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Abstract

A classical result due to A. P. Calderdn states that Bessel potential spaces and Sobolev
spaces defined on the same Lebesgue space and of the same integer order are isomor-
phic. We show that this result remains true when we replace Lebesgue spaces by some
particular subspaces of Wiener amalgam space.
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1 Introduction

The classical Bessel Potential space Bép(Rd), B>0and 1< p < oo, consists of all
u=Ggxf,

where f belongs to L (R?%) and Gg is the Bessel kernel of order §. It is well-known (see
[C], [S], [A-H]) that when 3 is a natural number the space Bg(Rd) (endowed with the norm
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G f—lfll LP(R4)) is isomorphic to the classical Sobolev space WP P(R?). This result has
been extended to the variable exponent setting, that is, when the exponent p is a measurable
function p : R — [p«, p*1,1 < p. < p* < o0 (see [A-S], [G-H-N], [Cr]).

The aim of this paper is to show that the isomorphism between Sobolev spaces and Bessel
potential spaces mentioned above holds when we replace the Lebesgue space by the sub-
space (L4, [P)? 1,1 < g <a< p < oo, of the Wiener amalgam space (L, 7). ( We refer to the
next section for the definitions and the properties of theses spaces.) The spaces (L4, [P)?
have been introduced by Fofana in [Fo2]. They are closely related to the Lebesgue spacés
and have attracted steadily increasing interest. Indeed, boundedness properties of Riesz
transforms on (L4, [P )Z o and Riesz potential operators between (L9, lp)‘i o Spaces have been

recently established in [D-F-S]. In this same paper, the Sobolev space W' ((Lq , lp)‘i 0) (see
Section 3) was introduced and analogues of Sobolev inequality and Rellich-Kondrachov
compactness theorem have been obtained in this setting. As an application, the authors
have established an existence theorem for the equation div F' = f with f € (L, lp)‘i o- Fur-
thermore, it has been showed in [F-K-D] that if a locally integrable function has its Riesz
potential in a given Lebesgue space, then this function belongs to a space (L, lp)‘i 0
As in [Cr], we give an application to solve some nonhomogeneous differential equations.
More precisely, we show that for all non-negative integers m and for all f € (L9, IP)ZO,
1 <g<a<p<2,the equation

I-AN"u=f (1.1

has a solution in a Bessel potential space defined within the framework of the spaces
(L9, IP) -

The remainder of this paper is organized as follows. In Section 2 we recall background
notions about the spaces (L7, [? )Z o and their connections with some classical spaces arising
in Harmonic Analysis. We also give some auxiliary results which will be used throughout
the text. In Section 3, we describe the Sobolev spaces w! ((Lq, lp)z 0). Our main result,
Theorem 4.7, is established in Section 4 where we study the Bessel potential spaces on
1, )ZO and their connections with the Sobolev spaces defined within this framework.
Section 5 is devoted to the solvability of (1.1).

2 The spaces (L7, IP)!

Notation 2.1. The euclidean space R is endowed with its usual scalar product (x, £) — x.&
and the norm of x € RY is denoted by |x|.

We denote by L° = LO(R?, C) the space of equivalence classes (modulo equality Lebesgue
almost everywhere) of Lebesgue measurable complex functions on R%.

For 1< q < oo, |||l denotes the usual norm on the classical Lebesgue space L = Lq(Rd , O
and q’ the conjugate of q: é + i = 1 with the convention é =0.

For any real r >0

d
o [ = 1131 [k/r’(kj + l)r)’ k= (kj)lsjsd ezt

d
J J)’c:jl:ll(xj—%,xj+§), x = (x)1<j<a € RY.
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Let1<q, a, p<oco.

e Forany f € L° and any real number r > 0

. 1A% 1< oo,
Al p = (kezzd("fX’k"q)) Fl=ps<

sup||fxs;
kezd

. if p=oo,

where y 4 denotes the characteristic function of the subset A of RY.

o (L1, 1) = (19, PYRE, ©) = {f €10 ¢ 1Ifl,, <o)
_ d(1-1) 0
L ”f”q,p,a = sug)r @ r”f”q,p, feL.
>

o (L4, 1) = (14, PY R, ©) = (€10 Il . < oo}

We denote by M'(R?) the space of finite measures on R? and by M®(R?) that of Radon
measures y on R? satisfying
sup |,u|(J)16) < 400,

xeR4

where |u| stands for the total variation of the measure .

