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Abstract

We study the so-called quasi-radial operators, i.e., the operators that are invariant un-
der the subgroup of the unitary group U(n) formed by the block-diagonal matrices with
unitary blocks of fixed dimensions. The quasi-radial Toeplitz operators appear natu-
rally and play a crucial role under the study of the commutative Banach (not C∗) alge-
bras of Toeplitz operators [1, 8]. They form an intermediate class of operators between
the Toeplitz operators with radial a = a(r), r =

√
|z1|2+ . . .+ |zn|2, and separately-radial

a = a(|z1|, . . . , |zn|) symbols.
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1 Introduction

In this note we consider the Toeplitz operators acting on the standard weighted Bergman
space over the unit ball in Cn. It is a well established fact that the invariance of symbols
under a certain subgroup of biholomorphisms of the unit ball determines many of the prop-
erties of the corresponding Toeplitz operators. In particular, the invariance under the max-
imal compact subgroup U(n), that consists of all unitary n× n matrices, leads to the radial
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symbols a = a(r), r =
√
|z1|2+ . . .+ |zn|2. The corresponding Toeplitz operators generate a

commutative C∗-algebra, they are diagonal with respect to the standard monomial basis with
the eigenvalue sequences that depend only on the length of multi-indices. At the same time
the maximal commutative C∗-algebra, that contains Toeplitz operators with radial symbols,
is generated by Toeplitz operators with separately radial symbols a = a(|z1|, . . . , |zn|), those
that are invariant under the action of the torus Tn, the diagonal subgroup of U(n). These
operator are diagonal with respect to the standard monomial basis with the eigenvalue se-
quences that depend on the basis multi-indices.

In Section 2 we study an intermediate class of operators, the so-called quasi-radial op-
erators, that are invariant under the subgroup of U(n) formed by the block-diagonal matrices
with unitary blocks of fixed dimensions. The corresponding Toeplitz operators appear nat-
urally and play a crucial role under the study of the commutative Banach (not C∗) algebras
of Toeplitz operators [1, 8].

In Section 3 we give explicit formulas for (p,λ)-Berezin and Berezin transforms for
quasi-radial operators. These transforms prove to be useful tools in approximation of
bounded operators via Toeplitz operators [4, 5, 6, 7].

2 Quasi-radial operators

Let Bn be the open unit ball in Cn, n ∈ N, and let dν denote the standard volume form on
Bn. For λ > −1, we introduce the one-parameter family of the weighted measures

dνλ(z) =
Γ(n+λ+1)
πnΓ(λ+1)

(1− |z|2)λdν(z).

The weighted Bergman space A2
λ(B

n) is the closed subspace of L2(Bn,dνλ) that consists
of all functions analytic in Bn. Given a function a ∈ L∞(Bn), the Toeplitz operator Ta with
symbol a and acting onA2

λ(B
n) is defined by

Taϕ = Bλ(aϕ), ϕ ∈ A2
λ(B

n),

where
(Bλϕ)(z) =

∫
Bn

ϕ(ζ)dνλ(ζ)
(1−⟨z, ζ⟩)n+λ+1

is the orthogonal Bergman projection of L2(Bn,dνλ) ontoA2
λ(B

n).

Recall that the reproducing kernel ofA2
λ(B

n) is defined by

Kλz (w) =
1

(1−⟨w,z⟩)n+λ+1 =

∞∑
|α|=0

Γ(n+ |α|+λ+1)
α!Γ(n+λ+1)

zαwα.

Let k = (k1, . . . ,km) be a tuple such that ki ∈ N for i = 1, . . . ,m and k1 + k2+ . . .+ km = n.
Given such tuple k we rearrange the n coordinates of z ∈ Bn in m groups, each of which has
k j entries ( j = 1, . . . ,m), and introduce the notation:

z(1) = (z1,1, . . . ,z1,k1), z(2) = (z2,1, . . . ,z2,k2), . . . , z(m) = (zm,1, . . . ,zm,km).
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We assume that k1 ≤ k2 ≤ . . . ≤ km and that

z1,1 = z1, z1,2 = z2, . . . , z1,k1 = zk1 , z2,1 = zk1+1, . . . , zm,km = zn,

That is
z = (z1, . . . ,zn) = (z(1), . . . ,z(m)), with z( j) ∈ Ck j .

