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Abstract

In this paper, we use tools of potential theory to study the existence of positive con-
tinuous solutions for some boundary value problems based on the fractional Laplacian
(—A)”/ 2 ,0<a <2, inan exterior domain D in R", n > 3. Our arguments use properties
of an appropriate Kato class of functions K’ (D).
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1 Introduction

Forn >2 and 0 < @ < 2, an n-dimensional a-stable process is a Levy process X = (X;)»0
in R" whose characteristic function has the form

E* (eig(X’_XO)) = ¢ ™" for  and x e R",

where E* is the expectation with respect to the distribution P* of the process starting from
xeRM
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In this paper, we always assume that D is a C'! exterior domain in R” (n > 3) and
we put 7p = inf{r > 0: X, ¢ D}, the first exit time of X from D. Let XtD(w) =X, (w) if
t < tp(w) and set X,D (w) =0 if t > Tp(w), where d is the cemetery point. The process
xP = (XtD )t> 0 (i.e. the process X killed upon leaving D) is called the killed symmetric a-

stable process in D. The infinitesimal generator of X is the fractional power (-=A)? of the
Laplacian in D, which is a prototype of non-local operator. Considerable progress has been
made recently in extending potential-theoretic properties of Brownian motion to symmetric
a-stable processes on Lipschitz domains (see for instance [3 — 20, 24 —26]).

We collect in this paper some basic facts concerning the process X?, the Green function
G7,, the Martin kernel M}, and a-harmonic functions which are direct adaptations of well
known results on Brownian motion. These facts will be useful for our study. In particular,
we give precise estimates on G, which enable us to introduce a functional class K’ (D)
(see Definition 2.4) characterized by an integral condition involving G}, and called frac-
tional Kato class. This class is quite rich (see Proposition 4.1) and it is a key tool in our
study.

On the other hand, unlike Brownian motion, we prove that harmonic functions with
respect to X? blow up at the boundary of D. While the classical formulation of the Dirichlet
problem becomes impossible, we provide an appropriate reformulated Dirichlet problem
associated to (—A)% in D (see Remark 2.16). This approach allows us to study two different
nonlinear Dirichlet problems associated to (-A)? in D, what generalize some existence
results for nonlinear Dirichlet problems associated to (—A), obtained in [2] and [23].

Our results follow up those obtained in [9] for the fractional Laplacian in a bounded
domain. Many well known properties of the killed symmetric a-stable process in a bounded
domain are not provided in an exterior domain. This makes one of difficulties in this paper.

The content of the paper is organized as follows. In Section 2, we recapitulate some
tools of potential theory pertaining to the process X”. Namely, we discuss some properties
of harmonic functions with respect to X? and we apply these facts to reformulate Dirichlet
problem associated to X”. Also, we present in this Section our main results (see Theorems
2.17 and 2.18). In Section 3, we establish some estimates on Gj, and we obtain some
properties of potential functions. We give in Section 4 some interesting properties of the
class K; (D) including a careful analysis about continuity of some potential functions. Our
main results are proved in Sections 5 and 6.

2 Preliminaries and Main Results

2.1 Notations and Terminology

In this paper, we always assume that D is a C"! exterior domain in R” (n > 3) such that

D = \U Dj, where D; is a bounded C!! domain of R” and EOH] =@, i # j. We denote
1<j<k

by B (D) the cone of nonnegative Borel measurable functions defined on D.

It is well known that there is a symmetric function G%,(x,y) continuous on D X D except
along the diagonal, called Green function associated to X”. We will denote Gp(x,y) for the
Green function associated to Brownian motion in D (i.e. a = 2).

Remark 2.1. Leta e D and r > 0 such that B(a,r) C D°. Then we have from [12] that for
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each x,ye D

Go(x,y) = r*"GY (=, 21
r r

).

