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Abstract

We consider the Cauchy problem for a semi-linear wave equation with nonlinear
mixed damping term and time nonlocal nonlinearity in multi-dimensional space R",
we prove the local existence and nonexistence of global solutions theorems.
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1 Introduction

The main purpose of this paper is to present results concerning the local existence and the
blow-up of solutions for the following Cauchy problem

t
Uy — Au+ |u|™ uy = f (t=$)" |u(s, )P ds,t >0,x e RN (1.1)
0

subjected to the initial data
u(0,x) = g (x),u; (0, %) = uy (x), x €RY, (1.2)

where the unknown function u is real-valued, N > 1,0 <y <1,m>1and p > 1.
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TE-mail address: hakemali@yahoo.com
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Our article is motivated by the recent paper by Cazenave et al. [2] which deals with the
global existence and blow-up for the parabolic equation with non-local in time non-linearity

!
Ou(t, x) — Au(t,x) = f (t =) [ulP~ u(r, x)d, (1.3)
0
where 0 <y < 1, p> 1 and ug € Co(RY). They proved that, if
14 22-vy)
TNy,

and p, = max{%,py} € (0, +co], where (1), = max(u,0), then:
1) Ify+#0, p<p. and ug >0, ug # 0, then u blows up in finite time.

(i) If y # 0, p > p., and ug € L, (RY) (where g, = N(p —1)/(4 =2y)) with |luoll.
sufficiently small, then u exists globally.

qsc

Their study reveals the surprising fact that for Eq. (1.3) the critical exponent in Fujita’s
sense p. is not the one predicted by scaling. Eq. (1.3) is a pseudo-parabolic equation and
as it is well known scaling is efficient for detecting the Fujita exponent only for equations
of parabolic type. Needless to say that the equation considered by Cazenave et al. [2] is a
genuine extension of the one considered by Fujita in his pioneering work [5].

In the case eq. (1.1) with linear damping, it reads

!
Oqu(t, x) — Au(t, x) + Ou(t, x) = f t—=1) 7 |u(r, )P dr. (1.4)
0

Fino [4], addressed the global existence and blow-up of Eq.(1.4). The main tool used in
[4] is the weighted energy method with a weight similar to the one introduced in [15]. It
was shown that the solution of (1.4) behaves as that of the corresponding diffusive equation.
More precisely, he proved that

G ifp>1,yed/2,1)for N=1,2and y € (11/16,1) for N = 3. If py < p, where

2(3-2y) 4(3-2y) N+2(5-4y)
T =l —— T =l Y
(N-2+2y), (N-4+4y), (N-2+4y),

Then problem (1.4) admits a unique global mild solution with small data. While

p1=1+

) if l<p<N/(N-2)for N=3,and a € (1,00) for N=1,2, (N-2)/N <y <1 and
(uo.ur) € H' (RV)x L2 (RY) such that [, u; (x)dx>0,i=0,1.1f p < p_, then the mild
solution of the problem (1.4) blows up in finite time.

Moreover, he showed that in the case of p > p,, the support of the solution of (1.4)
is strongly suppressed by the damping, so that the solution is concentrated in a ball much
smaller than |x| < 7+ K, namely |jullz = O(e™N/*~1/2), as t — oo, outside every ball B(t'/>*?),
¢ > 0. Furthermore, he proved that the total energy of the solutions decays at the rate of the
linear equation, namely

O N2yt — 00, for N=1,

IDut, Nig2gm =4 OG*), t—oco, for N=2,
o), t—> oo, for N=3.
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In the present paper, we would like to investigate the nonexistence of global nontrivial
solutions for Eq.(1.1). The method used to prove the blow-up result is the test function
method considered by Mitidieri and Pohozaev [10],[11], Pohozaev and Tesei [9] Zhang
[16], Fino [4].

Before closing this section, we define some notation to be used below. L” (RN ) (1<p< o)
is the usual Lebesgue space with the norm ||.|| LP(RN) -

Let s be a nonnegative integer. Then H® = H® (RN ) denotes the Sobolev space of L?

functions equipped with the norm ||.|| HS(RY) - Also, CK(I; H® (RN )) denotes the space of k-
times continuously differentiable functions on the interval / with values in the Sobolev
space H* (RN ) Finally, positive constants will be denoted by C and will change from line
to line.

