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Abstract

We study Toeplitz operators acting on the weighted pluriharmonic Bergman space on
the unit ball, denoted here by b2

λ(B
n). We prove that, besides the C∗-algebra generated

by Toeplitz operators with radial symbols, there are commutative Banach algebras
generated by Toeplitz operators. These Banach algebras are generated by Toeplitz
operators with k-quasi-radial and k-quasi-homogeneous symbols.
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1 Introduction

The pluriharmonic Bergman space on the unit ball is represented in terms of the Bergman
and the anti-Bergman spaces. With this in mind we might expect that the study of Toeplitz
operators acting on b2

λ(B
n) is just an extension of the results for the Bergman space setting.

However, even for one complex variable, they present unexpected properties. For example,
each Fredholm Toeplitz operator with continuous symbol, has Fredholm index zero (see
for example [3]). Some other interesting properties of Toeplitz operators acting on b2(D)
(or b2(Π), where Π denotes the upper half-plane) are proved in [4]. There, it is proved
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that Toeplitz operators whose symbols depend only on the vertical variable generate a com-
mutative C∗-algebra, such as in the Bergman space setting. But, if we consider Toeplitz
operators with homogeneous symbols they generate a non commutative C∗-algebra.

There are some interesting results concerning to Toeplitz operators acting on the pluri-
harmonic Bergman space on the unit ball. In particular, as proved in [7], every Toeplitz
operator with radial symbol is diagonal. Using some results from [1] we prove here that
Toeplitz operators with radial symbols generate a commutative C∗-algebra that is isomor-
phic to SO(Z+), the algebra of slowly oscillating sequences.

We prove that there exist commutative Banach algebras generated by Toeplitz operators.
They are not C∗-algebras and are generated by Toeplitz operators whose symbols are k-
quasi-homogeneous.

2 Preliminares and notation

Let ⟨·, ·⟩ be the hermitian inner product in Cn, i.e, ⟨z,w⟩ = ∑n
j=1 z jw j, and |z| =

√
⟨z,z⟩. By

Bn we denote the open unit ball in Cn, Bn = {z = (z1, . . . ,zn) ∈ Cn : |z| < 1}.
Let τ(Bn) be the base of Bn, considered as a Reinhard domain, i.e.,

τ(Bn) =
{
(r1, . . . ,rn) = (|z1|, . . . , |zn|) : r2 = r2

1 + · · ·+ r2
n ∈ [0,1)

}
,

which belongs to Rn
+ = R+× · · ·×R+.

Denote by dV = dx1dy1 . . .dxndyn, where z j = x j+y j, j= 1,2, . . . ,n, the standard Lebesgue
measure in Cn; and by dS the corresponding surface measure on Sn. We introduce the one-
parameter family of weighted measures

dνλ(z) =
Γ(n+λ+1)
πnΓ(λ+1)

(1− |z|2)λdV(z), λ > −1

which are the probability ones.
For a multi-index α = (α1, . . . ,αn), αk ∈ Z+ = N∪{0} we define the length of α by |α| =

α1+ · · ·+αn and its factorial α! by α!=α1! · · ·αn!. For two multi-indices α and β the notation
α ≥ β means that αi ≥ βi for i = 1, . . . ,n and α ⊥ β means that

∑n
i=1αiβi = 0. If α ≥ β then

α−β = (α1−β1, . . . ,αn−βn) and |α−β| = |α| − |β|.
We recall two equalities from [11]. For every α,β ∈ Nn we have∫

Sn
ζαζ
β
dS (ζ) = δα,β

2πnα!
(n−1+ |α|)! , (2.1)∫

Bn
zαzβdνλ(z) = δα,β

α! Γ(n+λ+1)
Γ(n+ |α|+λ+1)

. (2.2)

The weighted Bergman space A2
λ(B

n) is the closed subspace of L2(Bn,dνλ) consisting
of all analytic functions in Bn. The Bergman projection B from L2(Bn,dνλ) onto A2

λ(B
n)

has the following integral form

(Bφ)(z) =
∫
Bn

φ(ζ)dνλ(ζ)
(1−⟨z, ζ⟩)n+λ+1 .
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An interesting subspace of L2(Bn,dνλ) that is closed related to the Bergman space is the
anti-Bergman space Ã2

λ(B
n) which consists of all anti-analytic functions in Bn. Recall that

a complex-valued function f is anti-analytic if f is an analytic function. We denote by B̃
the orthogonal projection from L2(Bn,dνλ) onto Ã2

λ(B
n).

