (2.3).

Example 2.1. If a(x, t,u) = ν(x, t)|u|p−2u where ν(x, t) is a measurable function inΩ× (0,T )
satisfying 0 < ν∗ ≤ ν(x, t) ≤ ν∗ <∞, then a satisfies (2.1)-(2.3). Furthermore a also satisfies
(2.3)′.

For the proof, see Aramaki [4].
We consider the following two systems.

∂t h+ curl [a(x, t,curl h)] = f (x, t) in QT ,

div h = 0 in QT ,

n · h(x, t) = 0 on ΣT ,

a(x, t,curl h)× n= g(x, t) on ΣT ,

h(x,0) = h0(x) in Ω

(2.4)N
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where n is the unit outer normal vector field to Γ.

∂t h+ curl [a(x, t,curl h)] = f (x, t) in QT ,

div h = 0 in QT ,

n× h(x, t) = 0 on ΣT ,

a(x, t,curl h) = g(x, t) on ΣT ,

h(x,0) = h0(x) in Ω.

. (2.4)T

Throughout this paper, if E is a function space, we denote the vector space E3 by E. Define
the following closed subspaces of W1,p(Ω) where W1,p(Ω) is the standard Sobolev space.

W
p
N(Ω) = {v ∈W1,p(Ω);divv = 0 in Ω,v · n= 0 on Γ, 〈v · n,1〉Σi = 0, i = 1, . . . ,n},

and

W
p
T (Ω) = {v ∈W1,p(Ω);divv = 0 in Ω,v× n= 0 on Γ, 〈v · n,1〉Γ j = 0, j = 1, . . . ,m}.

Then we have

Proposition 2.2. Let 1 < p < ∞. Then Wp
N(Ω) and Wp

T (Ω) are reflexive, separable Ba-
nach spaces, and the semi-norm ‖curlv‖Lp(Ω) is the norm in Wp

N(Ω) and Wp
T (Ω), and it is

equivalent to the norm ‖v‖W1,p(Ω).

For the proof, see Brezis [5] and [1, 2].
From now, we writeWp

∗ (Ω) forWp
N(Ω) orWp

T (Ω) and ‖v‖Wp
∗ (Ω) = ‖curlv‖Lp(Ω).

It is well known that the following Sobolev type inequalities and the trace theorem hold.

Proposition 2.3. There exist positive constants Cq and Cr such that for all v ∈Wp
∗ (Ω),

‖v‖Lq(Ω) ≤Cq‖curlv‖Lp(Ω) with


q ≤ 3p/(3− p) if 1 < p < 3,
any q <∞ if p = 3,
q =∞ if p > 3,

and

‖v‖Lr(Γ) ≤Cr‖curlv‖Lp(Ω) with


r ≤ 2p/(3− p) if 1 < p < 3,
any r <∞ if p = 3,
r =∞ if p > 3,

In particular, if p ≥ 6/5, then the embeddingWp
∗ (Ω) into L2(Ω) is continuous.

Throughout this paper, we assume that p ≥ 6/5 for the brevity.
Define L2

∗(Ω) = the closure ofWp
∗ (Ω) in L2(Ω). Then we have

W
p
∗ (Ω) ⊂ L2

∗(Ω) ⊂Wp
∗ (Ω)′

whereWp
∗ (Ω)′ is the dual space ofWp

∗ (Ω). Here we noteWp
∗ (Ω) is dense in L2

∗(Ω) and the
inclusion maps are continuous.

For a.e. t ∈ (0,T ), define an operator A(t) :Wp
∗ (Ω)→Wp

∗ (Ω)′ by

〈A(t)h,φ〉 =
∫
Ω

a(x, t,curl h) · curlφdx for all h,φ ∈Wp
∗ (Ω).
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Then we see that A(t) is a bounded operator, and

‖A(t)h‖Wp
∗ (Ω)′ ≤ a∗‖curl h‖p−1

Lp(Ω).

In fact, by the structure condition (2.2) and the Hölder inequality, we have

|〈A(t)h,φ〉| ≤
∫
Ω

a∗|curl h|p−1|curlφ|dx

≤ a∗
(∫
Ω

|curl h|p dx
)1/p′ (∫

Ω

|curlφ|p dx
)1/p

= a∗‖curl h‖p−1
Lp(Ω)‖curlφ‖Lp(Ω).

Here and hereafter, for any 1 ≤ p ≤∞, we denote the conjugate index by p′, that is, 1
p +

1
p′ =

1.
Since the function a(x, t,u) is the Carathéodry function, we easily see that A(t) is hemi-

continuous, i.e., for any h,φ,ψ ∈Wp
∗ (Ω),λ ∈ R, 〈A(t)(h+λφ),ψ〉 is continuous with respect

to λ. Moreover, we can see that A(t) is coercive, i.e., for v ∈Wp
∗ (Ω), 〈A(t)v,v〉 ≥ α‖v‖p

W
p
∗ (Ω)

for some α > 0. In fact, from structure condition (2.1), we have

〈A(t)v,v〉 =
∫
Ω

a(x, t,curlv) · curlvdx ≥ a∗

∫
Ω

|curlv|p dx = a∗‖v‖
p
W

p
∗ (Ω)

.

Let f (t) ∈ Lp′(0,T ; Lq′(Ω)), g(t) ∈ Lp′(0,T ; Lr′(Γ)) where p′,q′ and r′ are conjugate index
of p,q and r, respectively, and q and r are as in Proposition 2.3. For a.e., t ∈ (0,T ), define
L∗(t) ∈W

p
∗ (Ω)′ where ∗ = N or ∗ = T by

〈L∗(t),φ〉 =
∫
Ω

f (t) ·φdx+
∫
Γ

g∗(t) ·φdS

for φ ∈Wp
∗ (Ω). Here we denote

g∗(t) =
{

g(t) if ∗ = N,
n× g(t) if ∗ = T

(2.5)

Well-definedness follows from Proposition 2.2 and following inequalities.∫
Ω

| f (t) ·φ|dx ≤ ‖ f (t)‖Lq′ (Ω)‖φ‖Lq(Ω) ≤C‖ f (t)‖Lq′ (Ω)‖φ‖Wp
∗ (Ω)

and ∫
Γ

|g∗(t) ·φ|dx ≤ ‖g(t)‖Lr′ (Γ)‖φ‖Lr(Γ) ≤C‖g(t)‖Lr′ (Γ)‖φ‖Wp
∗ (Ω).

Therefore we can apply the result of Zheng [16, Theorem 3.2.1] (see also Lions [9]) as
follows. For any h0 ∈ L

2
∗(Ω), L∗(t) ∈ Łp′(0,T ;Wp

∗ (Ω)′), the system{
∂t h+A(t)h = L∗(t) in QT ,

h(0) = h0 in Ω
(2.6)
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has a unique solution h ∈C([0,T ];L2
∗(Ω))∩Lp(0,T ;Wp

∗ (Ω)), and ∂t h= ht ∈ Lp′(0,T ;Wp
∗ (Ω)′)

in the sense of Lp′(0,T ;Wp
∗ (Ω)′). That is to say, for all φ ∈ Lp(0,T ;Wp

∗ (Ω)),∫ T

0

∫
Ω

ht ·φdxdt+
∫ T

0

∫
Ω

a(x, t,curl h(t)) · curlφ(t)dxdt

=

∫ T

0

∫
Ω

f (t) ·φ(t)dxdt+
∫ T

0

∫
Γ

g∗(t) ·φ(t)dS dt (2.7)

where dS denotes the surface area of Γ and we interpret ht ·φ as the duality of Wp
∗ (Ω)′

and Wp
∗ (Ω). If we choose any φ ∈Wp

∗ (Ω) and η ∈ C∞0 (0,T ) and take φ(t) = η(t)φ as a test
function in (2.7), we can see that (2.7) means that for a.e. t ∈ (0,T ),

∫
Ω

ht ·φdx+
∫
Ω

a(x, t,curl h(t)) · curlφdx
=

∫
Ω

f (t) ·φdx+
∫
Γ

g∗(t) ·φdS for all φ ∈Wp
∗ (Ω),

h(0) = h0.