2 Some preliminary results

In this section, we prepare several lemmas for the proof of Theorem 3.1 and Theorem 4.2.
If AC[0,T] is the space of all functions which are absolutely continuous on [0, T'] with
0 < T < oo, then, for f € AC[0,T], the left-handed and right-handed Riemann-Liouville

fractional derivatives Dgl S () and DY e f(@) of order @ € (0, 1) are defined by

DG, f(t) = 8,J3;° £(t) and D f(0) = o f (s=0)" f(s)ds, t€[0,T], (2.1

where

I8 = f\r)“%@w 22)

is the Riemann-Liouville fractional 1ntegral, for all g € L9(0,T)(1 < g < ). We refer the
reader to [12] for the definitions above.

Furthermore, for every f,g € C([0,T]) such that D0| J@), DtIT f(t) exist and are continu-
ous, for all £ € [0,T],0 < @ < 1, we have the formula of integration by parts (see (2.64) p.
46 in [12])

T
[ (Pur) e - j‘ﬂoDﬂgmm. 23)

Note also that, for all f € AC™1[0,T] and all integers n > 0, we have
(see (2.2.30) in [12])

(=1 3D f(1) = Dl £, (2.4)

where AC"1[0,T]:={f :[0,T] = R, and 3} f € AC[0,T1} and 97 is the usual n times deriva-
tive. Moreover, for all 1 < g < oo, the following formula
(see [7], Lemma 2.4 p. 74)

Dy, Jo, = Idrao,r), 2.5)

holds almost everywhere on [0, T].
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In the proof of Theorem 4.2, the following results are useful: if

wi(®) = (1= 1/T)7.t 20,7 > 0,0 >> 1, then D wi(t) = CT-7(T = 1/)77%, D wi (1) =

CT(T-n7*", DiPwi(t)= CT (T -7, foralla € (0,1); so

(Dizwi )(T) = 0,(D5w1 ) (0) = T, (D' w1 ) (T) = 0,and (DgF'wi) () =T~ (2.6)

For the proof of this results, see [4].

The following Lemmas will be used in the proof of Theorems 3.1.
Lemma 2.1. (See [14], Proposition 2.4, p. 5) If s > % then
H*(RY) c C(RY)n L= (RY),
where the inclusion is continuous. In fact
llullpe < Cllullpzs
The next Lemma is consequence of lemma 2.1 and Proposition 3.7, p. 10 in [14]

Lemma 2.2. (See [14]) Assume that s1,s5, = s > N/2, then for u € H*',v € H®2, we have the
estimates
leevllgzs < Cllellgsi V] gs2

where C is constant independent of u and v.

The last Lemma uses the equivalent norm of ||u||ys-1(see [1, Theorem 7.48, p. 214]).
We omit their proof since it can be found in (see [3])

Lemma 2.3. Forany s € (1,2)UN* and p € (1,+00)N(s— 1, +00) we have for a nonnegative
function f € L™ (RN ) NH! (RN ), fP e H! (RN ) and there exists a positive constant C
such that

7]

Now, proceed with the following linear wave equation:

o (avy S CIFI oy Wl vy -

uy—Au=nh(t,x), xeR",tr>0 2.7

with initial value condition (1.2). Let us give some results which will be used in the follow-
ing.
Lemma 2.4. (See [13].) Let s € R. Let (uo,u1) € H* x H*™" and h(x,1) € L' ([0,T1,H*™").

Then for every T > 0, there is a unique solution u € C([0,T],H*) N C! ([0, T],Hs_l) of
cauchy problem of (2.7) and (1.2). Moreover, u satisfies

t
lutllgzs + ol s SC(l+T)(|Iuo||H-v+|Iu1||Hs—1+f 12 (7, s dT)
0

forall0 <t <T, where C only depends on s.
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3 Well-Posedness

In this section, we will prove local existence and uniqueness of weak solution to the problem
(1.1)-(1.2).