A complex-valued function u(z), defined in the unit ball Bn, is called pluriharmonic if

∂2u
∂zi∂z j

= 0, i, j = 1, . . . ,n.

The (weighted) pluriharmonic Bergman space b2
λ(B

n) is the closed subspace of L2(Bn,dνλ)
consisting of all pluriharmonic functions on Bn. It is well known that the reproducing kernel
for b2

λ(B
n) is given by the following formula

K(z,w) =
1

(1−⟨z, ζ⟩)n+λ+1 +
1

(1−⟨ζ,z⟩)n+λ+1 −1.

Thus, if we denote by Q the orthogonal projection from L2(Bn,dνλ) onto b2
λ(B

n), Q can
be written in terms of B and B̃ in the following form

Qu = Bu+ B̃u−Bu(0). (2.3)

For a function a ∈ L∞(Bn,dνλ), the Toeplitz operator T̂a : b2
λ(B

n)→ b2
λ(B

n) with symbol a is
defined by

T̂au = Q(au), u ∈ b2
λ(B

n).

LetA2,0
λ (Bn) be the subspace of L2(Bn,dνλ) defined by

A2,0
λ (Bn) =

{
f ∈ A2

λ(B
n) | f (0) = 0

}
.

From (2.3), it follows that the space b2
λ(B

n) is the direct sum of A2,0
λ (Bn) and Ã2

λ(B
n),

that is,
b2
λ(B

n) =A2,0
λ (Bn)⊕Ã2

λ(B
n).

To be more explicit, every u ∈ b2
λ(B

n) admits the following representation

u = [Bu−Bu(0)]+ [(I−B)u+Bu(0)],

where Bu−Bu(0) ∈ A2,0
λ (Bn) and (I−B)u+Bu(0) ∈ Ã2

λ(B
n).

Given f ,g ∈ L2(Bn,dνλ), denote by f ⊗g the rank one operator ( f ⊗g)h = ⟨h,g⟩ f .
Consider the unitary operator U : L2(Bn,dνλ)→ L2(Bn,dνλ) given by

U( f )(z) = f (z) = f (z1,z2, . . . ,zn). (2.4)

The notation Γa means the Hankel operator Γa :A2
λ(B

n)→A2
λ(B

n) given by Γa f = B(aU f ), f ∈
A2
λ(B

n).
The Bergman projection, B, and the anti-Bergman projection, B̃ hold the following

relation
UBU∗ = B̃. (2.5)
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Besides, UaU∗(z) = a(z)I for each a ∈ L∞(Bn). Observe that U |Ã2
λ(B

n) : Ã2
λ(B

n) →
A2
λ(B

n) is an isometric isomorphism.
Using the operator U, given above, we construct the operator Û : b2

λ(B
n) =A2,0

λ (Bn)⊕
Ã2
λ(B

n)→A2,0
λ (Bn)⊕A2

λ(B
n) by the formula

Û =
(

I 0
0 U

)
.

Theorem 2.1. The Toeplitz operator T̂a, acting on the space b2
λ(B

n) =A2,0
λ (Bn)⊕Ã2

λ(B
n)

is unitarily equivalent to the operator ÛT̂aÛ∗, acting on the spaceA2,0
λ (Bn)⊕A2

λ(B
n). The

operator ÛT̂aÛ∗ is given by the formula

ÛT̂aÛ∗ =
(

Ta Γa

Γâ Tâ

)
, (2.6)

where a∗(z) = a(z) and â(z) = a(z).

Proof. If f1 ∈ A2,0
λ (Bn), then

T̂a f1 = B(a f1)+ B̃(a f1)−B(a f1)(0) = Ta f1+UBUa f1− (1⊗a) f1
= Ta f1+UΓâ f1− (1⊗a) f1 = [Ta− (1⊗a)] f1+UΓâ f1.

If f2 ∈ A2
λ(B

n), then

T̂aU f2 = B(aU f2)+ B̃(aU f2)−B(aU f2)(0) = Γa f2+UB̂a f2− (1⊗a)U f2
= Γa f2+UTâ f2− (1⊗a∗) f2 = [Γa− (1⊗a∗)] f2+UTâ f2.

Then, the operator ÛT̂aÛ∗, acting onA2,0
λ (Bn)⊕A2

λ(B
n), is given by the formula

ÛT̂aÛ∗
(

f1
f2

)
=

(
[Ta− (1⊗a)] f1+ [Γa− (1⊗a∗)] f2
Γâ f1+Tâ f2

)
.