(2.8)∗

The first term of the left hand side in the first equation of (2.8)∗ is satisfied in the duality
sense. This is the weak formulation of (2.4)N or (2.4)T .

We have the following existence theorem of unique solution of (2.4)∗ and an estimate
(cf. [10] or [4]).

Theorem 2.4. Assume that (2.1)-(2.3) hold and let f ∈ Lp′(0,T ; Lq′(Ω)), g ∈ Lp′(0,T ; Lr′(Γ)),h0 ∈

L2
∗(Ω). Then the problem (2.4)∗ has a unique solution

h ∈ Lp(0,T ;Wp
∗ (Ω))∩C([0,T ];L2

∗(Ω)), ∂t h ∈ Lp′(0,T ;Wp
∗ (Ω)′)

in the sense of (2.8)∗. Moreover there exists a constant C > 0 independent of T such that

‖h‖2
L∞(0,T ;L2(Ω))

+ ‖curl h‖pLp(QT ) ≤C(‖ f‖p
′

Lp′ (0,T ;Lq′ (Ω))
+ ‖g‖p

′

Lp′ (0,T ;Lr′ (Γ))
+ ‖h0‖

2
L2(Ω)

).

When a(x, t,u) is independent of t, we can get more regularity. In order to do so, we
assume that a(x, t,u) = a(x,u) is a Carathéodry function on Ω×R3 satisfying (2.1)-(2.3).
Moreover we assume that there exists a scalar function b(x,u) which is measurable in x and
C1 class in u such that

∇ub(x,u) = a(x,u). (2.9)

We may assume that b(x,0) = 0. By a simple calculations, we have

1
p

a∗|u|p ≤ b(x,u) ≤
1
p

a∗|u|p.

Example 2.5. If a(x,u) = ν(x)|u|p−2u satisfies that 0 < a∗ ≤ ν(x) ≤ a∗ < ∞, then b(x,u) =
1
pν(x)|u|p satisfies (2.9).

Theorem 2.6. Assume that a(x,u) satisfies (2.1)-(2.3) and (2.9). Let f ∈ Lp′(0,T ; Lq′(Ω))∩
L2(QT ), g ∈ L∞(0,T ; Lr′(Γ))∩W1,p′(0,T ; Lr′(Γ)), h0 ∈W

p
∗ (Ω). Then the solution in Theo-

rem 2.4 satisfies that
∂t h ∈ L2(QT ), curl h ∈ L∞(0,T ; Lp(Ω)).

For the proof, see [4] (cf. see also [10]).
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3 Variational inequality with evolutional curl constraint.

In this section, we consider a variational inequality with evolutional curl constraint. In order
to do so, we assume that a(x, t,u)= a(x,u) satisfies (2.1), (2.2), (2.3)′ and (2.9). The authors
in [10] only considered the case where a(x,u) = ν(x)|u|p−2u, however we shall extend their
results to the more general function a(x,u).

Let Ψ(x, t) ∈W1,∞(0,T ; L∞(Ω)) with Ψ(x, t) ≥ α > 0 for some constant α > 0 and define
for a.e. t ∈ (0,T ),

K(t) = {v ∈Wp
∗ (Ω);b(x,curlv) ≤ Ψ(x, t)p a.e. in Ω}.

Our problem is as follows: for given f ∈ Lp′(0,T ; Lq′(Ω))∩ L2(QT ), g ∈ L∞(0,T ; Lr′(Γ))∩
W1,p′(0,T ; Lr′(Γ)) and h0 ∈ K(0), find a function h in a suitable class such that h(t) ∈ K(t)
a.e. t ∈ (0,T ), h(0) = h0 and∫

Ω

∂t h(t) · (φ− h(t))dx+
∫
Ω

a(x,curl h(t)) · curl (φ− h(t))dx

≥

∫
Ω

f (t) · (φ− h(t))dx+
∫
Γ

g(t) · (φ− h(t))dS (3.1)

for any φ ∈ K(t) a.e. t ∈ (0,T ).
We will consider an approximation of the solution h. In order to do so, for any 0< ε < 1,

choose a function kε : R→ R+ which is continuous and increasing such that

kε(s) =


1 s ≤ 0,
es/ε ε ≤ s < 1/ε−ε,
e1/ε2

s ≥ 1/ε,

and define
aε(x, t,u) = kε((b(x,u)−Ψ(x, t)p)a(x,u)

where b(x,u) is a function as in (2.9). We note that aε(x, t,u) satisfies the structure condition
(2.1), (2.2) and (2.3)′ with a∗ replaced with e1/ε2

a∗. In fact, since 1 ≤ kε ≤ e1/ε2
,

aε(x, t,u) ·u ≥ a(x,u) ·u ≥ a∗|u|p,

and
|aε(x, t,u)| ≤ e1/ε2

|a(x,u)| ≤ e1/ε2
a∗.

Thus it is clear that (2.1) and (2.2) hold. For (2.3)′, we have

(aε(x, t,u)− aε(x, t,v)) · (u− v)

=
(
kε(b(x,u)−Ψ(x, t)p)a(x,u)− kε(b(x,v)−Ψ(x, t)p)a(x,v)

)
· (u− v). (3.2)

We claim that if b(x,u) ≥ b(x,v), then a(x,u) · (u− v) ≥ 0. Because, if a(x,u) · (u− v) < 0,
then we have

b(x,u)−b(x,v) = (u− v) ·
∫ 1

0
∇ub(x,v+ θ(u− v))dθ

= (u− v) ·
∫ 1

0
a(x,v+ θ(u− v))dθ. (3.3)
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From the monotonicity of a,

(a(x,u)− a(x,v+ θ(u− v)) · (u− (v+ θ(u− v)) ≥ 0,

so

a(x,v+ θ(u− v)) · (u− v) ≤ a(x,u) · (u− v) < 0

for θ < 1. Thus from (3.3), we have b(x,u)−b(x,v) < 0. This is a contradiction. Therefore
it follows from (3.2) and the increasingness of kε that

(aε(x, t,u)− aε(x, t,v)) · (u− v) ≥ (kε(b(x,v)−Ψ(x, t)p)(a(x,u)− a(x,v)) · (u− v)

≥ (a(x,u)− a(x,v) · (u− v).

Thus if a(x,u) satisfies (2.3)′, then aε(x, t,u) also satisfies (2.3)′. The case where b(x,u) ≤
b(x,v) is similar.

Thus from Theorem 2.4 with a(x, t,u) = aε(x, t,u), there exists a unique solution hε ∈
Lp(0,T ;Wp

∗ (Ω))∩C([0,T ];L∗(Ω)), ∂t hε ∈ Lp′(0,T ;Wp
∗ (Ω)′) such that for a.e. t ∈ (0,T ),∫

Ω

∂t hε(t) ·φdx+
∫
Ω

aε(x, t,curl hε(t)) · curlφdx =
∫
Ω

f (t) ·φdx+
∫
Γ

g∗(t) ·φdS (3.4)

for any φ ∈Wp
∗ (Ω).

Lemma 3.1. There exists a constant C1 > 0 independent of 0 < ε < 1 and T > 0 such that

‖kε(b(x,curl hε(t))−Ψ(x, t)p)‖L1(QT )

≤C1

( 1
αp ‖Ψ‖

p
Lp(QT )+ ‖ f‖

p′

Lp′ (0,T ;Lq′ (Ω))
+ ‖g‖p

′

Lp′ (0,T ;Lr′ (Γ))
+ ‖h0‖

2
L2(Ω)

)
.

Proof. If we take φ = hε(t) as a test function of (3.4), then using Hölder inequality we have

1
2

d
dt

∫
Ω

|hε(t)|2dx+
∫
Ω

aε(x, t,curl hε(t)) · curl hε(t)dx

≤

∫
Ω

| f (t) · hε(t)|dx+
∫
Γ

|g(t) · hε(t)|dS

≤ ‖ f (t)‖Lq′ (Ω)‖hε(t)‖Lq(Ω)+ ‖g(t)‖Lr′ (Γ)‖hε(t)‖Lr(Γ).

