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Gennadiy Burlak†
Centro de Investigación en Ingenierı́a y Ciencias Aplicadas

Universidad Autónoma del Estado de Morelos,
Cuernavaca, Mor. 62209, México.
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Abstract

We report results of systematic analytic and numerical study of the electromagnetic
field generated by a moving with the uniform velocity source through a dispersive
lossy metamaterial. The Cherenkov radiation in a far zone is considered with the use
of 2D stationary phase method. In our simulations the Drude model is implemented for
a metamaterial. As a result of passage of modulated charged source in metamaterial a
double branching of the Cherenkov cone with negative refractive index is registered.
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1 Introduction

Cherenkov radiation generated by charged particles moving through various materials has
been studied in numerous papers [1]-[21]. To expand the already completed studies, it
is of great interest to investigate the electromagnetic (EM) field from a charged particle
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moving through dispersive lossy metamaterials. With the help of FDTD method [7] it is
possible to study the structure of the emission field in the near zone. However the study of
the field properties in the far zone already requires the knowledge of the field asymptotic
for large values of the parameter a/λ, where a is the distance to the observer and λ is the
field wavelength. In Ref. [8] was developed the approach based on the two-dimensional
stationary phase method that allows to study the details of the field dynamics in the far zone.
Such technique was applied to obtain the retarded time and the Doppler shift for modulated
moving source in dispersive metamaterial [9] that shows the splitting of the Cherenkov cone
into two branches. In this paper the amplitude and phase of the field for metamaterials with
the negative refraction index it is studied with details.

2 Basic equations

The electromagnetic effects governed by Maxwell’s equations in a dispersive medium, read
[8]

∇×H = ϵ(Dt)
∂E
∂t
+ j,

∇×E = µ(Dt)
∂H
∂t
, (2.1)

ϵ(Dt)∇ ·E = ρ,
∇ ·H = 0.

If in the system (2.1) the Fourier transformation is applied and after some calculations
it is possible to obtain representation for the electric and magnetic fields in the following
form [8]

H(t,x) =
1

8π2

∫ t

−∞

∫ ∞

−∞
A(τ)∇x×

(
eiS (t,x,ω,τ)

|x−x0(τ)|v(τ)
)
dωdτ, (2.2)

E(t,x) =
1

8π2i

∫ t

−∞

∫ ∞

−∞
A(τ)ωµdµ(ω)(I+ k−2

d (ω)∇x∇x·)
eiS (t,x,ω,τ)

|x−x0(τ)|v(τ)dωdτ, (2.3)

where it is considered a moving source of the form

j(t,x) = A(t)v(t)δ(x−x0(t)),

here δ is the Dirac delta function, x0(t) = (x01(t), x02(t), x03(t)), is the vector defining the
motion of the source, and v(t) = ẋ0(t) is the velocity of the source.

The integration with respect to τ from −∞ to τ in (2.2), (2.3) is due to the analyticity of
the integrands in (2.2), (2.3) for ω in C+. That is, τ can not exceed t, that agrees with the
causality principle.

Based on the main idea of the stationary phase method, there is a cancellation of the
sinusoids in the main term of the integral in Eqs. (2.2)-(2.3) for very fast variations (ω→
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∞). However, in a neighborhood near x0, where ∂S/∂ω = 0 and ∂S/∂τ = 0 (stationary
point), the component of the EM field become non-zero. The contribution of the stationary
points (ωS , τS ) in the asymptotic of H and E, simplifies the calculations and allows one to
obtain the following equations for the magnetic and electric fields

H(t,x) ∼ 1
4π
∇x×

(
eiS (t,x,ω,τ)

|x−x0(τ)|v(τ)
)

a(τ)
(det(−S ′′(t,x,ω,τ)))1/2 , (2.4)

E(t,x) ∼ 1
4πi

a(τ)ωµ(ω)
(
I+

1
k2(ω)

∇x∇x ·
eiS (t,x,ω,τ)

|x−x0(τ)|v(τ)
)
× 1

(det(−S ′′(t,x,ω,τ)))1/2 , (2.5)

where t = T
λ , |x− x0(t)| = |X−X0(T )|

λ , see more details in [8]. In the formulas (2.4),
(2.5) the phase is:

S (t,x,ω,τ) = k(ω)|x−x0(τ)| −ω(t−τ)−ω0τ,

Here k(ω) = ω
√
ϵ(ω)µ(ω) is the wave number, and ϵ(ω), µ(ω) are the frequency depen-

dent electric permittivity and magnetic permeability.
We note that the contributions in the main term of the asymptotic behavior of the integral

(2.2) and (2.3) are given by the stationary points (ω = ω(t,x), τ = τ(t,x)) in the phase S that
are solutions of the following system

∂S (t,x,ω,τ)
∂ω

=
|x−x0(τ)|

vg(ω)
− (t−τ) = 0,

(2.6)
∂S (t,x,ω,τ)
∂τ

= −k(ω)v(x, τ)+ (ω−ω0) = 0.