It is known (see [Fol]) that for 1 < g <a < p < oo, ((Lq, Y-, p, [,) is a complex
Banach space. It is clearly a subspace of the well-known Wiener amalgam spaces (L9, I”)
(see [Ho]) and closely related to the Lebesgue spaces as described below.

Proposition 2.2. ([Fol]or [Fo2]). Suppose that 1 < g < a < p < co. We have:

o Ifllgpa<lfll, feL®

and consequently, L* C (L1, [P)*

L4 ”f”a,p,a = ”f”a, f el’
and therefore (L*, IP)* = L*

e there is a real constant C > 0 such that
1£llg 0 < Iflle < Cllfllg 0rar fEL°
and so (L1, [*)* = L

o foranyucRY,
d(1+1),4 0
eaflly poa < 2003000 Al e fELO,

where T, denotes the translation operator with translation vector u.

In [Fo2], Fofana has introduced some special subspaces of (L, [P)* defined as below.

Definition 2.3. For 1 < g <a < p < oo, we define :
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a) (L7, ") = {f € (L9, ") : limyolituf = fllg.p.a =0}
b) (L4, IP)g ={f € (L9, 1)+ limyseo Il fxmer g1 llg. . = O}
¢) (L, I")* = (L9, ") N (LY, IP)S.

In [D-F-S], it was proved that (L9, I")?  is closed in (L7, IP)®.
Let us recall that for f € L°, g € L° and x a Radon measure on R?, the convolution products
gx* f and u* f are given by the formulas

grf@ = [ ey and sf= [ ety

at all points x € R? where these integrals are defined. We have the following Young’s
inequality.

Theorem 2.4. Suppose that 1 < g < a < p < oco. There exists a constant C > 0 such that for
any element (u, 1) of M'(RY)x (L4, IP)* we have

e fllg. p.a < CIRDIf g p. o 2.1)
In particular, for any element (g, f) of L' x (L4, IP)®, we have

llg * fllg, p,o < Cligli Ifllg, p, @

Proof. For @ = g or a = p, the result is known since in these cases (L, IP)* = L.
We now suppose that 1 <g<a < p < 0.
For any x € R? we have

o fol< [ 17l di)

and by Holder’s inequality

1

i fOOI < (JI®RD)T ( fR = d|u|<y>)q .

So, for any (r, k) € R} xZ% we have

e soras < (ueh)? [ ( [ dITyf(x)qulul(y))dx

(ra)? [ { | ITyf(X)quX)dlul(y)

(by Fubini theorem)
49
(IulRD)? f ey fxllgil).
R
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It follows that

[Z G el

kezd

IA

()" [ ( f IIT>fX1’Iqu|/i|(y))}
(luh®?))? [ ( f ey fxy] |qd|u|<y>)q} :

By using Minkowski’s inequality we get

==

IA

[Z s el | < ()| [ 1S (||rny1,;||3)§}p dlul(y)]

kezd kezd

L

dlul(y)] :

4
P

(|u|<Rd>)f'L’ f N 22 sl

kezd

Hence, from Proposition 2.2 we deduce that

rd(%‘%)[z e P

kezd

L

(ll(R) ( ([ st dlul(y))q

Cd®DNIfNly. p. o

1
P

IA

IA

where C = 2d(1+1%)3i71. Therefore,

e fllg poa < CRIRDIS g, p. o
The particular case follows by taking du(x) = g(x)dx with g € L. m|
As a consequence of Theorem 2.4, we have the following result.

Theorem 2.5. Suppose that 1 < g < a < p < oo. We have the following assertions.
() If (u, )€ M'RT)X (LY, IP)? then p f € (L4, IP)S.
(ii) If (u, f) € M'R) X (L4, IP) then px f € (L4, IP)g.