From the monotonicity of a, we have

1
2

d
dt

∫
Ω

|hε(t)|2dx+a∗

∫
Ω

kε(b(x,curl hε(t))−Ψ(x, t)p)|curl hε(t)|pdx

≤Cq‖ f (t)‖Lq′ (Ω)‖curl hε(t)‖Lp(Ω)+Cr‖g(t)‖Lr′ (Γ)‖curl hε(t)‖Lp(Ω). (3.5)
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Integrating over (0,T ) and using Hölder inequality, for any δ > 0,

1
2

∫
Ω

|hε(T )|2dx+a∗

∫ T

0

∫
Ω

kε(b(x,curl hε(t))−Ψ(x, t)p)|curl hε(t)|pdxdt

≤Cq

(∫ T

0
‖ f (t)‖p

′

Lq′ (Ω)
dt

)1/p′ (∫ T

0
‖curl hε(t)‖

p
Lp(Ω)dt

)1/p

+Cr

(∫ T

0
‖g(t)‖p

′

Lr′ (Γ)
dt

)1/p′ (∫ T

0
‖curl hε(t)‖

p
Lp(Ω)dt

)1/p

+
1
2

∫
Ω

|h0|
2dx

≤Cq,δ

∫ T

0
‖ f (t)‖p

′

Lq′ (Ω)
dt+Cr,δ

∫ T

0
‖g(t)‖p

′

Lr′ (Γ)
dt+δ

∫ T

0

∫
Ω

|curl hε(t)|pdxdt

+
1
2

∫
Ω

|h0|
2dx

≤Cq,δ

∫ T

0
‖ f (t)‖p

′

Lq′ (Ω)
dt+Cr,δ

∫ T

0
‖g(t)‖p

′

Lr′ (Γ)
dt

+δ

∫ T

0

∫
Ω

kε(b(x,curl hε(t))−Ψ(x, t)p)|curl hε(t)|pdxdt+
1
2

∫
Ω

|h0|
2dx.

Choosing δ = a∗/2 and using b(x,curl hε(t)) ≤ 1
p a∗|curl hε(t)|p, we have

"
QT

kε(b(x,curl hε(t))−Ψ(x, t)p)b(x,curl hε(t))dxdt

≤C(‖ f‖p
′

Lp′ (0,T );Lq′ (Ω))
+ ‖g‖p

′

Lp′ (0,T ;Lr′ (Γ))
+ ‖h0‖

2
L2(Ω)

(3.6)

where C is a constant independent of 0 < ε < 1 and T . On the other hand, if we put

Dε = {(x, t) ∈ QT ;b(x,curl hε(t)) ≤ Ψ(x, t)p},

Eε = {(x, t) ∈ QT ;b(x,curl hε(t)) ≥ Ψ(x, t)p},

and we note that kε(s) = 1 for s ≤ 0 and kε(s)s ≥ 0, we have"
QT

kε(b(x,curl hε(t))−Ψ(x, t)p)(b(x,curl hε(t))−Ψ(x, t)p)dxdt

≥

"
Dε

b(x,curl hε(t))dxdt−
"

Dε

Ψ(x, t)pdxdt ≥ −
"

QT

Ψ(x, t)pdxdt.

Thus we have"
QT

kε(b(x,curl hε(t))−Ψ(x, t)p)(Ψ(x, t)p−b(x,curl hε(t)))dxdt

≤

"
QT

Ψ(x, t)pdxdt. (3.7)
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Since Ψ(x, t) ≥ α > 0 and using (3.6) and (3.7),"
QT

kε(b(x,curl hε(t))−Ψp)dxdt

≤

"
QT

kε(b(x,curl hε(t))−Ψp)
Ψp

αp dxdt

=
1
αp

"
QT

kε(b(x,curl hε(t))−Ψp)(Ψp−b(x,curl hε(t))dxdt

+
1
αp

"
QT

kε(b(x,curl hε(t))−Ψ(x, t)p)b(x,curl hε(t))dxdt

≤
1
αp ‖Ψ‖

p
Lp(QT )+C(‖ f‖p

′

Lp′ (0,T ;Lq′ (Ω))
+ ‖g‖p

′

Lp′ (0,T ;Lr′ (Γ))
+ ‖h0‖

2
L2(Ω)

).

�

Lemma 3.2. There exists a constant C > 0 independent of 0 < ε < 1 and T such that

‖hε‖L∞(0,T ;L2(Ω))+ ‖curl hε‖
p
Lp(QT )

≤C1

( 1
αp ‖Ψ‖

p
Lp(QT )+ ‖ f‖

p′

Lp′ (0,T ;Lq′ (Ω))
+ ‖g‖p

′

Lp′ (0,T ;Lr′ (Γ))
+ ‖h0‖

2
L2(Ω)

)
.

Proof. We use (3.5). Integrating (3.5) over (0, t) and using kε ≥ 1 and Proposition 2.3, we
have

1
2

∫
Ω

|hε(t)|2dx+a∗

∫ t

0

∫
Ω

|curl hε(τ)|pdxdτ

≤Cq

∫ t

0
‖ f (τ)‖Lq′ (Ω)‖curl hε(τ)‖Lp(Ω)dτ

+Cr

∫ t

0
‖g(τ)‖Lr′ (Γ)‖curl hε(τ)‖Lp(Ω)dτ+

1
2
‖h0‖L2(Ω)

≤Cq

(∫ t

0
‖ f (τ)‖p

′

Lq′ (Ω)
dτ

)1/p′ (∫ t

0
‖curl hε(τ)‖pLp(Ω)dτ

)1/p

+Cr

(∫ t

0
‖g(τ)‖p

′

Lr′ (Γ)
dτ

)1/p′ (∫ t

0
‖curl hε(τ)‖pLp(Ω)dτ

)1/p

+
1
2
‖h0‖L2(Ω)

≤Cq,δ

∫ t

0
‖g(τ)‖p

′

Lr′ (Γ)
dτ+Cr,δ

∫ t

0
‖g(τ)‖p

′

Lr′ (Γ)
dτ

+δ

∫ t

0
‖curl hε(τ)‖pLp(Ω)dτ+

1
2
‖h0‖L2(Ω)

for any δ > 0. Choosing δ = a∗/2, and then taking supremum of both hand side, we see
that there exists a constant C > 0 independent of 0 < ε < 1 and T such that the conclusion
holds. �

Lemma 3.3. There exists a constant C > 0 depending only on ‖Ψ‖Lp(QT ), ‖ f‖Lp′ (0,T ;Lq′ (Ω)),
‖g‖Lp′ (0,T ;Lr′ (Γ)) and ‖h0‖L2(Ω) but independent of 0 < ε < 1 such that

‖∂t hε‖L2(QT ) ≤C, esssup
0≤t≤T

‖curl hε(t)‖Lp(Ω) ≤C.
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Proof. By tha Galerkin approximation, we may take ∂t hε as a test function of (3.4). Inte-
grating (3.4) with φ = hε over (0, t),"

Qt

|∂τhε(τ)|2dxdτ+
"

Qt

aε(x, t,curl hε(τ)) ·∂τcurl hε(τ)dxdτ

=

"
Qt

f (τ) ·∂τhε(τ)dxdτ+
"
Σt

g∗(τ) ·∂τhε(τ)dS dτ. (3.8)

If we define

φε(s) =
∫ s

0
kε(s′)ds′,

then we have

∂τφε(b(x,curl hε(τ))−Ψ(x, τ)p)

= kε(b(x,curl hε(τ))−Ψ(x, τ)p)∂τ
(
b(x,curl hε(τ))−Ψ(x, τ)p)

= kε(b(x,curl hε(τ))−Ψ(x, τ)p)
(
a(x,curl hε(τ)) ·∂τcurl hε(τ)− pΨ(x, τ)p−1∂τΨ(x, τ)

)
.