After simplification the system (2.6) in the stationary phase points (ω(t,x), τ(t,x)) reads

(x2
1+ (x2− v0τ)

2+ (x3)2)1/2

vg(ω)
− (t−τ) = 0,

(2.7)

−k(ω)
v0(x2− vτ)

(x2
1+ (x2− vτ)2+ x32)1/2 + (ω−ω0) = 0.

It is readily to see that system (2.7) already agrees with the causality principle t > τ.

3 Numerical results

In this section, the solution of the field equations (2.4)-(2.5) in the far zone is numerical
studied. The following sequence of calculations is applied: first we calculate the solutions
τ and ω to the nonlinear system (2.7) by the Newton-Raphson method. Next, we calculate
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the phase S for found τ and ω that allows to study the structure of the electric and magnetic
field in equations (2.4) -(2.5).

As fixed time t and the position of an observer, the Eq. (2.7) are simplified if to take the
axis x2 parallel to the particle velocity v0

r(τ)− (t−τ)vg(ω) = 0 (3.1)

−v0k(ω)(x2− v0τ)+ (ω−ω0)r(τ) = 0 (3.2)

where r(τ) =
√

x2
1+ (x2−τv0)2+ x2

3, v0 is the particle velocity, k = n(ω)ω/c is the wave

number, n(ω) is the refractive index of the metamaterial, and c = (ϵ0µ0)−0.5 is the light
velocity in free space and vg is the group velocity vg(ω) = dω/dk = c/(n′(ω)ω+ n). The
simplest case of the system (3.1)-(3.2) corresponds to a dispersiveless medium with n =
const. In this situation, the solutions to Eq. (3.1)-(3.2) for τ and ω can be explicitly written
as follows

τ1,2 =
tc2− x2n2v0± cn

√
r1

(1−β2)c2 , (3.3)

ω1,2 =
cω0r(τ)

nv2
0τ1,2− x2nv0+ cr(τ)

, (3.4)

where r1 = (x2− v0t)2 + (x2
1 + x2

3)(1− n2v2
0/c

2), β = nv0/c and inequality t > τ has to be
applied in Eqs.(3.3)-(3.4).

More interesting is the dispersive medium case with n = n(ω). However for a dispersive
material it is difficult to solve analytically the equations (3.1)-(3.2). Therefore in what
follows the numerical solutions to the system (3.1)-(3.2) will be analyzed .

In our approach, the properties of the EM field in dispersive metamaterials, where Re(n)
for some range of frequencies becomes negative Re(n) < 0 are studied. The deep insight of
the EM waves structure in the dispersive already case requires the explicit formulation the
model for the dispersive material. In recent literature the Drude or Lorenz models normally
are used as basic models for metamaterials, see [2, 13] and references therein. Since the
metamaterials has a metal ingredient, here the Drude model is applied for our simulations.
In what follows we consider a medium that is characterized by the electrical permittivity
ϵ(ω) and magnetic permeability µ(ω) that both are complex functions of frequency ω and
read

ϵ(ω) = 1+
ω2

pe

ω2
Te−ω2− iωγe

, (3.5)

µ(ω) = 1+
ω2

pm

ω2
Tm−ω2− iωγm

. (3.6)

For such ϵ(ω) and µ(ω), the complex refractive index n(ω) of a metamaterial can be
written as follows [16], [17]:
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Figure 1. (Color on line.) The spatial structure of the magnetic field component Re(Hz) for
the dispersiveless medium at time t = 2 for various particle velocity v0. (a) v0 = 0.81 < vc.
(b) v0 = 0.8333 ≃ vc; (c) v0 = 0.833334 overlapping wavefronts; (d) Cherenkov cone for
v0 = 0.845 > vc, where the critical velocity is vc = 0.83. See details in the text.

n(ω) =
√
|ϵ(ω)µ(ω)|ei[ϕϵ (ω)+ϕµ(ω)]/2 (3.7)

The results of our calculations are shown in Figs.1-5, for magnetic Re(Hz) and electric
Re(Ex). For numerical simulations we use the dimensionless variables, where for renormal-
ization are applied the vacuum light c and the plasma wavelength l0 = c/ωpe. The electri-
cal and magnetic fields are renormalized with the electrical scale E0 = ql0ϵ0 and magnetic
scale H0 = (ϵ0/µ0)0.5. Fig.1 shows the spatial field distribution in a dispersionless medium
(n = 1.2). Only field components Hz are displayed, that is calculated for various particle ve-
locities at fixed time t = 2. From Fig.1(a) for case of the velocity v0 = 0.81 < vc = 0.833, it is
seen that the wave fronts are expanded away from the source. At larger velocity v0 = 0.8333
and v0 = 0.833334 ≃ vc (see Fig. 1(b-c) respectively), we observe decrease of the field am-
plitude, and generations some field perturbation in direction perpendicular to v0. For v0
slightly more than vc (Fig. 1(d)) the oscillations occur inside the cone and field amplitude
greatly grows. In this case (v0 = 0.845) the field perturbation radiates like a shock wave that
giving rise to the Cherenkov cone.