Thus, without loss of generality, we may assume throughout this paper thata =0 and r =1,
that is B(0,1)c D'
X

* __
Letx* = 5

" be the Kelvin transformation from D onto D* = {x* € B(0,1) : x € D}. Then,
X
it is easy to see that for x,y € D, we have

_ lx =yl
x|yl

sk e

2.1)

For f € B*(D), we denote by f* the a-order Kelvin transform of f defined in D* by

F10) = X" f().

We note that the 2-order Kelvin transform is the usual Kelvin transform. Our interest in
Kelvin transform comes primarily from the fact that it transfers questions at the point infin-
ity to those at the origin (see [6] for more details).

Throughout the paper 6p (x) denotes the Euclidian distance between x and the boundary
0D. We put for xe D

Op(x)

pp(x) = m

and
Ap(x) =p (%) (6p () +1).
By simple calculation, we have for x € D,
1+6p(x) = |x]| (2.2)

and

op(x) N Ap (%)
|x] x>

6p (x7) = pp (x) = (2.3)

Here for two nonnegative functions f and g defined on a set S, the notation f(x) ~ g(x),
x € S, means that there exists ¢ > 0 such that % f(x) < g(x) < cf(x) for all x € S. Also, for
s,t € R, we denote by min(s,?) = s At and we remark that for s,z >0and p >0

St
SAt~ —, 2.4
s+t ( )

IAs(1+s)=1As (2.5)
and

(s+0t)f = sP +¢. (2.6)
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2.2 Potential theory associated to (—A)%

The following sharp estimates on G7,(x,y) are given in a recent paper of Chen and
Tokle (see [14], Corollary 1.5)

1 (M (6p(y)? )(MM].

Gly('xj’)/)z —_ [¢3 3
P =y U T A—y® 1AJx—y|2

2.7
In this paper, we give other estimates on G7,(x,y), to be used in our approach. First, we
remark by ([6], Theorem 2) that for x,y € D

Gp(x,y) = X" 1" G (2", ¥7). (2.8)

Hence, from esimates on the Green function GY,. of the bounded domain D* (see [12],
Corollary 1.3) and using (2.1) and (2.3), we get the following

NCLEZECLN
e —=y1*

GpH(x,y) ~ 2.9)

|x —yl"’“(

Remark 2.2. We have obviously by (2.7) and (2.9) that

A0S (1 (00Dt )(1 . M)
lx—y|* IAlx—y|2 LA|x=yl2

1

Note that the interesting estimates (2.9) extend those for the Green function Gp of the
killed Brownian motion in D. In [2], it was shown a 3G-inequality for Gp allowing to in-
troduce and study the Kato class of functions K(D). This class was extensively used in the
study of various elliptic differential equations (see [2, 23]).

Analogously, Theorem 2.3 below provides a fundamental 3G-inequality for G}, as a con-
sequence of the estimates (2.9). Its proof is a direct adaptation of the elliptic case (see [2]).
So we omit it.

Theorem 2.3. (3G Theorem) There exists a positive constant Cy such that for all x,y and z
in D we have

G}, (x,2)GE(z,y) -
Gp(x,y)

0

( pp(2)

pp(X) pp(y)

This allows us to introduce a new fractional Kato class of functions in D denoted by
K7 (D) and defined as follows.

)2 G (x,2) + (p D(Z))2 G¢, (y,z)l. (2.10)

Definition 2.4. A Borel measurable function q in D belongs to the Kato class K’ (D) if q
satisfies the following conditions

. W\ o
lim| sup f (p oY ) Go(x. ) lg@)ldy | =0 @.11)
r=0\ xeD (Ix=yl<r)NnD pD(x)

and

M—co\ xep PD(X)

lim (sup f (”D—@)) G2 (x.) gl dy | = 0. 2.12)
(Iyl=M)nD
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1
(1 +|xPe=2(Sp ()

As a typical example of functions in K’ (D), we cite g(x) =

A<a<pu.