Thus from (3.8), we see that"
Qt

|∂τhε(τ)|2dxdτ+
"

Qt

∂τφε(b(x,curl hε(τ)−Ψ(x, t)p)dxdτ

+

"
Qt

pkε(b(x,curl hε(τ))−Ψ(x, τ)p)Ψ(x, τ)p−1∂τΨ(x, τ)dxdτ

=

"
Qt

f (τ) ·∂τhε(τ)dxdτ+
"
Σt

g∗(τ) ·∂τhε(τ)dS dτ.

Here we have"
Qt

∂τφε(b(x,curl hε(τ)−Ψ(x, t)p)dxdτ

=

∫
Ω

φε(b(x,curl hε(t))−Ψ(x, t)p)dx−
∫
Ω

φε(b(x,curl h0)−Ψ(x,0)p)dx.

Since

φε(s)
{
= s if s ≤ 0,
≥ s if s ≥ 0,

and h0 ∈ K(0), i.e., b(x,curl h0)−Ψ(x,0) ≤ 0, we have"
Qt

∂τφε(b(x,curl hε(τ))−Ψ(x, t)p)dxdτ

≥

∫
Ω

(b(x,curl hε(t))−Ψ(x, t)p)dx ≥
1
p

a∗

∫
Ω

|curl hε(t)|pdx−‖Ψ(t)‖pLp(Ω).
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On the other hand, it follows from Lemma 3.1 that∣∣∣∣∣∣
"

Qt

(
kε(b(x,curl hε(τ))−Ψ(x, τ)p)Ψ(x, τ)p−1∂τΨ(x, τ)dxdτ

∣∣∣∣∣∣
≤ ‖kε(b(x,curl hε)−Ψ(x, t)p)‖L1(QT )‖Ψ

p−1‖L∞(QT )‖∂tΨ‖L∞(QT )

≤C
( 1
αp ‖Ψ‖

p
Lp(QT )+ ‖ f‖

p′

Lp′ (0,T ;Lq′ (Ω))
+ ‖g‖p

′

Lp′ (0,T ;Lr′ (Γ))

+‖h0‖
2
L2(Ω)

)
‖Ψ‖

p−1
L∞(QT )‖∂tΨ‖L∞(QT ).

Moreover, we can see that for any δ > 0,∣∣∣∣∣∣
"

Qt

f (τ) ·∂τhε(τ)dxdτ

∣∣∣∣∣∣ ≤Cδ

"
Qt

| f (τ)|2dxdτ+δ
"

Qt

|∂τhε(τ)|2dxdτ.

By the integration by parts,"
Σt

g∗(τ) ·∂τhε(τ)dxdτ =
∫
Γ

g∗(t) · hε(t)dS −
∫
Γ

g∗(0) · h0dS

−

"
Σt

∂τg∗(τ) · hε(τ)dS dτ.

Here from Proposition 2.3, the Hölder and Young inequalities,∣∣∣∣∣∫
Γ

g∗(t) · hε(t)dS
∣∣∣∣∣ ≤C(δ)‖g‖p

′

L∞(0,T ;Lr′ (Γ))
+δ‖curl hε(t)‖

p
Lp(Ω),∣∣∣∣∣∫

Γ

g∗(0) · h0dS
∣∣∣∣∣ ≤ ‖g‖L∞(0,T ;Lr′ (Γ))‖curl h0‖Lp(Ω),

and ∣∣∣∣∣∣
"
Σt

∂τg∗(τ) · hε(τ)dS dτ

∣∣∣∣∣∣ ≤ ‖∂t g‖Lp′ (0,T ;Lr′ (Γ))‖curl hε‖Lp(QT ).

Here it follows from Lemma 3.2 that ‖curl hε‖Lp(Ω) ≤ C where C is a constant depending
only on ‖Ψ‖Lp(QT ), ‖ f‖Lp′ (0,T ;Lq′ (Ω)), ‖g‖Lp′ (0,T ;Lr′ (Γ)) and ‖h0‖L2(Ω). If we choose δ > 0 small
enough, we can see that"

Qt

|∂τhε(τ)|2dxdτ+
∫
Ω

|curl hε(t)|pdx ≤C

where C depends only on ‖Ψ‖Lp(QT ), ‖ f‖Lp′ (0,T ;Lq′ (Ω)), ‖g‖Lp′ (0,T ;Lr′ (Γ)) and ‖h0‖L2(Ω). �

Theorem 3.4. Assume that

f ∈ Lp′(0,T ; Lq′(Ω))∩ L2(QT ), g ∈ L∞(0,T ; Lr′(Γ))∩W1,p′(0,T ; Lr′(Γ)),h0 ∈ K(0).

Then the variational inequality (3.1) has a unique solution

h ∈ Lp(0,T ;W∞∗ (Ω))∩H1(0,T ; L2(Ω)).
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Proof. From Lemma 3.2 and 3.3,

‖hε‖L∞(0,T ;L2(Ω))+ ‖curl hε‖L∞(0,T ;Lp(Ω)) ≤C.

Thus {hε} is bounded in L∞(0,T ;W1,1(Ω)). By Sobolev embedding theorem, the injec-
tion W1,1(Ω) ↪→ L1(Ω) is compact. It follows from Lemma 3.3 that {hε} is bounded in
H1(0,T ; L2(Ω)). We apply Simon [12, Corollary 5] with X = W1,1(Ω),B = Y = L1(Ω),
p =∞, s = 1,r = 2. Since {hε} is bounded in L∞(0,T ;W1,1(Ω))∩W1,2(0,T ; L1(Ω)), we can
see that {hε} is relatively compact in the space C([0,T ]; L1(Ω)). Passing to a subsequence,
we may assume that hε → h weak star in L∞(0,T ; L2(Ω)), strongly in C([0,T ]; L1(Ω)),
curl hε → curl h weakly in Lp(QT ), ∂t hε → ∂t h weakly in L2(QT ). Let φ ∈ K(t). Then
b(x,curlφ) ≤ Ψ(x, t)p. By the monotonicity of aε(x, t,u), we have(

aε(x, t,curl hε(t))− aε(x, t,curlφ)
)
· (curl hε(t)− curlφ) ≥ 0.

Since kε(b(x,curlφ)−Ψ(x, t)p) = 1, we can see that

aε(x, t,curl hε(t)) · curl (φ− hε(t)) ≤ a(x,curlφ) · (curlφ− curl hε(t)). (3.9)

Taking φ− hε(t) as a test function in (3.4),∫
Ω

∂t hε(t) · (φ− hε(t))dx+
∫
Ω

aε(x, t,curl hε(t)) · (φ− hε(t))dx

=

∫
Ω

f (t) · (φ− hε(t))dx+
∫
Γ

g∗(t) · (φ− hε(t))dS .

Using (3.9), we have"
QT

∂t hε(t) · (φ− hε(t))dxdt+
"

QT

a(x,curlφ) · (φ− hε(t))dxdt

≥

∫
QT

f (t) · (φ− hε(t))dxdt+
∫
ΣT

g∗(t) · (φ− hε(t))dS dt. (3.10)

Since hε→ h weak star in L∞(0,T ; L2(Ω)), hε(T )→ h(T ) weakly in L2(Ω), we have

limsup
ε→0

"
QT

∂t hε · (φ− hε)dxdt

= limsup
ε→0

"
QT

∂t hε ·φdxdt−
1
2

liminf
ε→0

∫
Ω

|hε(T )|2dx+
1
2

∫
Ω

|h0|
2dx.

Since φ ∈ K(t) and p ≥ 6/5, φ ∈ L2(Ω). Moreover, since ∂t hε→ ∂t h weakly in L2(QT ),"
QT

∂t hε ·φdxdt→
"

QT

∂t h ·φdxdt as ε→ 0.

Thus we have

limsup
ε→0

"
QT

∂t hε · (φ− hε)dxdt

≤

"
QT

∂t h ·φdxdt−
1
2

∫
Ω

|h(T )|2dx+
1
2

∫
Ω

|h0|
2dx =

"
QT

∂t h · (φ− h)dxdt. (3.11)
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Since f ∈ L2(0,T ; L2(Ω)) ⊂ L1(0,T ; L2(Ω)) and hε → h weak star in L∞(0,T ; L2(Ω)), we
have "

QT

f (t) · (φ− hε)dxdt→
"

QT

f (t) · (φ− h)dxdt.