In the same way for any tuple α = (α1, . . . ,αn) we let

α(1) = (α1, . . . ,αk1), α(2) = (αk1+1, . . . , αk1+k2), . . . , α(m) = (αn−km+1, . . . ,αn),

and zα = zα1
(1) · · ·z

αm
(m).

Denote by U(l) the compact group of all l× l complex unitary matrices U equipped with
the Haar measure. We introduce the compact subgroup U′(k) ⊂ U(n) that consists of all
n×n complex block diagonal unitary matrices

U =


Ak1 0 . . . 0
0 Ak2 . . . 0
...

...
. . .

...

0 0 . . . Akm

 , where Ak j ∈ U(k j), j = 1, . . . ,m;

equipped with the measure dU being the product of the Haar measures ofU(k j), j= 1, . . . ,m.
Note that

U
′(k) ≃ U(k1)×U(k2)× . . .×U(km).

For each U ∈ U′(k), consider the unitary operator VU f (w) onA2
λ(B

n) defined by

VU f (w) = f (Uw). (2.1)

An operator S ∈ L(A2
λ(B

n)) is called k-quasi-radial if

S VU = VUS

for all U ∈ U′(n). The k-quasi-radialization of S is defined by

Q-Rad(S ) :=
∫
U′(k)

V∗US VUdU,

where the integral is taken in the weak sense.
Obviously, the operator Q-Rad(S ) is k-quasi-radial, and if S is a k-quasi-radial operator,
then Q-Rad(S ) = S .

For a = a(z(1), . . . ,z(m)) ∈ L∞(Bn), the k-quasi-radialization of a is defined by

q-rad(a)(z) :=
∫
U′(k)

a(Uz)dU.

Note that q-rad(a) is a k-quasi-radial function, and for Toeplitz operators we have that

Q-Rad(Ta) = Tq-rad(a).
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Recall that the standard basis {eα : α ∈ Zn
+} ofA2

λ(B
n) is given by

eα(z) :=

√
Γ(n+ |α|+λ+1)
α!Γ(n+λ+1)

zα;

i.e.,

e(α(1),...,α(m))(z(1), . . . ,z(m)) =

√
Γ(n+ |α(1)|+ . . .+ |α(m)|+λ+1)
α(1)! · · ·α(m)!Γ(n+λ+1)

zα(1)
(1) · · ·z

α(m)
(m) .

For the next result we need the following lemma (see [2, 3] for the proof).

Lemma 2.1. The set of Toeplitz operators with bounded measurable symbols is dense in
the algebra of all bounded operators onA2

λ(B
n) with respect to strong operator topology.

An important characterization of the k-quasi-radial operators gives

Proposition 2.2. An operator S ∈ L(A2
λ(B

n)) is k-quasi-radial if and only if it is diag-
onal with respect to the standard basis {eα} and its eigenvalue sequence γ(k1, . . . ,km) =
{γ(α(1), . . . ,α(m)) : α( j) ∈ Z

k j
+ } has the form γ(α(1), . . . ,α(m)) = γ̃(|α(1)|, . . . , |α(m)|) for some

bounded sequence γ̃ ∈ ℓ∞(Zm
+ ), that is

S eα = γ̃(|α(1)|, . . . , |α(m)|)e(α(1),...,α(m)).

Proof. Let S ∈ L(A2
λ(B

n)) be a diagonal operator with

S eα = γ̃(|α(1)|, . . . , |α(m)|)e(α(1),...,α(m)).

For each (t1, . . . , tm) ∈ Zm
+ consider the finite dimensional subspace H(t1,...,tm) of A2

λ(B
n) de-

fined by
H(t1,...,tm) = span{e(α(1),...,α(m)) : |α( j)| = t j, j ∈ {1, . . . ,m}},

then for all f ∈ H(t1,...,tm) we have

S f = γ̃t f = γ̃(t1, . . . , tm) f .