Theorem 3.1. Let N>1,s>N/2andm,p € (1,+00)N(s—1,+00). Then for any ug EHS(RN)
and u; € H™! (RN) , (1.1)-(1.2) admits a unique solution
ueC([0,71:H* (RY))nc' (10, 71: 5 (R))
with some positive T, which depends only on ||lug||ys + ||u1]|gs-1 -
Proof. First we define
X = C([0,T1: H (RY))n C' (10,71 H*~ (RY)),
Y7 =L ([0,T1; H (RY)) n W ([0, T]: H*~! (RV))

Y i=<Sue Yr; sup (lut, )llgs +llu (¢, llgs-1) <M.
0T

We also define X7y = Y7 N X7. Obviously X7 C Y7 and X7 C Y7 1.
Set G (u,uy) = — |l u, + fot (t— )77 |ul” (s)ds. For any v € Y7, define ®[v] = u, where
u € Xr is a solution to

3.1

uy —Au=G(®,v,) in (0,T)xRN,
u(x,0) = ug (x), u(x,0)=u; (x) xeRN.

Since we have G (v,v;) € L™ (O, T:H! (RN )) for any v € Y7 by Sobolev’s embedding theo-
rem, existence and uniqueness of such u € X7 is guaranteed by the theory of mixed Cauchy
problems for linear wave equations.

Let M = 4C (|luollgs + |lu1llgs-1) - We first claim that v € Y7 5 implies that @ [v] € X7y
for sufficiently small 7" > 0.
Set @ [v] = u. From the Lemma 2.4, we have

et M + ot 2, llgeer < C(1+T) (Mol + laillges + [ IG@, v ()l goer dT). (3.2)

By using the identity
" ! d t S
Jo Gov@dr = -5, f 7 (v"™'v) (@)dr + f f (s=1) 7 v(D)IP drds
0 . 0 JO
= ="+ S O WO0) + fo (=) (I ds,
we find

1
R el [LL(U K (U] RS

' 1
f IG,v) (7, Nggs—1 dr < — |||
o m
& [ = s

!
< CIMIFS Ml ggs1 + C{|v, )" (0, )| s + € f (=)' ML M1 (5)ds,
0
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where we have used the Lemma 2.3.
Then By Sobolev’s embedding theorem and the Lemma 2.1, we find

!
f IGW,v) (@, gzt dr < C il Ml + C VO, I (O, llggs + CT> sup lullf,
0

0<t<T
<CM™+C sup ||v(z‘,.)||’;}§1 vt Ilys + CT> Y MP
0<t<T
<CM™+CT*'MP,
(3.3)
From (3.2) and (3.3), we get

sup (|lu (2, Illgs + g (8, Ml gs-1) < C (L +T) (ol s + llear || o1
0<i<T (34
+CTM™ + CTZ—VMP).

By (3.4) we arrive at

sup (Il (, lgs + llete (2, Ml pgs-1) < Crm M,
0<1<T

where Crp = C(1 +T)(% +TM™ ! +CT2_7M1’_1). Since we can find T; > 0 such that
Crym < 1forany T €(0,T,], this implies the claim.

We next prove that @ is a contraction mapping in X7y for small T by using the Lemma
2.4 and the mean value theorem. When 2 < m < oo, we can apply the mean value theorem
directly to the nonlinear term, and it is easy to prove the claim. But because the function
/™" v is not Lipschitz continuous with respect to (u,v) € RxR for 1 < m < 2, we modify
the argument in the following manner, using the fact that m |u|™ ' u, = (9t(|u|’"‘1 u) where
™' u is Lipschitz continuous. We note that this approach was used in Lions and Strauss
[8] and recently by Katayama et al. [6].