Moreover, since curl hε→ curl h weakly in Lp(QT ) and |a(x,curlφ)| ≤ a∗|curlφ|p−1 ∈ Lp′(QT ),
we have "

QT

a(x,curlφ) · curl (φ− hε)dxdt→
"

QT

a(x,curlφ) · curl (φ− h)dxdt.

Since curl hε → curl h weakly in Lp(QT ), hε → h weakly in Lp(0,T ; Lr(Γ)). Since g ∈
Lp′(0,T ; Lr′(Γ)), we have"

ΣT

g∗ · (φ− hε)dS dt→
"
ΣT

g∗ · (φ− h)dS dt.

Therefore, from (3.10) and (3.11), we get"
QT

∂t h · (φ− h)dxdt+
"

QT

a(x,curlφ) · curl (φ− h)dxdt

≥

"
QT

f · (φ− h)dxdt+
"
ΣT

g∗ · (φ− h)dS dt. (3.12)

If we assume that h(t) ∈K(t) a.e. t ∈ (0,T ) which will be shown in the next lemma, we have
a.e. t ∈ (0,T ),∫

Ω

∂t h(t) · (φ− h(t))dx+
∫
Ω

a(x,curlφ(t)) · curl (φ− h(t))dx

≥

∫
Ω

f (t) · (φ− h(t))dx+
∫
Γ

g∗(t) · (φ− h(t))dS .

If we replace φ with h+λ(φ− h) (0 < λ < 1), we have∫
Ω

∂t h(t) · (φ− h(t))dx+
∫
Ω

a(x,curl h(t)+λ(curl (φ− h(t)) · curl (φ− h(t))dx

≥

∫
Ω

f (t) · (φ− h(t))dx+
∫
Γ

g∗(t) · (φ− h(t))dS .

Since a(x,u) is a Carathéodory function, letting λ→ 0, we finally get∫
Ω

∂t h(t) · (φ− h(t))dx+
∫
Ω

a(x,curl h(t)) · curl (φ− h(t))dx

≥

∫
Ω

f (t) · (φ− h(t))dx+
∫
Γ

g∗(t) · (φ− h(t))dS

for any φ ∈ K(t) a.e. t ∈ (0,T ).
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Finally we show the uniqueness of solution. Let h1,h2 be two solutions of (3.1). Then
by (3.1) with h = h1,φ = h2 or h = h2,φ = h1, we have∫

Ω

∂t h1(t) · (h2(t)− h1(t))dx+
∫
Ω

a(x,curl h1(t)) · curl (h2(t)− h1(t))dx

≥

∫
Ω

f (t) · (h2(t)− h1(t))dx+
∫
Γ

g∗(t) · (h2(t)− h1(t))dS

and∫
Ω

∂t h2(t) · (h1(t)− h2(t))dx+
∫
Ω

a(x,curl h2(t)) · curl (h1(t)− h2(t))dx

≥

∫
Ω

f (t) · (h1(t)− h2(t))dx+
∫
Γ

g∗(t) · (h1(t)− h2(t))dS .

If we put w(t) = h1(t)− h2(t), w satisfies∫
Ω

∂tw(t) ·w(t)dx+
∫
Ω

(
a(x,curl h1(t))− a(x,curl h2(t)

)
· curl (h1(t)− h2(t))dx ≤ 0.

a.e. t ∈ (0,T ). Since a is monotone, we have

d
dt

∫
Ω

|w(t)|2dx ≤ 0.

Thus ∫
Ω

|w(t)|2dx ≤
∫
Ω

|w(0)|2dx = 0

so we have w(t) ≡ 0. �

Lemma 3.5. Let hε be the solution of (3.4) and hε → h weakly in Lp(0,T ;Wp(Ω)) ∩
H1(0,T ; L2(Ω)). Then h(t) ∈ K(t) a.e. t ∈ (0,T ).

Proof. Define

Aε = {(x, t) ∈ QT ;b(x,curl hε(x, t))−Ψ(x, t)p <
√
ε},

Bε = {(x, t) ∈ QT ;
√
ε ≤ b(x,curl hε(x, t))−Ψ(x, t)p ≤ 1/ε},

Cε = {(x, t) ∈ QT ;b(x,curl hε(x, t))−Ψ(x, t)p > 1/ε}.

Then "
Aε

√
εdxdt ≤

√
ε|QT | → 0 as ε→ 0,

and from Lemma 3.1,"
Cε

1
ε

dxdt ≤
1
ε

"
Cε

kε
(
b(x,curl hε(x, t)−Ψ(x, t)p)

e1/ε2 dxdt ≤C
1
ε

e−1/ε2
→ 0 as ε→ 0.

For small ε > 0, on Bε

kε(b(x,curl hε(x, t))−Ψ(x, t)p) ≥ kε(
√
ε) = e1/

√
ε.
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Thus using again Lemma 3.1,

|Bε| =
"

Bε
1dxdt ≤

"
Bε

kε
(
b(x,curl hε(x, t))−Ψ(x, t)p)

e1/
√
ε

dxdt ≤Ce−1/
√
ε→ 0 as ε→ 0.

Moreover, 1
ε |Bε| ≤C 1

εe−1/
√
ε→ 0 as ε→ 0. Since curl hε→ curl h weakly in Lp(0,T ; Lp(Ω)),

we have "
QT

b(x,curl h)dxdt ≤ liminf
ε→0

"
QT

b(x,curl hε)dxdt.

Therefore, "
QT

(b(x,curl h)−Ψp)+dxdt

≤ liminf
ε→0

"
QT

(b(x,curl hε)−Ψp)∧
1
ε
∨
√
εdxdt

= liminf
ε→0

("
Aε

√
εdxdt+

"
Bε

(b(x,curl hε)−Ψp)dxdt+
"

Cε

1
ε

dxdt
)

= liminf
ε→0

"
Bε

(b(x,curl hε)−Ψp)χBεdxdt

≤ liminf
ε→0

1
ε
|Bε| = 0.

Hence we have b(x,curl h(x, t)) ≤ Ψ(x, t)p a.e. in QT . That is, h(t) ∈ K(t) a.e. t ∈ (0,T ). �

4 Continuous dependence on the data

In this section, we examine the continuous dependence on the data of the solution of (3.1).
Let Ψi ∈W1,∞(0,T ; L∞(Ω)) satisfy Ψi(x, t) ≥ α > 0 for i = 1,2, and let

f i ∈ Lp′(0,T ; Lq′(Ω))∩ L2(QT ), gi ∈ L∞(0,T ; Lr′(Γ))∩W1,p′(0,T ; Lr′(Γ)).

Define
Ki(t) = {v ∈W

p
∗ (Ω);b(x,curlv) ≤ Ψi(x, t)p a.e. in Ω},

and let hi0 ∈ Ki(0).

Lemma 4.1. If h1 ∈ Lp(0,T ;Wp
∗ (Ω)) satisfies h1(t) ∈ K1(t) a.e. t ∈ (0,T ), then there exists

ĥ2 ∈ Lp(0,T ;Wp
∗ (Ω)) such that ĥ2(t) ∈K2(t) a.e. t ∈ (0,T ), and there exists a constant C > 0

such that
‖curl (h1− ĥ2)‖Lp(QT ) ≤C‖Ψ1−Ψ2‖L∞(QT ).

Proof. Let β(t) = ‖Ψ1−Ψ2‖L∞(Ω) and η(t) = α/(α+β(t)) and define ĥ2(t) = η(t)ph1(t). Since
b(x,u) is convex in u, b(x,0) = 0 and 0 ≤ η(t) ≤ 1, we have

b(x,curl ĥ2(t)) = b(x,η(t)pcurl h1(t)) ≤ η(t)pb(x,curl h1(t)) ≤ (η(t)Ψ1(x, t))p.