Observe that 1⊗a and 1⊗a∗ are complex-valued operators and then, their image is orthog-
onal toA2,0

λ (Bn). Which implies that 1⊗a = 0 and 1⊗a∗ = 0. �

3 Toeplitz Operators with quasi-radial symbols on the plurihar-
monic Bergman space

This section is devoted to the study of Toeplitz operators with a special kind of symbols:
k-quasi-radial symbols. These symbols generalize radial and separately radial symbols. We
follow the notation and definitions of [8]. Let k = (k1, . . . ,km) be a tuple of positive integers
such that k1 + · · ·+ km = n, we rearrange the n coordinates of z ∈ Bn in m groups, each one
of which has k j, j = 1, . . . ,m, entries and introduce the notation

z(1) = (z1,1, . . . ,z1,k1),z(2) = (z2,1, . . . ,z2,k2), . . . ,z(m) = (zm,1, . . . ,zm,km).
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Each z j = (z j,1, . . . ,z j,k j) ∈ Bk j is represented in the form

z( j) = r jζ( j), where r j =

√
|z j,1|2+ · · ·+ |z j,k j |2 and ζ( j) ∈ Sk j .

In what follows we assume that k1 ≤ k2 ≤ · · · ≤ km, and that

z1,1 = z1, z1,2 = z2, · · · , z1,k1 = zk1 , z2,1 = zk1+1, . . . ,z2,k2 = zk1+k2 , . . . , zm,km = zn. (3.1)

We will call such multi-index k = (k1, . . . ,km) a partition of n.

Definition 3.1. Given a partition k = (k1, . . . ,km) of n, a bounded measurable function a =
a(z), z ∈ Bn, will be called k-quasi-radial if it depends only on r1, . . . ,rm.

In particular, if k = (n) a k-quasi-radial function is just a radial function and if k =
(1,1, . . . ,1) a k-quasi-radial function is a separately radial function.

Given a partition k = (k1, . . . ,km) and any n-tuple α = (α1, . . . ,αn), we define

α(1) = (α1 . . . ,αk1),α(2) = (αk1+1, . . . ,αk1+k2), . . . ,α(m) = (αn−km+1, . . . ,αn).

Toeplitz operators with k-quasi-radial symbols, acting on the Bergman space on the unit
ball, have been studied in [8]. The action of this kind of operators on the basis of the
Bergman space is given in the following lemma.

Lemma 3.2. [8] Given a k-quasi-radial function a = a(r1, . . . ,rm) we have

Tazα = γa,k,λ(α)zα, α ∈ Zn
+,

where

γa,k,λ(α) = γa,k,λ(|α(1)|, . . . , |α(m)|)

=
2mΓ(n+ |α|+λ+1)

Γ(λ+1)
∏m

j=1(k j−1+ |α( j)|)!

∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r2|α( j) |+2k j−1
j dr j.

(3.2)

To study how Toeplitz operators with k-quasi-radial symbols act on the pluriharmonic
Bergman space note that the set

B =



√
Γ(n+|α|+λ+1)
α! Γ(n+λ+1) zα

0



α>0

∪

 0√

Γ(n+|β|+λ+1)
β! Γ(n+λ+1) zβ



β≥0

(3.3)

is an orthonormal basis forA2,0
λ (Bn)⊕A2

λ(B
n).

Lemma 3.3. Given a k-quasi-radial function a = a(r1, . . . ,rm) we have

T̂a

(
zα

zβ

)
=

(
γa,k,λ(α) zα

γa,k,λ(β) zβ

)
, (3.4)

where γa,kλ, is given by (3.2) and α ∈ N, β ∈ Zn
+.
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Proof. Let a = a(r1, . . . ,rm) be a k-quasi-radial function, then a(z)∗ = a(z) = a(z), and â(z) =
a(z) = a(z). From Theorem 2.1, the Toeplitz operator T̂a, acting on b2

λ(B
n) is unitarily equiv-

alent to the operator ÛT̂aÛ∗ acting onA2,0
λ (Bn)⊕A2

λ(B
n). The last operator has the form

ÛT̂aÛ∗ =
(

Ta Γa

Γa Ta

)
.