Remark 2.5. Replacing G§, by Gp and putting @ = 2 in Definition 2.4 above, we find again
the Kato class K(D) introduced in [2].

Let us define the potential kernel GF, of XP on B*(D) by

Gof = [ Gy oy
D
As in the classical case, we have the following equivalence

(op(y))?

Gl f £ 00 =
o/ p (1+yhr—e

fdy < co. (2.13)

On the other hand, for any f € B*(D) such that G}, f # co and for any € C°(D), we have

fD FOO=A) 2 Y(x)dx = fD G% FOOW(Xdx.
That is
(—A)%G‘Z) f = f in D (in the distributional sense). (2.14)

In what follows, we recall the definition of harmonic and superharmonic functions as-
sociated to the process XP (see [13]).

Definition 2.6. A locally integrable function f defined on D taking values in (—oo, 00] and
satisfying the condition f(|x|> DD |£ ()] |2~ dx < o0, is said to be

(i) a-harmonic with respect to X? if for each open set S with S c D,

£(x2) ] <o and f(x)=E*[f(X2)]. forxes.
(i1) -superharmonic with respect to XP if f is lower semicontinuous in D and for each
open set § with § C D,

E*[f(X2)| < oo and f(x) 2 E*|f(X2)]. forxes.

We will use H} to denote the collection of all nonnegative functions on D which are
a-harmonic with respect to X and S, to denote the collection of all nonnegative functions
on D which are a-superharmonic with respect to X?.

Example 2.7. It is well known that for each y € D, the function x — GOD‘(x, y) is in S% and
so it is for the potential function x = G¢, f(x), for any f € B*(D).

Remark 2.8. We have from ([20], Theorem 2) that a function f belongs to 87, (respectively
H}) if and only if the function f* is a-superharmonic (respectively a-harmonic) with re-
spect to X"
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To characterize functions beloging to H;, we are going to introduce the Martin kernel
associated to XP. Let xo € D and let for (x,z) € DX 0D U {co},

@
My (x,2) = limw
y=2G(x0,Y)
be the Martin kernel of X” based at xo. We shall denote by Mp(x,z) the Martin kernel of
the killed Brownian motion (a = 2). It is well known from the general potential theory that
for each z € D U {oo}, the function x — M{,(x,z) belongs to H}, and for any function u in
H}, there exist a unique constant ¢ > 0 and a unique nonnegative measure v on D such
that

u(x) = f M} (x,2)v(dz) + c M7, (x,00).
oD

The following relation between functions in 7 and solutions of the equation
(=A)Zu = 0 (in the distributional sense) is due to ([8], Theorem 3.9).

Proposition 2.9. A function f € B*(D) belongs to H}, if and only if it is continuous in D
and satisfies (-A)?2 f =0in D (in the distributional sense).

We provide in what follows estimates on the Martin kernel M}, which extend those of
Mp. These estimates will play a crucial role in our study.

Remark 2.10. By using estimates on the Green function Gp (see [1]), we have for x € D
and z € dD U {co}

Mp(x,2) ~ 2200
|x—z]
and
__6p(»)
Mp(xoo)~ = o1

On the other hand, let My,. be the Martin kernel of D* with reference point x;. Thanks
to (2.8), we obtain for x € D and z € D U {co}

a ™ e s
MD(X’Z):WMD*(X Y4 ) (2.15)
This leads to the following.

Proposition 2.11. For x € D and z € 0D, we have

M2 (x,2) ~ A2 2.16)
lx—z]
and
Mg (x,00) = (pp(x))2. 2.17)

In particular, we have for each z € 0D

lim MY (x,z) = 0 and limM7},(x,00) = 0.
X—Z

|x] >0
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Proof. From ([13], Theorem 3.9), we know that

CPERL

MP.(x*,2") o (2.18)
Which together with (2.3) and (2.15) gives (2.16).
From (2.9), we deduce that for x € D,
M (x,00) ~ (1 A Ap(x)? .
Thus (2.17) holds by (2.5) and (2.4). O