Proof. i) Assume that (u, f) € M'(R?) x (L4, 7). Let u be an element of R“. Notice that
Tu(u* f)—pu= f = (t,f — f)*u. According to Proposition 2.2, 7, f belongs to (L?, [’)*. Then
7,.f — f belongs to (L, IP)®. It follows from Theorem 2.4 that u* f and 7, (u* f) — u=* f are
two elements of (L9, [P)* and

It s £) = fllg. po < CRI®DNTf = Fllg. p. a-

From limy o |l7..f = fllg, p,« = 0 we deduce that lim,,q[|7,(u* f) —p* fllg, p,o = 0. Thus,
p* f belongs to (LY, IP)2.
ii) Assume that (u, f) e M'(R?) x (L4, lp)g. Theorem 2.4 asserts that u = f belongs to
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(L4, 1Py,
Let5>0andn>0. For x € Rd\Jg+6 we have

pef = [ eyt

f Jx=y)du(y) + f Jfx=y)du(y)
A RAJS

[ s =dur+ [ =y a-due)

f JFx=y)du(y).
RIS

Since x—y € Jg andy e Jg imply that x € Jg + Jg - Jg+6, we have for x € Rd\Jg+6,

+

px f(x) = f, S =Yg p (= y)du() + fR d\ﬁf(x—y)du(y).

Equivalently, for x € R \Jg+6,
po ) = (ULIR) * oz yp(0) + (LRI * f (),

where ,uLJ(‘)S and ,uL(Rd \Jg) denote the restriction of u to Jg and R4 \J(‘)S respectively. It follows
that

G F W ool < ILTG) * Foa ol + 1L RNT)] # 1.

Therefore,
1% W sl .o S WWLIG) * Fxma g, p. o+ NLERNTDT 5 Fllg. .o
By Theorem 2.4, we have

IGLIR) * fxzayillg, p,

IA

CULIGIRDI fx gy 2llg, o
CUIRDI fxze sl p.

IA

and
LRI Fllg. p. o < CIRNIDIS g . o

In addition,
Jim 1 sglly,po =0 and - Jim [ul®4\Jp) = 0.

So, for &€ > 0, there exists a real number N > 0 such that for 6 > N and n > N, we have
”(/J *f)XRd\Jg+5||q, p,a <eé.

This shows that lim,_,« ||(« *f)XRd\J(g”q’ p,a = 0. We conclude that u* f belongs to (LY, ll’)g.
O
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In the sequel, we shall denote by C™ the class of indefinitely differentiable functions on
R?. The Schwartz space of rapidly decreasing C*-functions on R will be denoted by S.
Let j be an element of {1, 2,..., d}. It is well-known (see [G]) that the Riesz transform R;
defined by

d+l

R;f(x) = lim —>2 fx-y)
/ -0 71'42_l lyl>¢ |y|d

Vi
j“dy, fes, x=(1, x, ..., xd)eRd

extends to a linear bounded operator on L? for 1 < g < co. Recently, this boundedness
property of the Riesz transforms was generalized as follows.

Proposition 2.6. (See [D-F-S]). Suppose that 1 < q < a < p <co. Then the Riesz transforms
R;for j=1, 2, ..., d satisfy

”Rj(f)”q,p,a < C”f”q p, s f € (Lq’ lp)[cl,(),

where C is a positive constant not depending on f.

L . @ . .
In order to recall an approximation property in (L7, IP){ o, we introduce the following
notation.

Notation 2.7. We denote by p a fixed element of C™, non-negative, with support included
in the unit ball B0, 1) = {x € RY / |x| < 1} and satisfying [, p(x)dx = 1.
w is a fixed element of C* satisfyingXJé Sw<xp.
We set
Pm(x) = mdp(mx) and w,(x) = a)(%), X € Rd, meN*,

With Notation 2.7, we state the following result established in [D-F-S].

Proposition 2.8. Let 1 <g<a < p < co. Then

Jim [I(fwm) *pm = fllg, p.a =0, f € (L, )0

Proposition 2.8 shows that the closure of the space D of infinitely differentiable func-
tions on R¢ with compact support in (L2, I7)® is the space (L9, lp)‘i 0"

3 The Sobolev spaces W' ((Lq, P); 0)

We fix ¢, a, pe[l, oo] suchthatg < @ < p and g < oo.
Definition 3.1. The Sobolev space w! ((Lq, » )Z 0) is defined as follows:

0 .
W, o) = (F e (W, P < S et Py, = 1,2, d)
J
where (%f stands for the partial derivative of f with respect to the j-th coordinate in the

J
sense of distribution.
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The Sobolev spaces w! ((Lq , lp)‘i 0) have been introduced in [D-F-S]. In the following
proposition, we list some of their properties.