Consider first the operator Γa. For α,β ∈ Zn
+

⟨Γazα,zβ⟩ = ⟨BaUzα,zβ⟩ = ⟨azα,zβ⟩ = Γ(n+λ+1)
πnΓ(λ+1)

∫
Bn

a(r1, . . . ,rm)zαzβ(1− |z|2)λdV(z).

Let z( j) = r jζ( j), where r j ∈ [0,1) and ζ( j) ∈ Sk j , j = 1, . . . ,m. Then

⟨Γazα,zβ⟩ = Γ(n+λ+1)
πnΓ(λ+1)

∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r|α( j) |+|β( j) |+2k j−1
j dr j

×
m∏

j=1

∫
S

k j
ζ( j)
α( j)+β( j)dS (ζ( j)),

=
2mΓ(n+λ+1)

Γ(λ+1)
∏m

j=1(k j−1)!

∫
τ(Bm)

a(r1, . . . ,rm)(1−|r|2)λ
m∏

j=1

r2k j−1
j dr j.

Thus,

⟨Γazα,zβ⟩ =
{
γa,k,λ(0) if α = β = 0,
0 otherwise.

Now, in the representation (2.6) of ÛT̂aÛ∗, the operator Γa acts in two different forms. First,
Γa :A2

λ(B
n)→A2,0

λ (Bn), in this case Γazα is orthogonal toA2,0
λ (Bn) and then, it is the zero

operator. Analogously, Γa :A2,0
λ (Bn)→A2

λ(B
n) is the zero operator. In summary,

T̂a

(
zα

zβ

)
=

(
Tazα

Tazβ

)
=

(
γa,k,λ(α) zα

γa,k,λ(β) zβ

)
.

�

Hongyan Guan, Liu Liu and Yufeng Lu proved (see [9], Lemma 11) that if a is a
bounded separately radial function, then the Toeplitz operator T̂a, acting on the unweighted
pluriharmonic Bergman space holds the following properties

T̂azα =
2n(n+ |α|)!
α!

∫
τ(Bn)

a(r)r2α+1dr zα, T̂azα =
2n(n+ |α|)!
α!

∫
τ(Bn)

a(r)r2α+1dr zα (3.5)

for any multi-index α ∈ Zn
+.

If a is a separately radial function (k = (1, . . . ,1)), then formulas (3.4) in Lemma 3.3
reduce to properties (3.5). Note that the action of T̂a at the function zα in (3.5) corresponds

to T̂a

(
0
zα

)
.
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It is well known that if a is a radial function, the Toeplitz operator T̂a, acting on b2
λ(B

n)
is a diagonal operator (see for example [7]). In this case, formulas (3.4) reduce to the
following equation

T̂a

(
zα

zβ

)
=

 2Γ(n+|α|+λ+1)
Γ(λ+1)(n−1+|α|)!

∫ 1
0 a(r)(1− |r|2)λr2|α|+2n−1 zα

2Γ(n+|β|+λ+1)
Γ(λ+1)(n−1+|β|)!

∫ 1
0 a(r)(1− |r|2)λr2|β|+2n−1 zβ

 . (3.6)

Corollary 3.4. The C∗-algebra generated by Toeplitz operators with radial symbols, acting
on the pluriharmonic Bergman space, is isomorphic and isometric to the C∗-algebra gener-

ated by all operators of multiplication by the sequence
{

2Γ(n+m+λ+1)
Γ(λ+1)(n−1+m)!

∫ 1
0 a(r)(1− |r|2)λr2m+2n−1

}
m

,

acting on ℓ2(Z+).

The sequence
{

2Γ(n+m+λ+1)
Γ(λ+1)(n−1+m)!

∫ 1
0 a(r)(1− |r|2)λr2m+2n−1

}
m

is called the eigenvalue sequence

of the Toeplitz operator T̂a.
Denote by SO(Z+) the set of all bounded sequences x = (x j) j∈Z+ that slowly oscillate in

the sense of Schmidt ([6])

SO(Z+) =

x ∈ ℓ∞(Z+)| lim
j+1
k+1→1

|x j− xk|
 = 0.

If we consider the logarithmic metric on Z+ which is defined by the formula ρ( j,k) = | ln( j+
1)− ln( j)| then, SO(Z+) consists of all bounded sequences that are uniformly continuous
with respect to this metric.

It was proved in [1] (Theorem 5.4) that the set

Γn
λ =

{{
2Γ(n+m+λ+1)
Γ(λ+1)(n−1+m)!