Fig. 2 shows the structure of the electric field Ex in dispersionless system. In this case,
the Ex component is calculated for various velocities of the particle at time t = 2. From
Fig. 1 and Fig. 2 we observe that the component Ex has similar shape to Hz, but with
considerable reduction of the amplitude.
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Figure 2. (Color on line.) The spatial structure of the electric field component Re(Ex)
for the dispersiveless medium at t = 2 for various particle velocity v0. (a) v0 = 0.81. (b)
v0 = 0.8333; (c) v0 = 0.833334 overlapping wavefronts; (d) Cherenkov cone for v0 = 0.845.
See details in the text.

In Figs. 3-4 the results of numerical simulations for the case of dispersive metamaterial
is shown. Fig. 3 shows the distribution of the EM field for the Re(Hz) component. An
interesting situation occurs at v0 = 0.81 (Fig. 3(a)), when the field Ex splits in two cones. For
this case we have calculated that the refractive index for both branches is different Re(n1) =
−1.77 and Re(n2) = 1.2 for the internal (n1) and external (n2) branches respectively. Here
the normalized frequencies are ω1,2 = 0.117 and 8.0; group velocities are vg1,2 = 0.22 and
0.833 respectively. The internal branch corresponds to the double negative metamaterial,
while the external branch looks like conventional medium with vg ≃ vc. At larger velocity
of the particle v0 = 0.8333, (Fig. 3(b)) we see that the waves leave the external branches,
reach the velocity limit in the medium and are overlapped. For a dispersive medium, the
critical velocity is not well defined due to the dependence n(ω). However, using the same
fixed parameters in both simulations, vc in Drude medium (with n > 0) is very close to the
critical velocity in the dispersionless medium. There fore the Fig. 3(c), is rather similar
to Fig. 1(c). In Fig. 3(d) we observed the Cherenkov conventional cone, in this case the
medium behaves as a dispersionless one with n = 1.2.

Fig. 4 shows the results of the spatial field simulations in metamaterial. In this figure,
the Re(Ex) component is shown, that is calculated for various velocities of the particle at
time t = 2. Compared to Fig. 3 the field Ex shows rather similar shape to Hz, but with
considerable reduction of amplitude.

It is instructively to compare the structure of the field in dispersiveless dielectric and
dispersive (Drude) metamaterial for the same of the particle velocity v0 < vc, see Fig. 5.
From Fig. 5(a,b) we observe that for small v0 the shape of field has typical structure of the
moving source (panel (a)) with the increase of amplitude of radiated field at for v0 → vc
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Figure 3. (Color on line.) Field component Re(Hz) for a dispersive lossy medium in time
t = 2. (a) v0 = 0.81 < vc, n1 = −1.77 and n2 = 1.2. (b) v0 = 0.8333 ≃ vc, n1 = −1.83 and
n2 = 1.2. (c) v0 = 0.833334, n = 1.2. (d) Cherenkov cone with v0 = 0.845 > vc.

Figure 4. (Color on line.) The structure of the electric field Re(Ex) for dispersive lossy
metamaterial at t = 2. (a) v0 = 0.81, n1 = −1.77 and n2 = 1.2, (b) v0 = 0.8333, n1 = −1.83
and n2 = 1.2, (c)v0 = 0.833334, n = 1.2 and, (d) Cherenkov cone for v0 = 0.84.
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Figure 5. (Color on line.) The structure of the field for dispersiveless medium (d.m.) (a),
(b) and metamaterial (m.m.) (c), (d): (a) d.m. for v0 = 0.65, n = 1.2 at f = 0.163, τ = −2.1,
vph = 0.833 = vg; (b) Same as in panel (a) but for v0 = 0.74 and f = 0.16, τ = −2.03, (c)
m.m. for v0 = 0.65, n1( f ) = −1.27 at f = 0.128, τ = 1.37, vph = −0.79, vg = 0.238, n2 = 1.16
at f = 1.02, τ = −9.03, vPhMax = 0.865, vGrMax = 0.804; (d) m.m. for v0 = 0.74, n1 = −1.48
at f = 0.123, τ = 1.41, vPhMin = −0.677, vGrMin = 0.231 and n2 = 1.19 at f = 2, τ = −15.8,
vPhMax = 0.841, vgMax = 0.826 (see details in text).

(panel (b)). However the situation becomes more involved for dispersive metamaterial, see
Fig. 5(c,d). In this case the refractive index n = n( f ), f = ω/2π (and the critical veloc-
ity) already depends on the field frequency f that is the solution to the system (3.1),(3.2)
and (3.5), (3.6) for dispersive metamaterial. Such a complex dependence leads to that the
Cherenkov cone splits in two branches, see Fig. 5 (c,d). Besides, as we observe from Fig.
5 (c,d), the shape of the wave’s phase acquires more sharp structure at the increase of the
particle velocity v0.

4 Conclusion

In this paper the electromagnetic field generated by source moving through a dispersive
lossy metamaterial is analytically and numerically studied. The Cherenkov radiation in far
zone is considered with the use of 2D stationary phase method. In our simulations the
Drude model is implemented for metamaterial. It is found that the spatial electromagnetic
phase dependencies contain the important information on the field details in the far zone.
As result of passage of modulated charged source moving with the uniform velocity in
metamaterial a double branching (splitting) of the Cherenkov cone with negative refractive
index is registered.
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