Suppose that vy, v, € Y7y, then we have @ [v(],®[v2] € X7 . Let w; and w; (i = 1,2)
be solutions to the following problems

!
Wiy — Aw; = f (t=s)Y Wi’ (s)ds  in (0,T)xR",
0 3.5
w;i(0,x) = up, (w;); (0,x) = u; + % luo|™ L up in RV,
and
(W) — AW = =L vy in (0,T)xRY, 3.6
Wwi(0,x) = (W), (0,x) =0 inRN, :

for i = 1,2, respectively.
t

Since v; € Y7 implies that f (t— )Y vil? (s)ds, |v;|" " v; and 8, (lvilm‘1 vl-) =mil™ (v,
are functions in L™ (O, T,H S‘l) by Sobolev’s embedding theorem, we have w; € X and
wi € C(10,71: B (RV))n C* (10,71 B (RY)) n €2 ([0, 71: ' (RY))
(i=1,2). From the uniqueness of solutions to linear wave equations, we have

)] [Vl'] =w;+ (VT/Z'), (l = 1, 2) . (37)
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Note that since |v|H v with > 1 is a C! function, the mean value theorem implies
-1 -1 -1 -1
[l vy =l ™ vg| < C (i + vl vy = vl (3.8)

By (3.5), (3.6) and (3.8), the energy inequality and Sobolev’s inequality ||u||;~ < C ||u||gs
imply
1wy = w2), (@ Il gs—1 + Iw1 = w2) (7, )l s

! N
<C1+T7) fo fo (=077 ||(vil? = v2l?) (7. )| 1 dTdls
!

B 5 3.9)
scu+T{fa—ﬂkdwm;*wnwfwwrwﬁ@mms
<C(+T7T) Tg_“YMI”_1 sup [[(vi =) (T, )|lgs for0<r< T,
0<7<T
and similarly
NP1 = W2), (& Ilggs—1 + 10V = W2) (@, s
!
=C(l+ T)jo‘ H(Iv1 vy = v vz) (s, .)HHH drds (3.10)
<CUA+T)TM™ " sup ||[(vi =v2) (1, )|ys for0<t<T.
0<7<T
Then, (3.9) and (3.10) lead to
sup (10 [vi]= @[] (¢, Mlgs < CA+T) (T3 MP~t + TM™ )
0<t<T (311)
X sup [I(vi =v2) (7, s -
0<7<T

In the following, we fix T € (0, 7'1] which is small enough to have C (T3‘“VM1”‘1 + TM”"I) <
%. Then we get

sup [|[@[vi] =P [v2] (@, Iz S% sup [|(vi =v2) (T, )llgs (3.12)
0<t<T 0<7<T
forsuch T
Finally, define
u® (t,) = uo (%),
{ U =0 V| (n=123,.).

By (3.12), there exists some u € C ([0,7]; H®) such that u™ — uin C([0,T];H®) as n — co.

Now, we will show that this u belongs to X7 and is solution to (1.1)-(1.2). Since u™ €

Xr.um, {u(”)} (resp. {uﬁ")}) has a weak-* convergent subsequence in L™ (0,7; H®) (resp. in L% (O, T:;H"! ))
Since u™ — u in C([0,T];H*), the above subsequence of {u(")} (resp. {uﬁ")}) converges

weakly-* to u (resp. to u;) in L™ (0,T; H®) (resp. in L* (0, T:H 5‘1)), and consequently we

see that u € L (0,T;H®) and u; € L™ (O, T;Hs_l). Then we can see that u € Y7y, and then

we get @ [u] € X7 ). Hence we can apply (3.12) to have
1

@ - [u] ]| <5 sup

sup <
2 0<t<T

0<t<T

(=) (3.13)
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Since the right-hand side of (3.13) tends to 0 as n — oo, we get ® [u(")] —>®[u]linC((0,T];H®).

Since we have showed that u™ — win C ([0,T]; H®), passing to the limit in u™ =@ [u("‘l)],
we obtain u = @ [u] € X7 . This u apparently the desired solution. The uniqueness of weak

solutions in X7 follows immediately from (3.12). This completes the proof of theorem
3.1. o

4 Blow-up results

This section is devoted to the blow-up of solutions of the problem (1.1)-(1.2). We start by
introducing the definition of the weak solution of (1.1)-(1.2).