∫ 1

0
a(r)(1− |r|2)λr2m+2n−1

}
m
| a is a radial function

}
is dense in SO(Z+). Using these results we can describe the C∗-algebra generated by all
Toeplitz operators with radial symbols, acting on b2

λ(B
n).

Corollary 3.5. The C∗-algebra generated by all Toeplitz operators with bounded and radial
symbols, acting on b2

λ(B
n) is isomorphic and isometric to SO(Z+).

4 Toeplitz operators with k-quasi-homogenous symbols on the
pluriharmonic Bergman space

Let k = (k1, . . . ,km) be a partition of n. We use the notation z( j) = r jζ( j), j = 1, . . . ,m to define
the vector

ζ = (ζ(1), . . . , ζ(m)) ∈ Sk1 × · · ·Skm .

Definition 4.1. Let p,q ∈Zn
+ be two multi-indices. A function φ is called k-quasi-homogenous

of grade (p,q) if it has the form

φ(z) = a(r1, . . . ,rm)ζ pζ
q

= a(r1, . . . ,rm) ζ p(1)
(1) · · ·ζ

p(m)
(m) ζ

q(1)
(1) · · ·ζ

q(m)
(m) ,

where a(r1, . . . ,rm) is a k-quasi-radial function and p,q ≥ 0.
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Toeplitz operators with k-quasi-homogeneous symbols acting on the Bergman space
have been studied in [8], for example, and we have the following result.

Lemma 4.2 ([8]). Let aζ pζ
q

be a k-quasi-homogenous function. Then for any multi-index
α,

Taζ pζ
qzα =

{
γ̃a,k,p,q,λ(α)zα+p−q, if α ≥ q− p,
0, if α ̸≥ q− p,

α ∈ Zn
+,

where

γ̃a,k,p,q,λ(α) =
2m Γ(n+ |α+ p−q|+λ+1)(α+ p)!

Γ(λ+1)
∏m

j=1(k j−1+ |α( j)+ p( j)|)!(α+ p−q)!

×
∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r|2α( j)+p( j)−q( j) |+2k j−1
j dr j. (4.1)

Now, we are in position to describe the action of Toeplitz operators with k-quasi-
homogenous symbols on the pluriharmonic Bergman space. To simplify the notation, we
will use T̂a instead of ÛT̂aÛ∗.

Theorem 4.3. Let p,q be two multi-indices and k-quasi-homogenous function aζ pζ
q
. Then

the Toeplitz operator T̂aζ pζ
q acts on the bases B ofA2,0

λ (Bn)⊕A2
λ(B

n) (see (3.3)) as follows

T̂aζ pζ
q

(
zα

0

)
=



(
γ̃a,k,p,q,λ(α) zα+p−q

0

)
, if α+ p > q,

(
0

ρ
p,q
a,k,λ(α) zα+p−q

)
, if q > α+ p,

0, otherwise,

T̂aζ pζ
q

(
0
zβ

)
=



(
σ

p,q
a,k,λ(β) zp−q−β

0

)
, if p > β+q,

(
0

ϑ
p,q
a,k,λ(β) zβ+q−p

)
, if β+q ≥ p,

0, otherwise,
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where γ̃a,k,p,q,λ is given by (4.1) and

ρ
p,q
a,k,λ(α) =

2m Γ(n+ |q− p−α|+λ+1)q!
Γ(λ+1)

∏m
j=1(k j−1+ |q( j)|)!(q− p−α)!

×
∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r|q( j)−p( j) |+2k j−1
j dr j,

σ
p,q
a,k,λ(β) =

2m Γ(n+ |p−q−β|+λ+1)p!
Γ(λ+1)

∏m
j=1(k j−1+ |p( j)|)!(p−q−β)!

×
∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r|p( j)−q( j) |+2k j−1
j dr j,

ϑ
p,q
a,k,λ(β) =

2m Γ(n+ |q− p+β|+λ+1)(β+q)!
Γ(λ+1)

∏m
j=1(k j−1+ |β( j)+q( j)|)!(q− p+β)!

(4.2)

×
∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r|2β( j)+q( j)−p( j) |+2k j−1
j dr j.

Proof. Let ϕ(z) = a(r1, . . . ,rm)ζ pζ
q

be a k-quasi-homogeneous function, then

ϕ(z)∗ = a(r1, . . . ,rm)ζ pζ
q
, ϕ̂(z) = a(r1, . . . ,rm)ζ

p
ζq.