Furthermore each subspace H(t1,...,tm) is invariant under the operators VU with U ∈ U′(k) as
VU f (z) = f (Uz) ∈ H(t1,...,tm) for each f ∈ H(t1,...,tm).

Thus
(S VU f )(z) = S ( f (Uz)) = γ̃t f (Uz) = VU(γ̃t f )(z) = (VUS f )(z),

for all U ∈ U′(k), f ∈ H(t1,...,tm), and t = (t1, . . . , tm) ∈ Zm
+ , and thus S is k-quasi-radial.

Conversely, suppose that S is a k-quasi-radial operator. Using Lemma 2.1 we select a
sequence {aℓ}ℓ∈Z+ ⊂ L∞(Bn) such that

lim
ℓ→∞

Taℓ = S

in SOT.
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By Banach-Steinhaus theorem we know that there is C < ∞ such that ∥Ta∥ < C for
all Toeplitz operator Ta with bounded symbol. By this fact and the Lebesgue dominated
convergence theorem we have

lim
ℓ→∞

∫
U′(k)

V∗UTaℓVUdU =
∫
U′(k)

V∗US VUdU,

and therefore
lim
ℓ→∞

Tq-rad(aℓ) = lim
ℓ→∞

Q-Rad(Taℓ) = Q-Rad(S ) = S .

Assume that each aℓ is a k-quasi-radial function and therefore Taℓ is a diagonal operator
with Taℓe(α(1),...,α(m)) = γ̃(|α(1)|, . . . , |α(m)|)(ℓ)e(α(1),...,α(m)) for all α( j) ∈ Z

k j
+ ,

where γ̃(|α(1)|, . . . , |α(m)|)(ℓ) is the eigenvalue sequence of Taℓ . Thus,

S e(α(1),...,α(m)) = lim
ℓ→∞

Taℓe(α(1),...,α(m)) = γ̃(|α(1)|, . . . , |α(m)|)e(α(1),...,α(m)),

with γ̃(|α(1)|, . . . , |α(m)|) = limℓ→∞ γ̃(|α(1)|, . . . , |α(m)|)(ℓ).
That is the eigenvalue sequence of the operator S depends only on |α(1)|, . . . , |α(m)|. �

Corollary 2.3. The set of all bounded k-quasi-radial operators acting on A2
λ(B

n) is a
C∗−algebra which is isometrically isomorphic to ℓ∞(Zm

+ ). The isomorphism is given by
the following mapping

S 7−→ γ̃(S ),

where γ̃(S ) is the eigenvalue sequence of the operator S of the last proposition.

Apart of the classical Toeplitz operators, an important class of k-quasi-radial operators
is provided by Toeplitz operators whose symbols are complex finite regular k−quasi-radial
measures.

Via polar coordinates in each Ck j the punctured ball Bn \ {0} can be represented as
τ(Bm)× (S 2k1−1 × S 2k2−1 × . . .× S 2km−1), where τ(Bm) = {r = (r1, . . . ,rm) ∈ Rm

+ : 0 ≤ |r| ≤ 1}
is the base of the unit ball Bm and S 2k j−1 ⊂Ck j denotes the (real) (2k j−1)−dimensional unit
sphere for each j ∈ {1, . . . ,m}. The measure ν is said to be k-quasi-radial if it has the form

ν = µ⊗ (σ1⊗ . . .⊗σm),

where µ is a complex finite regular Borel measure on τ(Bm) and each σ j is the standard
O(2k j)−invariant positive probabilistic measure on S 2k j−1.

A description of the eigenvalue sequence of a Toeplitz operator with symbol being a
k-quasi-radial measure is given in the following proposition.