Definition 4.1. Let T >0,0<y <1 and ug € L}, (R¥)n L (RN) u € L}, (RN). We say
that u is a weak solution if u € LP ((0, ,L° (RN )) NnL™ ((0 T),L loc (RN )) and satisfies

*Zloc
T
F(a)f f ngt (|ulp)godxdt+f uy (x) (0, x)dx—f ug (x) ¢, (0, x) dx+
RY.

f luo™ L o (x) @ (0, x)dx = f f upydxdt — — f f ™" ugp, (¢, x) dxdt
fqugodxdt
RN

for all nonnegative test function ¢ € C? ([0, T1xRN ) such that
o(T,.)=¢/(T,.)=0,wherea=1-1.

“4.1)

Theorem 4.2. Let 0 <y <1 such that NT_Z <vy<1andlet p,m such that p>m > 1. Assume
that the initial data (uy,u,) satisfy

f uy(x)dx >0, f luo|™ " o (x) > 0, andf u (x)dx > 0.
RV RN RN

Then if

NSmm{ 2(m+(1-7)p) 2(142-7)p) } W)

(p=1+(1=y)m=1)" (LCED 4y 1) (p-1)
orp< i Then the solution of problem (1.1)-(1.2) does not exist globally in time.

Proof. The proof proceeds by contradiction. Let u be a nontrivial global weak solution
of the problem (1.1)-(1.2) that is u defined on (0,T) for all T > 0 and ¢ be a smooth test
function which will be specified later. From the definition of weak solution we have

F(a)f f ngt(lulp)godxdt+f u (x)@(0,x)dx— fuo(x)got(O x)dx+

’"f luo™ ' o (x) @ (0, x)dx = f f utp,,dxdt——f f ™ ug; (1, x) dxdt
f f ulApdxdt.
0o Jrv

4.3)
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Let o (x,1) := D;TTf (t,x) = gal (%) Dtthpz (1) with

2
||

X| t\"
o1 (x) = CD(F),soz(t) = (1 - 7)+,

where D§|¥T is given by (2.1), I,n > 1 and ® € C* (R;) be a cut-off nonincreasing function

such that
1 if0<z<l1
(D(Z)‘{ 0 ifz>2,

and0<d <1, forallz>0.
Then the weak formulation (4.3) reads

F(oz)f f ngt (Iulp)Dtle(t,x)dxdt+f u (x)Dtle(O,x)dx

|Mo|m L ug () D;j7&(0,x)dx - f uo (x)0,D5y7§ (0, x)dx
RY (4.4)

= f f ud; Dy édxdi — — f f ™" ud, D€ (1, x) dxdt
0
T

- f f uAD;TTf(t,x)dxdt.
0

Moreover, from (4.4), (2.3) and (2.5) we may write

T
() f f D3 g, (ulP) € (¢, x) dxdt + T f uy ()¢ (x)dx
0 RN RN

+777! f N|M0|m_1Mo(x)¢1(x)dx+T7_2 f uo (x) ¢! (x)dx
RN (4.5)
f f ug, (x)DtlTygoz(t)dxdt+—f oy |u™™ 1ucp1 (x)DtlTygoz(t)dxdt

fqu(pl(x)DtlT(pz(t)dxdt.

So, the formula Agall (x) = l‘,o1 "Apy +1(1- 1)<p"1 2|V1|? and ¢; < 1 will allow us to write

fT |ulP £(t, x)dxdt + CT'™! up (x) tpl] (x)dx
0 Jrw RV

+CT7‘1f luo|™ " up (x) @} (x)dx+CT?~ Zf uo (x) @} (x)dx

<C f f jul} (0 |D37 2 (6] dxdr + € f f " o} (x)

+C f f il (1811 + Vg1 ) | Digy 02 (0] dxar

By applying e-Young’s inequality

(4.6)

thlTygoz (t)| dxdt

XY <eX?+C(e) Y, p+p =pp’ . X>0,Y >0,
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to the right-hand side of (4.6), we may write

T
f f jul} (0| D37 0o (1) dixe = f f €2 &g (0D 0o (0| dxdr
" dxdt

<gf f |u|”§dxdt+C(s)f f <p1(x)go2”1(t)|Dt|T 0

for some £ > 0. Likewise, we have the estimate
T
m 2-y m g =" 1 2—y
f f e O R N w1<x>|D,|T 2 0] dxd

<e f [Lwresce [ [ dwieors=|pirmo™

the same is true for the third term in the right hand side of (4.6)

f | et e+ 96 P) |05 a 0] < o f f l? édds

+C(e) f f Y5 (161l + Vg1 PP )| D @) .