By Theorem 2.1, the Toeplitz operator T̂ϕ acting on A2,0
λ (Bn)⊕A2

λ(B
n) has the following

form

T̂ϕ =
(

Tϕ Γϕ
Γϕ̂ Tϕ̂

)
.

Consider first the operator Γϕ :A2
λ(B

n)→A2,0
λ (Bn). For α ∈ Zn

+ and β ∈ Nn

⟨Γϕzα,zβ⟩ = ⟨BϕUzα,zβ⟩ = ⟨ϕzα,zβ⟩ = Γ(n+λ+1)
πnΓ(λ+1)

∫
Bn

a(r1, . . . ,rm)ζ pζ
q
zαzβ(1− |z|2)λdV(z).

Let z( j) = r jζ( j), where r j ∈ [0,1) and ζ( j) ∈ Sk j , j = 1, . . . ,m. Then,

⟨Γϕzα,zβ⟩ =
Γ(n+λ+1)
πnΓ(λ+1)

∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r|α( j)+β( j) |+2k j−1
j dr j

×
m∏

j=1

∫
S

k j
ζ

p( j)

( j) ζ( j)
α( j)+β( j)+q( j)dS (ζ( j)),

=
δp,α+β+q 2mΓ(n+λ+1)p!
Γ(λ+1)

∏m
j=1(k j−1+ |p( j)|)!

∫
τ(Bm)

a(r1, . . . ,rm)(1−|r|2)λ
m∏

j=1

r|α( j)+β( j) |+2k j−1
j dr j.

Thus, ⟨Γϕzα,zβ⟩ is non zero if and only if p= α+β+q. So, by (3.3) we have for p−q−α> 0,

∥zp−q−α∥2 = Γ(n+λ+1)(p−q−α)!
Γ(n+ |p−q−α|+λ+1)!

.
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Then, for p > α+q

Γϕzα = ⟨Γϕzα,zp−q−α⟩ zp−q−α

∥zp−q−α∥2 = σ
p,q
a,k,λ(α)zp−q−α,

where

σ
p,q
a,k,λ(β) =

2m Γ(n+ |p−q−β|+λ+1)p!
Γ(λ+1)

∏m
j=1(k j−1+ |p( j)|)!(p−q−β)!

×
∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r|p( j)−q( j) |+2k j−1
j dr j.

Then,

Γϕzα =
{
σ

p,q
a,k,λ(α)zp−q−α, if p > α+q,

0, otherwise.
(4.3)

Analogous calculations show that

Γϕ̂z
α =

{
ρ

p,q
a,k,λ(α) zq−p−α, if q > α+ p,

0, otherwise,

where

ρ
p,q
a,k,λ(α) =

2m Γ(n+ |q− p−α|+λ+1)q!
Γ(λ+1)

∏m
j=1(k j−1+ |q( j)|)!(q− p−α)!

×
∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r|q( j)−p( j) |+2k j−1
j dr j.

Besides, from [8] it is easy to show that

Tϕ̂z
α =

{
ϑ

p,q
a,k,λ(α) zα+q−p, if α+q ≥ p,

0, otherwise,

where

ϑ
p,q
a,k,λ(α) =

2mΓ(n+ |q− p+α|+λ+1)(α+q)!
Γ(λ+1)

∏m
j=1(k j−1+ |α( j)+q( j)|)!(q− p+α)!

×
∫
τ(Bm)

a(r1, . . . ,rm)(1−|r|2)λ
m∏

j=1

r|2α( j)+q( j)−p( j) |+2k j−1
j dr j. �

Corollary 4.4. Especially, if p,q are two (non zero) orthogonal multi-indices, we have

T̂aζ pζ
q

(
zα

0

)
=


(
γ̃a,k,p,q,λ(α)zα+p−q

0

)
, if α > q,

0, otherwise,

and

T̂aζ pζ
q

(
0
zβ

)
=


(

0
ϑ

p,q
a,k,λ(β) zβ+q−p

)
, if β ≥ p,

0, otherwise.
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If k = (n) or k = (1,1, . . . ,1), Toeplitz operators with k-quasi-homogeneous symbols,
acting on the unweighted pluriharmonic Bergman space on the unit ball, were studied in [9]
and [10] respectively.

4.1 Commutativity results for Toeplitz operators with k-quasi-homogenous
symbols on the pluriharmonic Bergman space

In this section we present some commuting identities for Toeplitz operators with k-quasi-
homogenous symbols acting on the pluriharmonic Bergman space on the unit ballBn. These
results were proven in [8] for the weighted Bergman space on Bn.