Now we have

Ψ1(t)
Ψ2(t)

=
Ψ1(t)−Ψ2(t)+Ψ2(t)

Ψ2(t)
≤
β(t)
α
+1 =

α+β(t)
α

=
1
η(t)

.
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Thus η(t)Ψ1(t) ≤Ψ2(t). Therefore we have b(x,curl ĥ2(t)) ≤Ψ2(t)p, that is, ĥ2(t) ∈K2(t) a.e.
t ∈ (0,T ). Moreover, we have

‖curl (h1(t)− ĥ2(t)‖pLp(Ω) =

∫
Ω

|curl h1(t)− curl ĥ2(t)|pdx

=

∫
Ω

|curl h1(t)−η(t)pcurl h1(t)|pdx

=

∫
Ω

((1−η(t)p)p|curl h1(t)|pdx.

Here

1−η(t)p = 1−
αp

(α+β(t))p =
(α+β(t))p−αp

(α+β(t))p ≤
1
αp β(t)

∫ 1

0
p(α+ θβ(t))p−1dθ.

If we put C1 = ‖Ψ1‖L∞(QT )+ ‖Ψ2‖L∞(QT ), taking β(t) ≤C1 into consideration, we have

1−η(t)p ≤
p(α+C1)p−1

αp β(t).

Thus if we put C = p(α+C1)p−1

αp , we get

‖curl (h1(t)− ĥ2(t)‖Lp(Ω) ≤Cβ(t)‖curl h1(t)‖Lp(Ω).

�

Remark 4.2. If we replace h1 by h2, we can construct the corresponding function denoted
by ĥ1.

Our variational inequality problem is as follows: for i = 1,2, find hi satisfying hi(t) ∈
Ki(t) a.e. t ∈ (0,T ) and hi(0) = hi0 such that∫

Ω

∂t hi(t) · (φ− hi(t))dx+
∫
Ω

a(x,curl hi(t)) · curl (φ− hi(t))dx

≥

∫
Ω

f i(t) · (φ− hi(t))dx+
∫
Γ

g∗i (t) · (φ− hi(t)dS (4.1)i

for any φ ∈ Ki(t) a.e. t ∈ (0,T ) where g∗i (t) = gi(t) if ∗ = N and g∗i (t) = n× gi(t) if ∗ = T .
Then we have the following theorem.

Theorem 4.3. Let hi (i = 1,2) be solutions of (4.1). Then there exists a constant C > 0 such
that

‖h1− h2‖
2
L∞(0,T ;L2(Ω))

+ ‖curl (h1− h2)‖p∨2
Lp(QT )

≤C(‖ f 1− f 2‖
p′∧2
Lp′ (0,T ;Lq′ (Ω))

+ ‖g1− g2‖
p′∧2
Lp′ (0,T ;Lr′ (Γ))

+ ‖h10− h20‖
2
L2(Ω)
+ ‖Ψ1−Ψ2‖L∞(QT )).

Here and hearafter we denote a∨b =max{a,b} and a∧b =min{a,b} for any real numbers
a and b.
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Proof. If we take φ = ĥ1(t) as a test function in (4.1)1, we have∫
Ω

∂t h1(t) · (h1(t)− ĥ1(t))dx+
∫
Ω

a(x,curl h1(t)) · curl (h1(t)− ĥ1(t))dx

≤

∫
Ω

f 1(t) · (h1(t)− ĥ1(t))dx+
∫
Γ

g∗1(t) · (h1(t)− ĥ1(t))dS .

Thus we have∫
Ω

∂t h1(t) · (h1(t)− h2(t))dx+
∫
Ω

a(x,curl h1(t)) · curl (h1(t)− h2(t))dx

≤

∫
Ω

f 1(t) · (h1(t)− h2(t))dx+
∫
Γ

g∗1(t) · (h1(t)− h2(t))dS

+

∫
Ω

∂t h1(t) · (ĥ1(t)− h2(t))dx+
∫
Ω

a(x,curl h1(t)) · curl (ĥ1(t)− h2(t))dx

+

∫
Ω

f 1(t) · (h2(t)− ĥ1(t))dx+
∫
Γ

g∗1(t) · (h2(t)− ĥ1(t))dS .

Similarly, if we take φ = ĥ2(t) as a test function in (4.1)2, we have∫
Ω

∂t h2(t) · (h2(t)− h1(t))dx+
∫
Ω

a(x,curl h2(t)) · curl (h2(t)− h1(t))dx

≤

∫
Ω

f 2(t) · (h2(t)− h1(t))dx+
∫
Γ

g∗2(t) · (h2(t)− h1(t))dS

+

∫
Ω

∂t h2(t) · (ĥ2(t)− h1(t))dx+
∫
Ω

a(x,curl h2(t)) · curl (ĥ2(t)− h1(t))dx

+

∫
Ω

f 2(t) · (h1(t)− ĥ2(t))dx+
∫
Γ

g∗2(t) · (h1(t)− ĥ2(t))dS .

Therefore we have∫
Ω

∂t(h1(t)− h2(t)) · (h1(t)− h2(t))dx

+

∫
Ω

(
a(x,curl h1(t))− a(x,curl h2(t)

)
· curl (h1(t)− h2(t))dx

≤

∫
Ω

( f 1(t)− f 2(t)) · (h1(t)− h2(t))dx+
∫
Γ

(g∗1(t)− g∗2(t)) · (h1(t)− h2(t))dS +Θ(t) (4.2)

where

Θ(t) =
∫
Ω

∂t h1(t) · (ĥ1(t)− h2(t))dx+
∫
Ω

a(x,curl h1(t)) · curl (ĥ1(t)− h2(t))dx

+

∫
Ω

f 1(t) · (h2(t)− ĥ1(t))dx+
∫
Γ

g∗1(t) · (h2(t)− ĥ1(t))dS

+

∫
Ω

∂t h2(t) · (ĥ2(t)− h1(t))dx+
∫
Ω

a(x,curl h2(t)) · curl (ĥ2(t)− h1(t))dx

+

∫
Ω

f 2(t) · (h1(t)− ĥ2(t))dx+
∫
Γ

g∗2(t) · (h1(t)− ĥ2(t))dS .
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The case p ≥ 2. Integrating (4.2) over (0, t), taking essential supremum and using the
Young inequality, for any δ > 0, we have

1
2
‖h1− h2‖

2
L∞((0,T );L2(Ω))

+a∗‖curl (h1− h2)‖pLp(QT )

≤C(‖ f 1− f 2‖Lp′ (0,T ;Lq′ (Ω))+ ‖g1− g2‖Lp′ (0,T ;Lr′ (Γ)))

×‖curl (h1− h2)‖Lp(QT )+
1
2
‖h10− h20‖

2
L2(Ω)
+

∫ T

0
|Θ(t)|dt

≤C(δ)(‖ f 1− f 2‖
p′

Lp′ (0,T ;Lq′ (Ω))
+ ‖g1− g2‖

p′

Lp′ (0,T ;Lr′ (Γ))
)

+δ‖curl (h1− h2)‖pLp(QT )+
1
2
‖h10− h20‖

2
L2(Ω)
+

∫ T

0
|Θ(t)|dt.

We estimate the term
∫ T

0 |Θ(t)dt. First we note that since p ≥ 2, it follows from Proposition
2.3 that

‖ĥ1(t)− h2(t)‖L2(Ω) ≤C‖curl ĥ1(t)− h2(t)‖Lp(Ω).

Now we have ∫ T

0

∫
Ω

|∂t h1(t) · (ĥ1(t)− h2(t))|dxdt

≤

∫ T

0
‖∂t h1(t)‖L2(Ω)‖ĥ1(t)− h2(t)‖L2(Ω)dt

≤ ‖∂t h1‖L2(0,T ;L2(Ω))

(∫ T

0
‖ĥ1(t)− h2(t)‖2L2(Ω)

dt
)1/2

≤C‖∂t h1‖L2(0,T ;L2(Ω))

(∫ T

0
‖curl (ĥ1(t)− h2(t))‖2Lp(Ω)dt

)1/2

≤CT ‖∂t h1‖L2(0,T ;L2(Ω))‖curl (ĥ1(t)− h2(t))‖Lp(QT )

≤C′T ‖∂t h1‖L2(0,T ;L2(Ω))‖Ψ1−Ψ2‖L∞(QT ).