Proposition 3.2. a) The mapping f = || fllw(zq, )=y where

LA lwrczo, 1y = 1F N, p, Q+Z|| oo

is a norm on W! ((Lq, lp)‘i 0),
b) (W1 ((Lq, lp)‘i 0), Iy (e, 11’)“)) is a complex Banach space.
c) Forany f e W! ((Lq, lp)i 0), we have

nll_f}go”(fwm) *Pm —f”Wl((Lf/, Py = 0,
where w,, and p,, are defined as in Notation 2.7.

Notice that Definition 3.1 and the assertions a) and b) of Proposition 3.2 hold if we take
(L2, IP)* or (L4, IP){ in place of (LY, [P )Z o (see [D-F-S]).
A consequence of Proposition 2.8 and Proposition 3.2 is the following result.

Theorem 3.3. A function f belongs to W' ((Lq, Y 0) if and only if there exists a sequence
(fm)ms1 such that

a) each f, €D

b) ”f_fm”q poa 0
c) Foreach 1<i<d, the sequence ( f"’) converges in (L4, IP)®,

Proof. The necessary part is an immediate consequence of Proposition 3.2.

Conversely, suppose that the assertions a), b), and c¢) hold. Then (f;;,)»>1 is a Cauchy se-
quence in the Banach space WL (L9, IP)*). So there exists a function g € W' ((L9, I”)?) such
that f,, — g in W1 ((L4, 1P)®). Tt follows from b) that f = g. Therefore, f € W' ((L4, IP)%).
Since (f;,) and ( R "’) are two sequences of elements of D, their limits in (L2, I7)* belong to
(&L, )2 . .

More generally, for any non-negative integer k, the Sobolev space WX ((Lq, lp)‘i 0) is

defined as the space of all elements f € (L9, lp)‘j’0 satisfying gyTJ; € (L4, lp)‘j’0 whenever
ly| < k. This space can be equipped with the norm

0" A°
1 Nwecza, )y = Z ”8 {”q p.as (—f = f) 3.1

OxY
lyI<k
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. (L9, IP)¢
4 The Bessel Potential spaces BB ’

If ue M'(RY) and f € L' then their respective Fourier transforms 1 and fare defined by

&) = f AT (), £ eR?
Rd

and

f@= f e f(x)dx, £eRY
Rd

Let 1 <g<a<p<ooandletp>0. The Bessel kernel Gg can be introduced in terms of
Fourier transform by

Gp(v) = (1 +47%x2)"%, xeRY,
It is well-known (see [S]) that for all x € R?, Gg(x) >0, and [|Ggll; = 1.
For f e (14, lp)‘i o We set
Ggxf ifp>0,
f if =0.
According to Theorem 2.4, the convolution product written above is well defined. More
precisely, we have Fa(f) € (L4, lp)‘i o With

Falf) = {

IFs(Ollg, p,« < Cllfllg, p, as 4.1

where C is a positive constant not depending on f.

Lq’ 2% .
The Bessel potential space B,; .o is defined as

(L1, l”)f’0

By = TR : FE(LL Y )

14, 1P a
The norm of f € B,; e

5
of a function g that satisfies F3(g) = f. In other words,

IIfIIB(Lq,w oy =W8llg, pas if f=Fp(8). (4.2)
B

is written as || f1| sy, and is defined to be the (L9, [P)* norm
B, e

The following result ensures that relation (4.2) gives a consistent definition of || f]| (4, o
B, °
(;

Theorem 4.1. Suppose that3>0and 1 <g<a < p <oo. If g1 and g, are two elements of
(L7, IP); o such that Fp(g1) = Fp(g2), then g1 = ga.

For the proof of Theorem 4.1, we need the following results.

Lemma 4.2. (See [D]). Let n be an integer satisfying n > d. If u € M*(R?) and ¢ € S then

fR ) lo(x)] dlul(x) < C sup |ul(J1) sup(1 +x)" ()],

xeR4 xeR4

where C is a constant not depending on u and .



66 B. A. Kpata and I. Fofana

Lemma 4.3. (See [S]). For >0, ¥ : f + Gg* f is a mapping of S onto itself.