Corollary 4.5. Let k = (k1,k2, . . . ,km) be a partition of n and p,q be two multi-indices.
Then for each pair of non identically zero k-quasi-radial functions a1 and a2, the Toeplitz
operators T̂a1 and T̂a2ζ pζ

q acting on the pluriharmonic Bergman space b2
λ(B

n) satisfy

T̂a1 T̂a2ζ pζ
q = T̂a2ζ pζ

q T̂a1

if and only if |p( j)| = |q( j)| for each j = 1,2, . . . ,m.

Proof. Let α ∈ Nn be given. We suppose that α > q, then

T̂a1 T̂a2ζ pζ
q

(
zα

0

)
=

(
γa1,k,λ(α+ p−q) γ̃a2,k,p,q,λ(α)zα+p−q

0

)
,

T̂a2ζ pζ
q T̂a1

(
zα

0

)
=

(
γ̃a2,k,p,q,λ(α) γa1,k,λ(α)zα+p−q

0

)
.

Thus,

T̂a1 T̂a2ζ pζ
q

(
zα

0

)
= T̂a2ζ pζ

q T̂a1

(
zα

0

)
if and only if

γa1,k,λ(α+ p−q) γ̃a2,k,p,q,λ(α) = γ̃a2,k,p,q,λ(α) γa1,k,λ(α).

Using Theorem 4.1 of [8] we conclude that

T̂a1 T̂a2ζ pζ
q

(
zα

0

)
= T̂a2ζ pζ

q T̂a1

(
zα

0

)
if and only if |p( j)| = |q( j)| for j = 1, . . . ,m. Analogously if β ≥ q,

T̂a1 T̂a2ζ pζ
q

(
0
zβ

)
=

(
0

γa1,k,λ(β+q− p) ϑp,q
a2,k,λ

(β) zβ+q−p

)
,

T̂a2ζ pζ
q T̂a1

(
0
zβ

)
=

(
0

ϑ
p,q
a2,k,λ

(β)γa1,k,λ(β) zβ+q−p

)
.

Then,

T̂a1 T̂a2ζ pζ
q

(
0
zβ

)
= T̂a2ζ pζ

q T̂a1

(
0
zβ

)
if and only if

γa1,k,λ(β+q− p) ϑp,q
a2,k,λ

(β) = ϑp,q
a2,k,λ

(β)γa1,k,λ(β).

From Theorem 4.1 of [8] last equality holds if and only if |p( j)| = |q( j)| for j = 1, . . . ,m. �
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We note that under the condition |p( j)| = |q( j)|, formulas (4.1) and (4.2) are reduced to
the following expressions

γ̃a,k,p,q,λ(α) =
m∏

j=1

[
(k j−1+ |α( j)|)!

(k j−1+ |α( j)+ p( j)|)!
(α( j)+ p( j))!

(α( j)+ p( j)−q( j))!

]
γa,k,λ(α),

ϑ
p,q
a,k,λ(β) =

m∏
j=1

[
(k j−1+ |β( j)|)!

(k j−1+ |β( j)+q( j)|)!
(β( j)+q( j))!

(β( j)+q( j)− p( j))!

]
γa,k,λ(β).

In the following theorem we obtain the conditions under which two Toeplitz operators
with k-quasi-homogeneous symbols, acting on the pluriharmonic Bergman space b2

λ(B
n),

commute.
Let k = (k1, . . . ,km) be a partition of n. We consider any two bounded measurable k-

quasi-homogeneous functions a(r1, . . . ,rm)ζ pζ
q

and b(r1, . . . ,rm)ζuζ
v
, which satisfy the fol-

lowing conditions

1. p ⊥ q and u ⊥ v,

2. |p( j)| = |q( j)| and |u( j)| = |v( j)|,

for j = 1,2, . . . ,m.

Theorem 4.6. Let a(r1, . . . ,rm)ζ pζ
q

and b(r1, . . . ,rm)ζuζ
v

be as above. Then the Toeplitz
operators T̂aζ pζ

q and T̂bζuζ
v commute on each pluriharmonic Bergman space b2

λ(B
n) if and

only if one of the following conditions is fulfilled

1. pℓ = qℓ = 0, 3. pℓ = uℓ = 0,

2. uℓ = vℓ = 0, 4. qℓ = vℓ = 0. (4.4)

for each ℓ = 1,2 . . . ,n.