Proposition 2.4. Let Tν be a Toeplitz operator with symbol ν = µ⊗ (σ1 ⊗ . . .⊗σm) being
a k-quasi-radial measure. Then Tν is diagonal respect to the standard basis {eα} and its
eigenvalue sequence γν,λ = {γν,λ(α)}α∈Zn

+
has the form

γν,λ,k(α(1), . . . ,α(m)) =
Γ(n+ |α|+λ+1)

∏m
j=1Γ(k j)

Γ(n+λ+1)
∏m

j=1(k j−1+ |α( j)|)!

∫
τ(Bm)

m∏
j=1

r2|α( j) |
j dµ(r). (2.2)

In particular, γν,λ,k(α(1), . . . ,α(m)) depends only on |α(1)|, . . . , |α(m)|, and thus, according
to Proposition 1.1, Tν is a k-quasi-radial operator.
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Proof. Let w = (w(1), . . . ,w(m)) ∈ Bn, where each w( j) = r jζ j with r j ∈ [0,1) and ζ ∈ S 2k j−1.
Then,

Tνzα =
∫
Bn

wαdν(w)
(1−⟨z,w⟩)n+λ+1 =

∫
Bn

∞∑
|β|=0

Γ(n+ |β|+λ+1)
β!Γ(n+λ+1)

zβwβwαdν(w)

=
Γ(n+ |α|+λ+1)
α!Γ(n+λ+1)

zα
∫
Bn

wα(1)
(1) wα(1)

(1) · · ·w
α(m)
(m) wα(m)

(m) dν(w)

=
Γ(n+ |α|+λ+1)
α!Γ(n+λ+1)

zα
∫
τ(Bm)

m∏
j=1

r2|α( j) |
j dµ(r1, . . . ,rm)

m∏
j=1

∫
S 2k j−1

ζ
α( j)
j ζ

α( j)
j dσ j(ζ j)

=
Γ(n+ |α|+λ+1)
α!Γ(n+λ+1)

zα
∫
τ(Bm)

m∏
j=1

r2|α( j) |
j dµ(r)

m∏
j=1

(k j−1)!α( j)!
(k j−1+ |α( j)|)!

=
Γ(n+ |α|+λ+1)

∏m
j=1Γ(k j)

Γ(n+λ+1)
∏m

j=1(k j−1+ |α( j)|)!

∫
τ(Bm)

m∏
j=1

r2|α( j) |
j dµ(r) · zα.

Therefore,

γν,λ,k(α(1), . . . ,α(m)) =
Γ(n+ |α|+λ+1)

∏m
j=1Γ(k j)

Γ(n+λ+1)
∏m

j=1(k j−1+ |α( j)|)!

∫
τ(Bm)

m∏
j=1

r2|α( j) |
j dµ(r). �

Any Toeplitz operator Ta with symbol being a bounded measurable k-quasi-radial func-
tion a = a(r1, . . . ,rm) can be considered as a Toeplitz operator Tνa,λ,k whose symbol is the
following k-quasi-radial measure

dνa,λ,k = dµ⊗d(σ1⊗ . . .⊗σm)

=
Γ(n+λ+1)

Γ(λ+1)
∏m

j=1Γ(k j)
2ma(r1, . . . ,rm)(1− |r|2)λ

m∏
j=1

r2k j−1
j dr⊗d(σ1⊗ . . .⊗σm). (2.3)

Note that substitution of this measure into (2.2) returns the known result for the eigenvalues
of Ta:

γ(n)
a,λ,k(|α(1)|, . . . , |α(m)|) =

Γ(n+ |α|+λ+1)
∏m

j=1Γ(k j)

Γ(n+λ+1)
∏m

j=1(k j−1+ |α( j)|)!

∫
τ(Bm)

m∏
j=1

r2|α( j) |
j dµ(r)

=
Γ(n+ |α|+λ+1)

∏m
j=1Γ(k j)

Γ(n+λ+1)
∏m

j=1(k j−1+ |α( j)|)!