Example 2.12. Let D ={x€R": |x| > 1}. We have on D xdD,

(1)’

D Ix_Z|n

and

1\2
M (x,00) = (1 - m) )

Now, by Martin’s representation theorem (see [1]), there exist a unique positive constant
co and a unique finite positive measure o on dD such that

1=Mpo(x)+coMp(x,), x€ D, (2.19)
where

Mpo(x) = f Mp(x,2)o(dz).
oD

From Remark 2.10, we note that

lim Mpo(x)=1, lim Mpo(x)=0 (2.20)
x—dD |x| 00
and
lim Mp(x,00) =0, lim coMp(x,0) = 1. (2.21)
x—dD |x]—o0

Here the notation x — dD means that x tends to a point & € dD. For a nonnegative measur-
able function f on dD, we put

Mpf(x) = f M7(x,2) f(2)o(dz), for x € D.
oD

Then it follows from (2.16) and Remark 2.10 that
MP1(x) =~ (/lD()c))%_1 Mpo(x), for x € D. (2.22)

Now, let us define the following function w, on D that will be of great interest in our
study. For x € D, we put
we(x) = MB1(x) + coM7(x, 00). (2.23)
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Proposition 2.13. The function w, belongs to H}, and satisfies
Wwa(x) ~ (pp(x))2~", xeD. (2.24)

Moreover, we have
Wo(X) . Wa(X)
m ———"= lm ————=1.
x=0D ME1(x)  Ixl—e0 coM(x,00)

Proof. Using (2.17) and (2.22), we have for x € D

(2.25)

X

Gp(X)(Sp(x)+ 1) 27 Mpo(x) + (op(x))2
(P ()™ Ep(x) + 17 Mpor(x) +pp(0)]

S (pp(x)) 2 mg().

Wa(X)

Thanks to (2.20), we obtain

lim m,(x)=1.
x—0DU{co}

Now, since the function m, is positive and continuous on the compact set D U {co}, we
deduce that m,(x) ~ 1 for x € D. This gives (2.24). The assertion (2.25) holds by Proposition
2.11. ]

Remark 2.14. Let A > 0 and f be a nonnegative continuous function on dD. Then the func-
tion & defined in D by

h(x) = M7, f(x) + AcoMp(x, 00)

h h
belongs to H and satisfies x_l)izre% 5 ng) = f(z) and | )}ll_r)I})0 w(fg) =
Indeed, for z € dD and x € D, we have
M3 f (x) 1
b- - _ < MY — f(2)\dy.
TG CE TG . M)~y

Then we prove as in the classical case (see [1]) that

. Mpf(x)
lim
x>z MPE1(x)

= f(2). (2.26)

Using (2.25) and Proposition 2.11, we conclude the result.

Proposition 2.15. Let A > 0 and let f be a nonnegative continuous function on 0D. Then
the function h defined in D by

h(x) = M7, f(x) + AcoMp(x, 00)

is the unique function in HG such that

e
@ x_l}zrer(l?D We(X) = /@,
i) Tim 29 _ )

[x]—00 wa(x) B
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Proof. By Remark 2.14, the function 4 belongs to 'Hg and satisfies (i) and (ii).
Now, recall that for x € D,

we(x) = f My, (x,2)07(dz) + coMipy(x, ),
oD

where cp and o are respectively the constant and the measure given by (2.19). Then, by
a-order Kelvin transform with (2.15), we obtain for x € D

Wo(x*) = IXOI"_“( Mp,. (x*,£)0"(dé) + coMp,. (x*,())) .
(OD)*
Note that D* = (OD)* U {0} and put o9 = |xo|"™* (6 + codp) , Where & is the Dirac measure

concentrated at 0 and o™ is the image measure of o by the Kelvin transform x — x*. Thus
we have

Wal) = | My E)oo(de)

: MO 1(xY).