4.7

4.8)
= dxdt

(4.9)

Gathering up, (4.7), (4.8) and (4.9), with £ small enough, we infer that

T
f |u|p§dxdt<C(f f 901()5)902
0 RN
. f f o ()2 (O 757 | D27
ff £ g (1A 7T 4191 P74
RN

for some positive constant C. At this stage, we introduce the scaled variables

P
() |Dt|T o2 (0| dxds

" dxdt+ (4.10)

dxdt)

X = T%y,t =TT
So, we have

P

T
f ulP £dxdr < CTO 7340 L OBt | po-1-0z2 484t
0o Joy

where
Qp = {x eRN |x? < 2T"}.

Now, we choose 6 so that (y —2) pf =(y—-1- 0) ~—,then § = (p(pl)# +v—1>0because
p > 1. Then

T
f ulP édxdt < C(TODF+ 2T+ L PO+ T 41y - 6. 4.11)
0 Qr

with 6 = max {(y = 3) 25 + B+ 1,(y—2) 22 + D+ 1.
We have to distinguish two cases:
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The case ¢ < 0: we pass to the limit in (4.11) as 7' goes to oo; we get

T
lim lul? € (x,t)dxdt =0

T—oc0 0 Qr

Using the Lebesgue dominated convergence theorem, the continuity in time and space of u
and the fact limy_ & (x,¢) = 1 as T — oo, we infer that

f f [u|? (x,)dxdt =0 = u=0.
0o Jrv

The case ¢ = 0: Using inequality (4.11) with T — oo, taking into account the fact that 6 =0,
we have
ue LP((0,00): L7 (RY)),

which implies that

T
lim lul? Edxdt = 0,
T—oo J Sy

where
ZT = {x eRN, T < le2 < 2T9}.

On the other hand, using Holder’s inequality instead of Young’s one to the term

ffluw» (181141961 P)|D
we find

fflulso |A901|+|Vs01| T¢2(t)‘dxdt<(ff Iulpfdxdt] X
( f fz A" (16l + Ve ) D

o 0] dxdt]
TR™!

702 (0| dixdt

We repeat the same calculation as above by taking in this time ¢ (x) := ( lHlTH )where R
is fixed number such that 1 <R < T.
Using the change of variables x = RIT? y and ¢t = T't by taking into account that 6 = 0, we

get

f f tr8) ul” édxdt < CR™% + CR” [ f f o 4.4 Iulpgdxdz]
X< V2R 2T2 2TI< 2 2}

(4.12)

1/p

Thus, passing to the limit in (4.12) as T — oo, we get

f ulP dxdt < CR™%
0 RN

and then R — oo which give a contradiction.
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The case p < 1/y we consider ¢ (x) := CD(';;—';),goz (1) := (1 - %)Z, then by taking the

scaled variables x = R? v,t = 1T, it follows from (4.10) that

T T __1
f f |u|p§dxdtsC( f f ol (e, (t)|Df|;7¢z(t)
0 JRrN 0 JRV

r »_
+f f &} @2 O 77 | DL o2 (0| dxdr + RAE )70V
0 RN

T 1
1-2p" ~p-1 L 2P
P r ‘pzp 1 [Apy|P~T + |V [P D?T‘;DZ (1)
0 JRY l

.
" dxdt

=
- dxdt) ,
so, we have
T
f lul? Edxdt < CRZ (TP +1 L 0255+,
0 Jaog ,
CRAG35) 0D

Taking the limit as T — oo, we infer, as p < % that

T
f |ul” Edxdt = 0.
0 Qp

Finally, by taking R — oo, we get contradiction. Precisely, in the case p = }y we have to use

condition % - 1% < 0 which equivalently y > (N — 2) /2 to obtained the desired convergence.

This completes the proof. O

Remark 4.3. When m = 1, we recover the case studied by Fino [4].
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