×
∫
τ(Bm)

m∏
j=1

r2|α( j) |
j

Γ(n+λ+1)
Γ(λ+1)

∏m
j=1Γ(k j)

2ma(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r2k j−1
j dr

=
2mΓ(n+ |α|+λ+1)

Γ(λ+1)
∏m

j=1(k j−1+ |α( j)|)!

∫
τ(Bm)

a(r1, . . . ,rm)(1− |r|2)λ
m∏

j=1

r2|α( j) |+2k j−1
j dr.
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3 (p,λ)−Berezin transform of k-quasi-radial operators

Recall [4] that the (p,λ)-Berezin transform of an operator S , acting on A2
λ(B

n), is defined
by

(Bp,λS )(z) =
cλ+p

cλ

p∑
|α|=0

Cp,α⟨S zwα,wα⟩λ;

where Cp,λ :=
(

p
|α|

)
(−1)|α| |α|!α1!...αn! , such that

∑p
|α|=0 Cp,αzαwα = (1−⟨z,w⟩)p, S z :=UzSUz,

Uz is a self-adjoint and unitary operator defined by

(Uz f )(w) =
(1− |z|2)

n+λ+1
2

(1−⟨w,z⟩)n+λ+1 ( f ◦ϕz)(w),

and ϕz denotes the standard biholomorphism of Bn that interchanges the points 0 and z.
Let S ∈ L(A2

λ(B
n)), we have

q-rad ◦Bp,λS (z) =
cλ+p

cλ

p∑
|α|=0

Cp,α

∫
U′(k)
⟨S Uzwα,wα⟩λdU, (3.1)

where S Uz =UUzSUUz for all U ∈ U′(k) and for f ∈ L2(Bn,dνλ) we have

(UUz f )(w) =
(1− |Uz|2)

n+λ+1
2

(1−⟨w,Uz⟩)n+λ+1 f ◦ϕUz(w)

=
(1− |z|2)

n+λ+1
2

(1−⟨U∗w,z⟩)n+λ+1 f ◦U ◦ϕz ◦U∗(w)

= (VU∗ ◦Uz ◦VU f )(w),

where the operator VU is defined by (2.1).
Therefore, S Uz = VU∗ ◦Uz ◦VU ◦S ◦VU∗ ◦Uz ◦VU , and from (3.1) we have

q-rad ◦Bp,λ(S )(z) =
cλ+p

cλ

p∑
|α|=0

Cp,α

∫
U(k1)×...×U(km)

⟨S Uzwα,wα⟩λdU

=
cλ+p

cλ

p∑
|α|=0

Cp,α

∫
U(k1)×...×U(km)

⟨VU∗ ◦Uz ◦VU ◦S ◦VU∗ ◦Uz ◦VU(wα),wα⟩λdU

=
cλ+p

cλ

p∑
|α|=0

Cp,α

∫
U(k1)×...×U(km)

⟨(VU ◦S ◦VU∗)zVU(wα),VU(wα)⟩λdU

=
cλ+p

cλ

p∑
|α|=0

Cp,α

∫
U(k1)×...×U(km)

⟨(VU ◦S ◦VU∗)z(Uw)α, (Uw)α⟩λdU

=
cλ+p

cλ

p∑
|α|=0

Cp,α

∫
U(k1)×...×U(km)

⟨(VU ◦S ◦VU∗)zwα,wα⟩λdU

= Bp,λ ◦Q-Rad(S )(z).
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Lemma 3.1. The k-quasi-radialization “commutes” with the (p,λ)−Berezin transform for
all λ > −1 and p ∈ Z+; i.e.,

q-rad ◦Bp,λ(S ) = Bp,λ ◦Q-Rad(S ),

for S ∈ L(A2
λ(B

n)). In particular, S is a k-quasi-radial operator if and only if Bp,λ(S ) is a
k-quasi-radial function.

Proof. If S is a k-quasi-radial operator, then

q-rad ◦Bp,λ(S ) = Bp,λ ◦Q-Rad(S ) = Bp,λ(S ).