Now, let h € Hj satisfying (i) and (ii). We obtain by Kelvin transform that
h*(x™)

im
x—geon M, 1(x")

= &

where fis the function defined on dD* by

= [ @). £€ DY
f(f)—{ i i

Then using ([9], Theorem 6), we deduce that
B =My f) = [ M of@rde.
D*
Hence, using again Kelvin transform, we deduce that
h(x) = M7, f(x) + AcoM7y(x,00), x € D.
O

Remark 2.16. Proposition 2.15 provides the solvability of the following reformulated Dirich-
let problem associated to (—A)Z. Namely, if f is a nonnegative continuous function on D
and A is a nonnegative constant, then the function defined in D by

h(x) = M3, f(x) + AcoM}(x, 00)
is the unique positive continuous solution of
(—A)% u=0 in D (in the distributional sense)
u(x)
xalzglaDw(,(x) = 1@,

u(x) Y

|x|—o00 WQ(X) h
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2.3 Main results

As it is mentioned above, the main goal of this paper is to prove two existence results
for fractional equations with reformulated Dirichlet boundary conditions stated in Theorems
2.17 and 2.18 below.

Our first purpose is to study the following problem

(—A)% u=¢(,u) in D (in the distributional sense)
. 1-2 _
(P) xl_lng (0p(x)) "2 u(x) =0,

lim u(x) = 0.

|x|—c0
In view of (2.24), we remark that the boundary conditions in (P) are equivalent to

u(x) 0

1m =U.
x—8DU{oo} W (X)

The nonlinearity ¢ is required to satisfy the following assumptions

(H;) ¢ is a non-trivial nonnegative measurable function in D X (0,00) which is
continuous and nonincreasing with respect to the second variable.

(H,) For all ¢ > 0, the function x — (0p(x))' ™2 @(x,c (op(x))2~") belongs to K= (D).
As a typical example of functions ¢ satisfying (H;) and (H,), we quote ¢(x, s) = k(x)s™7,
where o > 0 and k is a nonnegative measurable function in D such that the function

x5 k() (pp (eI~ € K2(D),
Using a fixed point theorem, we prove in Section 5 the following.

Theorem 2.17. Assume (Hy)— (H3). Then problem (P) has a positive continuous solution
u in D satisfying

u(x) = Gp(p(-,w)(x), x € D.

This result extends the one of [2] in the elliptic case (@ = 2). In fact the authors of [2],
showed that if ¢ satisfies (H;) and ¢(-,c) € K(D) for each ¢ > 0, then the nonlinear elliptic
equation Au+ ¢(-,u) = 0, has a unique positive continuous solution « in D satisfying

lim u(x) = lim u(x) = 0.
x—0D |

x| — 00
For our second purpose, we are interested in the following problem

(—A)% u+up(-,u) =0 in D (in the distributional sense)
u(x)
= [,

(Q) x—)IZIE%D W(,(x)
u(x)

]

oo W (X)

where A > 0, f is a non-trivial nonnegative continuous function on dD and the nonlinear
term is required to satisfy the following assumptions
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(H3) ¢ is a non-trivial nonnegative measurable function in D X (0, c0).

(H4) For all ¢ > 0, there exists a nonnegative function ¢, € K; (D) such that the
function s — s[qc(x)—<p(x,s(pp(x))%‘1)] is continuous and nondecreasing on [0,c], for
every x € D.

To illustrate, let us present an example. Let p > 0 and k be a nonnegative measurable
function such that the function

x - k(x)(pp(x) 27V € K2(D).

Then the function ¢(x,u) = k(x)u? satisfies (H3) and (Hy).
Using a potential theory approach, we establish in Section 6 the following.

Theorem 2.18. Assume (H3)— (Hy). Then problem (Q) has a positive continuous solution
u in D satisfying

o (M £(x)+ deoM(x,00)) < ux) < M £(x) + AegM(x, ),
where ¢ € (0,1).