By the Hölder inequality and Lemma 4.1, we have∫
Ω

|a(x,curl h1(t)) · curl (ĥ1(t)− h2(t))|dx

≤

∫ T

0

∫
Ω

a∗|curl h1(t)|p−1|curl (ĥ1(t)− h2(t))|dxdt

≤ a∗‖curl h1‖
p/p′

Lp(QT )‖curl (ĥ1− h2)‖Lp(QT )

≤C‖curl h1‖
p/p′

Lp(QT )‖Ψ1−Ψ2‖L∞(QT ).

We also have∫ T

0

∫
Ω

| f 1(t) · (h2(t)− ĥ1(t))|dxdt ≤
∫ T

0
‖ f 1(t)‖Lq′ (Ω)‖h2(t)− ĥ1(t)‖Lq(Ω)dt

≤ C
∫ T

0
‖ f 1(t)‖Lq′ (Ω)‖curl (h2(t)− ĥ1(t))‖Lp(Ω)dt

≤ C‖ f 1‖Lp′ (0,T ;Lq′ (Ω))‖curl (h2− ĥ1)‖Lp(QT )

≤ C‖ f 1‖Lp′ (0,T ;Lq′ (Ω))‖Ψ1−Ψ2‖L∞(QT ).
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Similarly ∫ T

0

∫
Γ

|g∗1(t) · (h2(t)− ĥ1(t))|dxdt ≤C‖g1‖Lp′ (0,T ;Lr′ (Γ))‖Ψ1−Ψ2‖L∞(QT ).

The other terms are also estimated by ‖Ψ1−Ψ2‖L∞(QT ).
The case 6/5 ≤ p < 2. It follows from (4.3) and (2.3)′ that

1
2

esssup
t∈(0,T )

∫
Ω

|h1(t)− h2(t)|2dx

+a∗

"
QT

(|curl h1(t)|+ |curl h2(t)|)p−2|curl (h1(t)− h2(t)|2dxdt

≤C
(
‖ f 1− f 2‖Lp′ (0,T ;Lq′ (Ω))+ ‖g1− g2‖Lp′ (0,T ;Lr′ (Γ))

)
‖curl (h1− h2)‖Lp(QT )

+
1
2
‖h10− h20‖L2(Ω)+

∫ T

0
|Θ(t)|dt.

We put
Q̂T = {(x, t) ∈ QT ; curl h1(x, t) , 0,curl h2(x, t) , 0},

and we use the inverse Hölder inequality (cf. Sobolev [13, p. 8]):"
Q̂T

|curl h1− curl h2|
2(|curl h1|+ |curl h2|)p−2dxdt

≥

("
Q̂T

|curl h1− curl h2|
pdxdt

)2/p ("
Q̂T

(|curl h1|+ |curl h2|)pdxdt
)(p−2)/p

= c
("

Q̂T

|curl h1− curl h2|
pdxdt

)2/p

= c‖curl h1− curl h2‖
2
Lp(Q̂T )

.

By similar arguments as the case p ≥ 2, we have

‖h1− h2‖L∞(0,T ;L2(Ω))+ ‖curl (h1− h2)‖2Lp(QT )

≤C(‖ f 1− f 2‖
2
Lp′ (0,T ;Lq′ (Ω))

+ ‖g1− g2‖
2
Lp′ (0,T ;Lr′ (Γ))

+ ‖h10− h20‖
2
L2(Ω)

)+
∫ T

0
|Θ(t)dt.

The rest is similar as the case p ≥ 2. �

5 The asymptotic behavior as t→∞ of the solution of the vari-
able inequality

In this section, we shall show that the solution of the variationary inequality (3.1) converges
to a solution of the stable variable inequality.

Let Ψ∞ ∈ L∞(Ω) satisfy Ψ∞(x) ≥ α > 0 and define

K∞ = {v ∈W
p
∗ (Ω);b(x,curlv) ≤ Ψ∞(x)p a.e. in Ω}.
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Let f∞ ∈ Lq′(Ω) and g∞ ∈ Lr′(Γ). We consider the following problem: find h∞ ∈ K∞ such
that ∫

Ω

a(x,curl h∞) · curl (φ− h∞)dx ≥
∫
Ω

f∞ · (φ− h∞)dx+
∫
Γ

g∗∞ · (φ− h∞)dS (5.1)

for any φ ∈ K∞ where g∗∞ = g∞ if ∗ = N and g∗∞ = n× g∞ if ∗ = T .
Then we have the following theorem.

Theorem 5.1. Let p ≥ 6/5 and h∞ be a solution of (5.1). Moreover, assume that f ∈
L∞(0,∞; Lq′∨2(Ω)), g ∈ W1,∞(0,∞; Lr′(Γ)), Ψ ∈ W1,∞(0,∞; L∞(Ω)) and h(t) be a solution
of (3.1). Define

ξ(t) = ‖ f (t)− f∞‖
p′∨2
Ls(Ω)+ ‖g(t)− g∞‖

p′∨2
Lr′ (Γ)

where s = 2 if 6/5 ≤ p < 2 and s = q′ if p ≥ 2. Assume that∫ t

t/2
ξ(τ)dτ → 0 as t→∞ if p > 2,∫ t+1

t
ξ(τ)dτ → 0 as t→∞ if 6/5 ≤ p ≤ 2.

Furthermore, we assume that there exists D > 0 such that

‖Ψ(t)−Ψ∞‖L∞(Ω) ≤ Dt−γ

where

γ >

{
3/2 if p > 2,
1/2 if 6/5 ≤ p ≤ 2.

Then we have ‖h(t)− h∞‖L2(Ω)→ 0 as t→∞.

Proof. Put β(t) = ‖Ψ(t)−Ψ∞‖L∞(Ω), η(t) = α/(α+ β(t)) and define h(t) = η(t)ph∞, h∞(t) =
η(t)ph(t). Then from Lemma 4.1, we can see that h(t) ∈ K(t),h∞(t) ∈ K∞ a.e. t ∈ (0,T ).
From (4.2) with h1 = h, h2 = h∞,∫

Ω

∂t(h(t)− h∞) · (h(t)− h∞)dx+
∫
Ω

(a(x,curl h(t))− a(x,curl h∞) · curl (h(t)− h∞)dx

≤

∫
Ω

( f (t)− f∞) · (h(t)− h∞)dx+
∫
Γ

(g∗(t)− g∗∞) · (h(t)− h∞)dS +Θ(t)

where

Θ(t) =
∫
Ω

∂t h(t) · (h(t)− h∞)dx+
∫
Ω

a(x,curl h(t)) · curl (h(t)− h∞)dx

+

∫
Ω

f (t) · (h∞− h(t))dx+
∫
Γ

g∗(t) · (h∞− h(t))dS

+

∫
Ω

a(x,curl h∞) · curl (h(t)− h(t))dx

+

∫
Ω

f∞ · (h(t)− h(t))dx+
∫
Γ

g∗∞ · (h(t)− h(t))dS .
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Lemma 5.2. There exist constants C1,C2 > 0 independent of t such that

‖∂τh‖L2(Qt) ≤C1t1/2+C2.

Proof. From the proof of Lemma 3.3, we have"
Qt

|∂τhε(τ)|2dx+
1
p

a∗

∫
Ω

|curl hε(t)|pdx

≤

"
Qt

pkε
(
b(x,curl hε(τ))−Ψ(x, τ)p)Ψ(x, τ)p−1|∂τΨ(x, τ)|dxdt

+

"
Qt

| f (τ) ·∂τhε(τ)|dxdτ+
"
Σt

|g∗(τ) ·∂τhε(τ)|dS dτ.

From Lemma 3.1,"
Qt

pkε
(
b(x,curl hε(τ))−Ψ(x, τ)p)Ψ(x, τ)p−1|∂τΨ(x, τ)|dxdt

≤ ‖kε(b(x,curl hε(τ)−Ψ(x, τ)p‖L1(Q∞)‖Ψ‖
p−1
L∞(Q∞)‖∂Ψ‖L∞(Q∞) ≤C2.