So, Bp,λ(S ) s a k-quasi-radial function.
On the other hand, if Bp,λ(S ) is a k-quasi-radial function

Bp,λ ◦Q-Rad(S ) = q-rad ◦Bp,λ(S ) = Bp,λ(S );

since Bp,λ is one-to-one on bounded operators we can conclude that Q-Rad(S ) = S . �

For the next proposition we need the following formula.

Lemma 3.2. Let α, β ∈ Zn
+, then∑
|α|= j

(α+β)!
α!β!

=

(
n+ j+ |β| −1

j

)
.

Proof. Lemma 3.10 in [3]. �

The next proposition provides the expression of the (p,λ)-Berezin transform of a k-
quasi-radial operator in terms of its eigenvalue sequence.

Proposition 3.3. Let S be a k-quasi-radial operator with the eigenvalue sequence
{γ(|α(1)|, . . . , |α(m)|) : (α(1), . . . ,α(m)) ∈ Zk1

+ × · · · × Zkm
+ }. Then its (p,λ)-Berezin transform is

given by

(Bp,λS )(z) = 2m cλ+p

cλ
(1− |z|2)p+λ+n+1

p∑
m∑

j=1
t j=0

(−1)

m∑
j=1

t j p!

(p−
m∑

j=1
t j)!

×
∞∑

m∑
j=1

q j=0


Γ(n+

m∑
j=1

q j+ p+λ+1)

Γ(n+ p+λ+1)


2  Γ(n+λ+1)
Γ(λ+1)

∏m
j=1(k j−1+ t j+q j)!

 (3.2)

×
∫
τ(Bm)

m∏
j=1

r2(t j+q j)+2k j−1
j (1− r2)λdr


n+

m∑
j=1

t j+
m∑

j=1
q j−1

m∑
j=1

t j

 γ(t1+q1, . . . , tm+qm)
|z|

2
m∑

j=1
q j(

m∑
j=1

q j

)
!
.
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Proof. Note that

⟨S (wαK p+λ
z ),wαK p+λ

z ⟩λ =
∞∑
|β|=0

[
Γ(n+ |β|+ p+λ+1)
β!Γ(n+ p+λ+1)

]2

|zβ|2⟨S wα+β,wα+β⟩λ

=

∞∑
|β(1) |+...+|β(m) |=0

[
Γ(n+ |β|+ p+λ+1)
β!Γ(n+ p+λ+1)

]2

|zβ|2 γ(|α(1)|+ |β(1)|, . . . , |α(m)|+ |β(m)|)

×
∫
Bn

wα+βwα+βdvλ(w)

=

∞∑
|β(1) |+...+|β(m) |=0

[
Γ(n+ |β|+ p+λ+1)
β!Γ(n+ p+λ+1)

]2

|zβ|2

× γ(|α(1)|+ |β(1)|, . . . , |α(m)|+ |β(m)|)cλ
m∏

j=1

∫
S

k j
ζα( j)+β( j)ζ

α( j)+β( j)dζ

×
∫
τ(Bm)

m∏
j=1

r2(|α( j) |+|β( j) |)+2k j−1
j (1− r2)λdr

=

∞∑
|β(1) |+...+|β(m) |=0

[
Γ(n+ |β|+ p+λ+1)
β!Γ(n+ p+λ+1)

]2 2m(α+β)!
m∏

j=1
(k j−1+ |α( j)|+ |β( j)|)

× Γ(n+λ+1)
Γ(λ+1)

γ(|α(1)|+ |β(1)|, . . . , |α(m)|+ |β(m)|)

×
∫
τ(Bm)

m∏
j=1

r2(|α( j) |+|β( j) |)+2k j−1
j (1− r2)λdr|zβ|2.

Thus we have

(Bp,λS )(z) =
cλ+p

cλ
(1− |z|2)p+λ+n+1

p∑
|α|=0

Cp,α⟨S (wαK p+λ
z ),wαK p+λ

z ⟩λ

=
cλ+p

cλ
(1− |z|2)p+λ+n+1

p∑
|α(1) |+...+|α(m) |=0

(
p
|α|

)
(−1)|α|

|α|!
α!