We achieve this section by noting that solutions to problems (P) and (Q) blow up at
the boundary dD. On the contrary, for the classical case (i.e. @ = 2), solutions of elliptic
nonlinear problems corresponding to (P) and (Q) are bounded (see [2, 23]).

From here on, ¢ denotes a positive constant which may vary from line to line. Also we
refer to C(D) the collection of all continuous functions in D and Co(D) the subclass of C(D)
consisting of functions which vanish continuously on dD and at infinity.

3 Estimates and properties of G

We provide in this section some estimates on the Green function G{)(x,y) and some
interesting properties of the potential kernel G%,, related to potential theory.

Proposition 3.1. For x,y € D, we have

opM\? o 1 ( Ep(»))” )
G%(x,y) ~ 1 . 3.1
(pD(X)) p(x:3) lx =y~ AR ©-1)
In particular
pD(Y) % a ¢
Gy (x,y) € ————. 32
(m(x)) Do) = [T G2

Proof. 1t follows from ([22], Proposition 2.4) that

(pD(y))g (1  (Ap()Ap()? ] . (1 o0 )
pp(X) be—=y1* IA =y

Then using (2.9), we deduce (3.1). O



38 R. Chemmam and H. Maagli

Proposition 3.2. For each x,y € D, we have

C(%(x)%(y)ﬁ

"5 b

- <GH(x,). (3.3)
ly

|x

Moreover, if |x—y| > r and |y| < M, then

(pD(x)pD(y»%

G%(x,y)<c
D( y) |x_y|n—a

34

Proof. Let x, y € D, then from ([9], Proposition 1), we have
(0 (x")8p (7)) F < G (x",57).

Hence by (2.8) and (2.3), we deduce (3.3).
Moreover, let x,y € D such that |x—y| > r and |y| < M. Then, since min(1,|x—y|*) ~ 1, we
obtain by (3.1) that

pD<x>)5’ p()”

G%(x,y) < .
D(”)<C(p0(y> PR

Then using (2.3), we get

(op(X)pp()? .

G%(x,y)<c
D( y) |x_y|n—(l/

O

It is the same as the case a = 2, the potential kernel G, satisfies some preliminary
potential properties.

Proposition 3.3. If f and g are in B*(D) such that g < f and the potential function G{,f is
continuous in D. Then the potential function G{,g is also continuous in D.

Proof. Let 6 € B*(D) be such that f = g +6. So, we have G},f = Gf,g + G{,0. Now since
G g and G{,0 are two lower semi-continuous functions in D, we deduce the result. O

Now, we note that the potential kernel GY) satisfies the complete maximum principle,
i.e. foreach f € B*(D)and v e S7, such that G} f <vin {f > 0}, we have G}, f <vin D (see
[3], Chap. II, Proposition 7.1). Consequently, we deduce the following.

Proposition 3.4. Let h € B (D) and v € SY,. Let w be a Borel measurable function in D
such that G{,(hlw|) < oo and v =w+ G}, (hw). Then w satisfies

O<w<w.
Proof. Since G, (h|w|) < oo, then we have

G} (hw™) <v+ G (hw™) in {w> 0} = {w" > 0}.
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Now, since the function v+ G¢, (hw~) is in S}, then we deduce by the complete maximum
principle that

G} (hw™) <v+G% (hw™) in D.
That is
Gy, (hw) <v=w+Gp, (hw).
This implies that

0<w<.

4 The Kato class K (D)

We look in this section at some interesting properties of functions belonging to the
Kato class K’ (D) (see Definition 2.4). In particular, a careful analysis about equicontinuity
of a family of functions is performed. First to illustrate the class K; (D), let us present the
following.