For any δ > 0,"
Qt

| f (τ) ·∂τhε(τ)|dxdτ ≤ Cδ

"
Qt

| f (τ)|2dxdτ+δ
"

Qt

|∂τhε(τ)|2dxdτ

≤ Cδt‖ f‖L∞(0,∞;L2(Ω))+δ

"
Qt

|∂τhε(τ)|2dxdτ.

Using the integration by parts,"
Qt

g∗(t) ·∂τhε(τ)dS dτ =
∫
Γ

g∗(t) · hε(t)dS −
∫
Γ

g∗(0) · h0dS −
"
Σt

∂τg∗(τ) · hε(τ)dS dτ.

We estimate each term of the right hand side. For any δ > 0,∫
Γ

|g∗(t) · hε(t)|dS ≤C(δ)‖g‖p
′

L∞(0,T ;Lr′ (Γ))
+δ‖curl hε(t)‖

p
Lp(Ω).

Moreover we have ∫
Γ

|g∗(0) · h0|dS ≤ ‖g‖L∞(0,T ;Lr′ (Ω))‖curl h0‖Lp(Ω) ≤C.

Since it follows from Lemma 3.2 that

‖curl hε‖
p
Lp(QT ) ≤C1t+C2

where C1 and C2 are constants independent of t, we have"
Σt

|∂τg∗(τ) · hε(τ)|dS dτ ≤ C
∫ t

0
‖∂τg(τ)‖Lr′ (Γ)‖curl hε‖Lp(Ω)dτ

≤

(∫ t

0
‖∂τg(τ)‖p

′

Lr′ (Γ)
dτ

)1/p′ (∫ t

0
‖curl hε(τ)‖pLp(Ω)dτ

)1/p

≤ C‖∂τg‖p
′

Lp′ (0,t;Lr′ (Γ))
+C‖curl hε‖

p
Lp(Qt)

≤ ≤C1t+C2.
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Thus taking δ > 0 small enough, we can see that

‖∂τh‖L2(Qt) ≤ liminf
ε→0

‖∂τhε‖L2(QT ) ≤C1t1/2+C2.

This completes the proof. �

Define
Φ(t) =

∫
Ω

|h(t)− h∞|2dx.

When p > 2, it follow from (5.2) that

1
2

d
dt

∫
Ω

|h(t)− h∞|2dx+a∗

∫
Ω

|curl (h(t)− h∞)|pdx

≤ ‖ f (t)− f∞‖Lq′ (Ω)‖h(t)− h∞‖Lq(Ω)+ ‖g(t)− g∞‖Lr′ (Γ)‖h(t)− h∞‖Lr(Γ)+Θ(t)

≤C(δ)(‖ f (t)− f∞‖
p′

Lq′ (Ω)
+ ‖g(t)− g∞‖

p′

Lr′ (Γ)
)+δ‖curl (h(t)− h∞‖

p
Lp(Ω)+Θ(t).

Here we note that the each term of Θ(t) is estimated by (C1t1/2 +C2)‖Ψ(t)−Ψ∞‖L∞(Ω). By
Proposition 2.3, we can see that

‖hε(t)− h∞‖L2(Ω) ≤C‖curl (h(t)− h∞)‖Lp(Ω).

Thus we have
Φ′(t)+ cΦ(t)p/2 ≤ l(t)

where c > 0 is a constant and

l(t) =C3(‖ f (t)− f∞‖
p′

Lq′ (Ω)
+ ‖g(t)− g∞‖

p′

Lr′ (Γ)
+ ‖Ψ(t)−Ψ∞‖L∞(Ω))+C4t1/2‖Ψ(t)−Ψ∞‖L∞(Ω)

Here we have∫ t

t/2
l(τ)dτ ≤C3

∫ t

t/2
ξ(τ)dτ+C3

∫ t

t/2
Dτ−γdτ+C4

∫ t

t/2
Dτ−γ+1/2dτ.

When p > 2, since p′ < 2, s = q′ and γ > 3/2, we have∫ t

t/2
l(τ)dτ→ 0 as t→∞.

If we apply Simon [12, Lemma 1, p. 591], we have∫
Ω

|h(t)− h∞|2dx ≤
(
c(p−2)

4
t
)−2/(p−2)

+

∫ t

t/2
l(τ)dτ→ 0 as t→∞.

When 6/5 ≤ p ≤ 2, since p′ ≥ 2, s = 2, we have

Φ′(t)+ cΦ(t) ≤ l(t)

where

l(t) =C3(‖ f (t)− f∞‖
2
Lq′ (Ω)

+ ‖g(t)− g∞‖
2
Lr′ (Γ)

+ ‖Ψ(t)−Ψ∞‖L∞(Ω))+C4t1/2‖Ψ(t)−Ψ∞‖L∞(Ω)
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Here we note that since p ≥ 6/5, we can take q′ = 2. Since γ > 1/2, we have∫ t+1

t
τ1/2‖Ψ(τ)−Ψ∞‖L∞(Ω)dτ ≤ D

∫ t+1

t
τ−γ+1/2dτ

=
D

−γ+3/2
(
(t+1)−γ+3/2− t−γ+3/2)

=
D

−γ+3/2

∫ 1

0
(t+ θ)−γ+1/2dθ

≤ Dt−γ+1/2→ 0 as t→∞.

We apply the following variation of Lemma 4 in Haraux [8, p. 286] (cf. [10, Lemma 2.4]).

Lemma 5.3. Let φ(t) ≥ 0 be absolutely continuous in any compact interval of R+, 0 ≤ l(t) ∈
L1

loc(R+) and c > 0. If the following inequality holds:

φ′(t)+ cφ(t) ≤ l(t) a.e. t ≥ 0,

then for any t0, t with t0 ≤ t,

φ(t) ≤ ec(t0−t)φ(t0)+
1

1− e−c sup
τ≥t0

∫ τ+1

τ
l(σ)dσ.

The proof is elementary and given in the Appendix.
From this lemma, for fixed t0 > 0 and for all t > t0, we have∫

Ω

|h(t)− h∞|2dx ≤ ec(t0−t)l1+
1

1− e−c sup
τ≥t0

∫ τ+1

τ
l(σ)dσ.

for some constant l1 > 0. If we take t0 > 0 large enough and let t→ 0, then we can see that∫
Ω

|h(t)− h∞|2dx→ 0 as t→∞.

�

A Proof of Lemma 5.3

In this appendix, we shall prove Lemma 5.3.
We put

C = sup
τ≥t0

∫ τ+1

τ
l(σ)dσ

and ψ(t) = e−c(t0−t)φ(t). Then φ(t) satisfies

ψ′(t) ≤ e−c(t0−t)l(t). (A.1)

Integrating (A.1) over [τ,τ+1], we have

ψ(τ+1)−ψ(τ) ≤ ec(t0−(τ+1))
∫ τ+1

τ
l(t)dt.
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From this, it follows that

φ(τ+1) ≤ e−cφ(τ)+C for any τ ≥ 0. (A.2)

Let t0 ≤ t and write t− t0 = k+δ where k ≥ 0 is an integer and δ ∈ [0,1). Then from (A.2),

φ(t) ≤ e−cφ(t−1)+C

≤ e−c(e−cφ(t−2)+C
)
+C

= e−2cφ(t−2)+C(1+ e−c)

. . .

≤ e−kcφ(t0+δ)+C
(
1+ e−c+ · · ·+ e−(k−1)c).

Moreover, integrating (A.1) over [t0, t0+δ], we have

φ(t0+δ) ≤ e−cδφ(t0)+C.

Thus we have

φ(t) ≤ e−kcφ(t0+δ)+C
(
1+ e−c+ · · ·+ e−(k−1)c)

≤ e−kc(e−cδφ(t0)+C)+C
(
1+ e−c+ · · ·+ e−(k−1)c)

≤ ec(t−t0)φ(t0)+
1

1− e−c C.

This completes the proof.
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