Proof of Theorem 4.1. Let us consider ¢ € S and g € (LY, lp)‘i o- We have

f Fo(@) (0 (x)dx = f ( f G,e(x—y)g(y)dy) (),
R4 R4 R4

and

f f IGae— ) [5lIB(0Idy dx = f h(OIGl()dx
R‘i R‘i R‘i

where h = Gg *|g| belongs to (L9, lp)‘i o- Since the measure h(x)dx belongs to M *(R%) and
¢ belongs to S, we deduce from Lemma 4.2 that

f h(OIGI(X)dx < oo.
Rd

Therefore, we may apply Fubini-Tonelli theorem to get

f g(y)( f Gﬁ<x—y>¢<x>dx) dy
R4 R4
f g(y)( f G,g<y—x>¢<x>dx) dy
R4 R4

L _80)(Gp ) (y)dy

fR TR

L 8OFp(@)()dy.

Therefore, if g; and g, belong to (L9, lp)‘i o and Fp(g1) = Fp(g2) then

Ld(gl —82)MFp@)(dy =0, ¢€S.

It follows from Lemma 4.3 that fRd(g 1 — g2 (y)dy = 0 for all ¢ € S and therefore g; =
£2. O

Remark 4.4. 1t is an immediate consequence of the definition of the Bessel potential space
and inequality (4.1) that

(L‘]’IP)(:’O (L‘]’ ll’)io

Bﬁ c8, and “f”Bqu’ we, <C ||f||B[ELq, vy, if B>,
. .- . . . . L7, o
where C is a positive constant not depending on f. Also ¥ is an isomorphism of B, '
(Lz]’ P

onto 8 “0ify>0,8>0.

: : . L4, 1P)?
To precise the connection between the scale of potential spaces B,; e and that of

Sobolev spaces W* ((Lq , lp)‘i 0), we will use the following lemmas.



Isomorphism Between Sobolev Spaces and Bessel Potential Spaces 67

Lemma 4.5. (See [S]). Let 6 > 0.
(i) There exists a finite measure s on R? such that its Fourier transform iz is given by

_ (2nlx])°
Hs(x) = ————— .
(1 +4n2x?)2

(ii) There exists a pair of finite measures vs and As on R? such that

(1 +47%x9)% = 75(x) + Qrlx)® 25(x).

14, [P)® .
Lemma 4.6. Suppose that 1 < g<a < p <ooand B> 1. Then f belongs to B; o if

. . af (L7170
and only if for j=1, 2, ..., d, 7 and f belong to Bﬁ_l

d
0 .
Ilf ”B[EL‘I, vy, and || f ||B(Lq, vy, + Z HEHB[ET vy, are equivalent.

. Moreover, the two norms

B-1 j=1 J

Proof. a) For the proof of the necessary part, we will examine two cases.
Particular case. Assume that f € S. Then, according to Lemma 4.3, there exists g € S
such that ' = ¥5(g). Let j be an element of {1, 2, ..., d}. We have

aof P
(a—x]) (x) = =2inx;f(x)
= =2inx;j(Gg* g)A(x)
= 2inx;Gg(X)g(x)

= —2imx;(1 + 472 TE)

- Xj 2 —
= (1+4n2a?) 5 (—i—’%g(x)).
Xl (1 +472|x2)2

According to Lemma 4.5, there exists a finite measure y; on R such that m(x)= %
(1+47%|x|%)2

It follows that

— _x]' - -
Gp-1(x) (—z Fla (X)g(X))
— _x]' =
Gﬁ—l(x)(_lm('ul *g)(x))

Gp 1 (=R (11 * g))(x).

By Theorem 2.5 and Proposition 2.6, g’ = —R (11 * g) belongs to (LY, lp)‘i o and satisfies

—_——
|
2l
N —
~—~
N
|

2o

Gai(x)gD
o, 5-1(0)gV (x)

(Gp_1 +&)(x)

(Fp-1(8")) ().
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Hence,

f _ )
o, Fp-1(8").
General case. Assume that f € B;Lq’ lp)““. Then f =F5(g) with g € (L9, I){ . According to
Proposition 2.8, there exists a sequence (g,,) € D (hence in S) such that g, — g in (L9, I")“.
For each integer m , let us set f,, = F5(g,). Then, from inequality (4.1), we have f,, — f in