Proof. First, using Corollary 4.4 we have

T̂aζ pζ
q T̂bζuζ

v

(
zα

0

)
=

(
γ̃a,k,p,q,λ(α+u− v)̃γb,k,u,v,λ(α)zα+u−v+p−q

0

)
and

T̂bζuζ
v T̂aζ pζ

q

(
zα

0

)
=

(
γ̃b,k,u,v,λ(α+ p−q)̃γa,k,p,q,λ(α)zα+p−q+u−v

0

)
,

for those multi-indices α such that these expressions are non zero. Consequently,

T̂aζ pζ
q T̂bζuζ

v

(
zα

0

)
= T̂bζuζ

v T̂aζ pζ
q

(
zα

0

)
if and only if

γ̃a,k,p,q,λ(α+u− v)̃γb,k,u,v,λ(α) = γ̃b,k,u,v,λ(α+ p−q)̃γa,k,p,q,λ(α).
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Using Theorem 4.5 of [8] we conclude that for all α ∈ Nn and λ > −1,

T̂aζ pζ
q T̂bζuζ

v

(
zα

0

)
= T̂bζuζ

v T̂aζ pζ
q

(
zα

0

)
if and only if (4.4) holds.

On the other hand, using again Corollary 4.4 we have

T̂aζ pζ
q T̂bζuζ

v

(
0
zβ

)
=

(
0

ϑ
p,q
a,k,λ(β+ v−u)ϑu,v

b,k,λ(β)z
β+v−u+q−p

)
and

T̂bζuζ
v T̂aζ pζ

q

(
0
zβ

)
=

(
0

ϑu,v
b,k,λ(β+q− p)ϑp,q

a,k,λ(β)z
β+q−p+v−u

)
,

for those multi-indices β when these expressions are non zero. That is,

T̂aζ pζ
q T̂bζuζ

v

(
0
zβ

)
= T̂bζuζ

v T̂aζ pζ
q

(
0
zβ

)
if and only if

ϑ
p,q
a,k,λ(β+ v−u)ϑu,v

b,k,λ(β) = ϑ
u,v
b,k,λ(β+q− p)ϑp,q

a,k,λ(β).

This expression can be reduced to

(β+ v−u+q)!(β+ v)!
(β+ v−u)!

=
(β+q− p+ v)!(β+q)!

(β+q− p)!
,

which is valid if and only if (4.4) holds. �

In [8], the author shows that there exist many commutative Banach algebras generated
by Toeplitz operators acting on the weighted Bergman space on the unit ball and if they
are extended to C∗-algebra they become non commutative C∗-algebras. These algebras
are generated by k-quasi-homogeneous symbols. From Theorem 4.6, we can construct
commutative Banach algebras generated by Toeplitz operators with k-quasi-homogeneous
symbols, acting on b2

λ(B
n). To describe them we use the notation from [8]. In addition to

(3.1) we rearrange the variables zℓ and correspondingly the components of multi-indices in
p and q such that

(i) for each j with k j > 1, we have

p( j) = (p j,1, . . . , p j,h j ,0, . . . ,0) and q( j) = (0, . . . ,0,q j,h j+1 , . . . ,q j,k j); (4.5)

(ii) if k j′ = k j′′ with j′ < j′′, then h j′ ≤ h j′′ .

Let k = (k1, . . . ,km) be a partition of n, we start with m-tuple h = (h1, . . . ,hm), where
h j = 0 if k j = 1 and 1 ≤ h j ≤ k j −1 if k j ≥ 1. In the last case, if k j′ = k j′′ with j′ < j′′, then
h j′ ≤ h j′′ .

We denote by Rk(h) the linear space generated by all k-quasi-homogenous functions
a(r1, . . . ,rm)ζ pζ

q
, where a is a k-quasi-radial function and the components p( j) and q( j),

j = 1, . . . ,m, of multi-indices p and q are the form (4.5) with

p j,1+ · · ·+ p j,h j+1 = q j,h j+1 + · · ·+q j,k j ,

p j,1, . . . , p j,h j ,q j,h j+1 , . . . ,q j,k j ∈ Z+. The set Rk(h) contains all k-quasi-radial functions.
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Corollary 4.7. The Banach algebra generated by Toeplitz operators with symbols from
Rk(h) is commutative on each pluriharmonic Bergman space b2

λ(B
n).
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