×
∞∑

|β(1) |+...+|β(m) |=0

[
Γ(n+ |β|+ p+λ+1)
β!Γ(n+ p+λ+1)

]2 2m(α+β)!
m∏

j=1
(k j−1+ |α( j)|+ |β( j)|)

× Γ(n+λ+1)
Γ(λ+1)

γ(|α(1)|+ |β(1)|, . . . , |α(m)|+ |β(m)|)

×
∫
τ(Bm)

m∏
j=1

r2(|α( j) |+|β( j) |)+2k j−1
j (1− r2)λdr|zβ|2
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= 2m cλ+p

cλ
(1− |z|2)p+λ+n+1

p∑
|α(1) |+...+|α(m) |=0

(
p
|α|

)
(−1)|α|

|α|!
α!

×
∞∑

|β(1) |+...+|β(m) |=0

[
Γ(n+ |β|+ p+λ+1)
Γ(n+ p+λ+1)

]2 1
m∏

j=1
(k j−1+ |α( j)|+ |β( j)|)

× Γ(n+λ+1)
Γ(λ+1)

γ(|α(1)|+ |β(1)|, . . . , |α(m)|+ |β(m)|)

×
∫
τ(Bm)

m∏
j=1

r2(|α( j) |+|β( j) |)+2k j−1
j (1− r2)λdr

(α+β)!
β!2 |zβ|2dr

= 2m cλ+p

cλ
(1− |z|2)p+λ+n+1

p∑
t1+...+tm=0

(
p

t1+ . . .+ tm

)
(−1)t1+...+tm

× (t1+ . . .+ tm)!
∞∑

q1+...+qm=0

[
Γ(n+

∑
q j+ p+λ+1)

Γ(n+ p+λ+1)

]2

× Γ(n+λ+1)

Γ(λ+1)
m∏

j=1
(k j−1+ t j+q j)

γ(|α(1)|+ |β(1)|, . . . , |α(m)|+ |β(m)|)
(q1+ . . .+qm)!

×
∑

|β|=q1+...+qm

(q1+ . . .+qm)!
|β|! |zβ|2

∑
|α|=t1+...+tm

(α+β)!
α!β!

×
∫
τ(Bm)

m∏
j=1

r2(|α( j) |+|β( j) |)+2k j−1
j (1− r2)λdr.

By the multinomial theorem and the last lemma we conclude that

(Bp,λS )(z) = 2m cλ+p

cλ
(1− |z|2)p+λ+n+1

p∑
∑

t j=0

(−1)
∑

t j
p!

(p−∑
t j)!

×
∞∑

∑
q j=0

[
Γ(n+

∑
q j+ p+λ+1)

Γ(n+ p+λ+1)

]2
Γ(n+λ+1)

Γ(λ+1)
m∏

j=1
(k j−1+ t j+q j)

×
∫
τ(Bm)

m∏
j=1

r2(|α( j) |+|β( j) |)+2k j−1
j (1− r2)λdr


n+

m∑
j=1

t j+
m∑

j=1
q j−1

m∑
j=1

t j


× γ(t1+q1, . . . , tm+qm)

|z|
2

m∑
j=1

q j(
m∑

j=1
q j

)
!
. �

Corollary 3.4. Let S be a k−quasi-radial operator with the eigenvalue sequence

{γ(|α(1)|, . . . , |α(m)|)}(α(1),...,α(m))∈Zm
+
.
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Then its Berezin transform Bλ(S ) := B0,λ(S ) is a quasi-radial function and is given by

(BλS )(z) = 2m(1− |z|2)λ+n+1
∞∑

∑
q j=0

Γ(n+
∑

q j+λ+1)2

Γ(λ+1)Γ(n+λ+1)
m∏

j=1
(k j−1+q j)!

×
∫
τ(Bm)

m∏
j=1

r2q j+2k j−1
j (1− r2)λγ(q1, . . . ,qm)

|z|2
∑

q j(∑
q j

)
!
dr.
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