4.1 A subclassin K7 (D)

By (3.1), one can see that a function ¢ in D belongs to the class K (D) if g satisfies

l a
lim(supf — (1 A (©p() Q) |q(y)|dy) =0 “4.1)
r=0\ xeD JB(x,nnD [X =) LA x=yl
and .
6 a
lim (sup f __ (1 p 000 a)lq(y)ldy) - 0. (4.2)
M—oo\ xep Jy=mnD 1X =Yl LAlx—yl

Proposition 4.1. Let p > 2, then for each 1 < a — % < and f € LP(D), the function defined
in D by

fO)
(1+ ) (o))

e(y) =

belongs to K (D).

Proof. We aim to show that ¢ satisfies (4.1). Letxe D,0<r < % and A" = max(4,0).

Put
) = f le) (1A 0p(»)” dy,
B

(x,r)ND |x _yln_a I Alx _y|a

Applying the following inequality

I+, g+
a(t+b(12a<l A b/l ,



40 R. Chemmam and H. Maagli

with a = §p(x) and b = |x—y|, we deduce by (2.4) and (2.2) that for y € D such that
lx—y| <r<1, we have

ey, @00 6p()" ™ lfO)
o=y A=y (=17 + (o)) (1 + [y [x —y"™®
Gpo)" O
(L+ [yl x =yt
1fO)l

|X _ yll’H—/l*—a :

Let p> £ and g > 1 such that % + [11 = 1. Using Holder inequality, we obtain

IA

1

e (6p()* dy a
f * n—a(l/\ a)dy < C”f”p T et —a)g
B(x,)nD 1X =) LAx =yl B(x,)nD |x—y| 4

cIIfIIp( fo rr(“—ﬁ-ﬂ*)q-ld;)[’

cllfll, A*5 ),

IA

IA

Which implies that /(x,r) tends to zero as r — 0, uniformly in x. This proves that ¢ satisfies
4.1).
Now, we intend to prove that ¢ satisfies (4.2). Let x € D and M > 1. We put

sy = [ POy GoOD"
{

pizmynp [x =y LAlx=y*

For y € D such that [y| > M, we have 6p(y) ~ |y|. Then using the Holder inequality, we obtain

1
1 1\
cllfl ( f ——dy)
PN ipi=minD [x =y =07 [y

: clIfll, (AGx, M)

J(x,M)

IA

Also, we have

1 | 1 1
A, M) < ¢ f ——dy+f ——dy)
M<lyl<li—yhnD |x — y|T=® |yl (=M (yl<lyDnD Jx — y| =0 [y

IN
o

1 1
— e+ f — o —dy)
f(Ms|y|s|x—y|>nD |y| =@ (bi=MIN(r—yi<hyhnD |x =y~ [P

1 f 1 1 f 1 1
S S —  _ay+ ——dy)
- (Mslr—yl<hyhnp |x —y|" 04 [y} (x=yl<M<hDND |x — |4 [y

IA
o

1 1 1
(u+l-a)q + f (n+u-a)gq dy+ MHa f (n—a)q dy)
My (M<|x—y|<yDnD |x = Y| (=yl<M<yhnD |x — Y]

1 ] U™ (amn)gm
¢ M(ﬂ+;',—a)q+fM tw+;—a)q+1d’+Muqf0 £ d

Hence, ¢ satisfies (4.2) and the proof is achieved. O

IA

IA
)
e e e e
=
+
<|
2
ES)
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4.2 Properties of functions in K’ (D)
Proposition 4.2. Let g be a function satisfying (2.11). Then for M > 0, we have

f G 1)l dy < oo.
(ylsM)ND

Proof. Since g satisfies (2.11), there exists r > 0 such that for each x € D, we have

f (pD(y)) Gp(xy)lgyldy < 1.
B(x,»nD \PD(X)

P
Let x1,x2,....,xp in DN B(0, M) be such that DN B(0, M) c |J B(x;,r), then by (3.3) and
i=1
(2.3), there exists ¢ > 0 such that for each ye DN B(0,M) and i € {1,2,..., p}, we have

op(y)
pp(x;)

Go()" < c( ) G2 (xiny).