(L1, IP)*. Tt follows from the particular case that for each integer m and each j=1, 2, ..., d,
ar
5= T8,
Xj

where g(]) = —R(u; *gn). Since y is a finite measure, Theorem 2.4 asserts that k — py *k
is a bounded operator in (L9, [”)*and then, thanks to Theorem 2.5 p; xk € (L9, IP)ZO. In
addition, k = R;(u; * k) is a bounded operator in (L7, [P)* since the Riesz transforms R;
are bounded in (L7, IP)* according to Proposition 2.6. Therefore, for j =1, 2, ..., d, the
sequence (g(])) converges to g¥) = —R j(u1 %g) in (L9, IP)*. Then, from inequality (4.1), we
have ai;j’ - Fp- 1(g(j)) in (L1, IP)*. So the sequence (f,,,) converges in the Banach space

wh(Le, 1P)®). Thus =F5-1(g") and

d

§ ”_8f|| (L4, 1P
s L,ll’g’0

P 0x; B, ,

d
D 1glly. p. o
=1

Cligllg, p, o>

IA

where C is a real constant not depending on g. It follows that

Zn—n arriy <AL o,

Combining this inequality with the estimate || f || (Lq Yy < Cllf || (Lq ), We get
ﬁ 1

71 o, +Z|| gy <O o, (4.3)

l) (02
b)To prove the converse, assume that for j =1, 2, ..., d, a— and f belong to B o

Then f = F5-1(g) andg = Fp1(hj) with g, hj € (L9, IP)? .
For any je{l, 2, ..., d} and any ¥ € D we have
[ s @i = [ oo
R4 R4

0
f a—f(x)t//(x)dx
R4 x]'

- f S (X)aa—l//(X)dx
R4 X
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and
0 0
f s odx = f Fo1 (9002 (v
R4 X Rd ox;
0
- | dg(x)ﬁ_l(a—)‘fj)u)dx
0
= fR dg(x)(j—xj[ﬁ_mw)]wx
0
= - fR ) a—)‘fj(X)ﬁ-l(t//)(X)dx
So

0
f h () Fp-1 () (x)dx = f 8—g<x>7-73_1<w><x>dx.
R4 Rd OX;

A simple limiting argument leads us to

0
f hj(xX)Fp-1 () (X)dx =f a—g(x)f@—l W xdx, eS8, j=1,2, .., 4d
R4 Rd OX;

By Lemma 4.3, we have

f h () (x)dx =f 8—g(x)t//(x)dx, vesS, j=1,2,..,4d.
R4 R4 8x]

Therefore,

dg
hi==—-(x), j=1,2,..,4d.
j 8xj(x) J

It follows that g € W! ((Lq, ) 0). According to Theorem 3.3, there exists a sequence
(gm) € D (hence in S), such that g, — g in W! (L4, [")?). Since ¥ is a mapping of S onto
itself, we can write, for each integer m, g, = F1(h,,) with h,, € S.

Let x be an element of R4, According to Lemma 4.5, part (ii) , with 6 = 1, there exists a
pair of finite measures v; and 4; on R4 such that

(1 +4r%x%)? = 77(x) + 27|01 ().
Then, since a(x) =+ 47r2|x|2)_%, we have

Pum(X)

()G () (V1) + 27t]x| 24 (x)
= (G %hy) () (71(0) + 27| (x)
= F1(h)0) (Vi) + 27|24 (x))

= Za(0) (V100 + 271312, (x))
42
= ZnOV )+ (%) ]Z‘ 2nﬁ§n:<x>.
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As it is well-known (see [S]) that for any j € {1, 2, ..., d}

2

Ogm X
(R](ax] ))(x) 27Tﬁgm(x)
we have
—_— d \
RO mx)ﬂ(x)ml(x)Z(R,( )) )
J=
= gm(X)w(X)Ml(X)[ R; —m)](X).
J=
So
By = Vi *gm+ A % iR(agﬂ) .
= / 8)6]'
It follows that

ag
Wmllg, p, o < [”gm”q P, a+2” m”q ». a],

where C is a real constant not depending on g,,.
Let us consider the sequence (f,,) defined by f,, = Fg-1(gn). Then, for each integer m, we
have

f=Fpm) and Nfull wovyz, = nly, .o
B

Thus, for each integer m,

”fm” (Lq ll’)“ < C[“gm”q D, [Z+Z” ”q P, a]
Xj

The same inequality holds when f,, is replaced by f,,, — f,,v, and g,, is replaced by g,,, — gy (m

and m’ being any non-negative integers). This shows that the sequence (f;,) also converges
&, 7,0y,

in Bﬁ % Hence, by letting m — oo, we obtain f € B * and
1., < [ngnq poat Z I ]
It follows that
||f|| (Lq )y S C[”f” (RO Z == || RCReH ] 4.4)
ﬁ 1
Inequality (4.4) together with inequality (4.3) end the proof. O

1A%

1
The following result gives the identity between the potential spaces B;L e and the
Sobolev spaces WX ((Lq, lp)‘i 0).
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14, 17)?
Theorem 4.7. Suppose that k is a positive integer and 1 < g < a < p < co. Then B,(( o _
L9, )2 )
Wk ((L‘I, lP)Z 0) in the sense that f € B](( Je.0 if and only if f € WK ((L‘I, lP)Z 0), and the

two norms given respectively by (3.1) and (4.2) are equivalent.

p\@¥

q, 1t . .
Proof. The identity between Wk ((Lq, » )Z 0) and B;{L <0 s complete, and obvious, when
k =0. However, it is clear that if k > 1, then f € W¥((L?, I")? ) if and only if f and 2L
5 J
belong to wk-1 ((Lq, lp)‘i 0) for j=1, ..., d. The two norms

d
Z of
”fllwk((Lq’ lp)(:, 0) and ”fllwk—l((Lq’ lp)ri 0) + ”8)6] “Wk—l((Lq’ lp)fio)
=1

are also obviously equivalent. Thus Lemma 4.6 extends the identity of W* ((Lq, ") 0) and

Lq’lpn
0 from k=00 k=1, 2,.... 0

5 Solvability of nonhomogeneous differential equations

Let us recall that in [Ho], the Fourier transform f + fdeﬁned on L! has been extended to
the spaces (L4, IP). In fact, F. Eolland proved that if f belongsto (L9, 7), 1 <gq, p <2, then
there exists a unique element f € (Lp’, lq’) such that for any sequence (r,),»1 of positive real

numbers increasing to oo, the sequence ( ﬁj\gz) _, converges in (Lp', lq') to f In addition,
nz

fRdg(x)J?(x) dx=fRd§(X)f(x)dx, ge(L!, IP)

and
lllf”p’,q’ <C lllf”q,p

where C is a real constant depending on d, g and p.
In [Fo3], I. Fofana has proved the following Hausdorff- Young inequalities.

Proposition 5.1. Suppose that 1 < g < a < p <2. Then there exists a positive real constant
K such that we have

—d(l-1 -
G g <K il W) r>0

and _
”f”p’,q’,a’ < K ”f”q,p,a’ f € (Lq, lp)a~

The following result is an existence theorem for equation (1.1).

Theorem 5.2. Suppose that 1 <q < a < p <2. Let f be an element of (L4, IP)? | and let m
be a non-negative integer. Then the equation

(I-N"u=f

@, ),

has a solution u € 82
m
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Proof. It is well-known that the operator (/ —A)™ is defined via the Fourier transform by
[(1 - A" ul(x) = (1 + 46" u(x),  xeR.
Thus, equation (1.1) may be written as
(1 +472 1P "ax) = f(x),  xeR?

that is _

w=(1+4m° 1) ™",
and therefore _

u=Gonf.

As f belongs to (LY, lp)‘i o» Proposition 2.8 asserts that there exists a sequence (fi) of el-

ements of D (hence of S) such that f; — f in (L9, IP)*. For each integer k, let us set
ug = Goy * fr. Since the Fourier transform is a bounded linear operator from (L9, [7)* into

(Lp', lq')a and the operator Tg,, defined by Tg,, (f) = G2, * f is also a bounded linear op-
erator on (L9, lp)‘i o» We have on the one hand U = Gﬁ fi — Ga\* fin (Lp', lq')a and on
the other hand, iz = G fi — Gam f in (Lp’, lq’)a . Therefore,

Gon*f = Gaonf.
It follows that

U=Gon*f.

L1, 7)Y
Hence u = Gy, * f is a solution of (1.1) and u belongs to B;m 0
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