Hence, we have

p a
M \?
f oG lgWldy < ¢ f (p L ) G (xi. )l dy
(bl<M)nD —! JB(i.nnp \PD(X)
< pc<oo,
This completes the proof. O

In the sequel, we use the notations

gl = sup fD (’”’(”) G2 () lg)ldy

xeD pp(x)
and
G (x, )% (1,7)
4a(q) = sup f ZpUeNTDD . 43)
x,z26DJD GD(er)

Proposition 4.3. Let g be a function in K’ (D). Then

aq(q) < 2Collqllp < oo,
where Cy is the constant given in Theorem 2.3.

Proof. By using Theorem 2.3, we have immediately that

aq(q) <2Collqllp -

Next, we will prove that ||ql|, is finite. By (4.1) and (4.2), there exist » € (0,1) and M > 1
such that for each x € D, we have

1 a
f (1 A0 gy <
B | yl

(HnD 1X=y IAlx—
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and

1 ) a
L (1A ( D@))yla)lq(y)ldys 1.

yi=mnp [x =y LA|x—

On the other hand, put Q = B(x,r) N (ly| < M)N D. Then by (3.1), we have for x € D

IA

fD (”D(y)) G%(x.) gl dy

1 ) @
cf (1A GOy
o) > 3

e =" IA|x—

1 6 a
2+ f (1 A 0ROy,
alx—yl TAx—=yl
1

@+~ f 6O lg (I dy).
(ylsM)ND

IA

IA

rn
Thus the result follows by Proposition 4.2. O
Corollary 4.4. Let q be a function in K (D). Then the function

(ep()"
"

y=

q(y)

is in LY(D).

Proof. Let xg € D. Using (3.3), we have fory e D

(op()”* < (PD()’)

%
o o (xo)) [xol"™* G5 (x0,Y).

Hence, the result follows from Proposition 4.3. O

Proposition 4.5. Let q be a function in K;’ (D). Then for any h in S, and x € D, we have
f Gpx, (M lgy)ldy < aq (q) h(x). (4.4)
D

Moreover, we have for xo € D

1
lim| su —f G4, VRO g dy|=0 4.5
r—0 xEID)h(x) B(xy,r)ND DY (y q(y Y

and

1
lim |sup— GS(x, h) gy dy| = 0. (4.6)
M—co xegh(x) bizmnp NNy
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Proof. Let h be a function in 8. Then by ([3], Chap. II, Proposition 3.11), there exists a
sequence (fi)x € B*(D) such that for all y € D

h(y) = sup f G i@z
k D

Hence, it is enough to prove (4.4), (4.5) and (4.6) for h(y) = G,(y,z) uniformly in z € D.
For each x,z € D, we have

A

oy,
f G GE0. Dl dy < Gix.2) f (f;(,y) D) iy
4G (%, ).

Then (4.4) holds. Now, we shall prove (4.5). Let € > 0, then by (2.11) and (2.12), there
exist r; € (0,1) and M > 1 such that

IA

pD(,Y)) a
G d 4.7
zlelg [f—y|<r1 yND (pD(‘f) p&Elaldy < 2 @0

and

sup f (" D(y)) (&) la)ldy < 4.8)
(yl=M)nD

gD pp(&)

Let r > 0. Then using Theorem 2.3, we have for all x,z€ D

N M

! o pp(Y) m(y))g .
G GY dy < C G}, Gz,
G5(x,2) JpnBixg.r) DGOy < OLOB()(O ) (PD(X)) )+( p(2) p(@ y)l 9O
pD<y))‘5 .
< 2C GH(¢, dy.
= 0225 fDnB(xO ) (PD(f) D&l dy

On the other hand, it follows from (4.7) and (4.8) that

oM\ f(pD(y))‘z' .
Op&: dy =< ——| Gj, dy,
fmm r>(po(§>) eIy e | (770 ) GoEla0ldy

where Q = B(xp,r)NB°(&,r1)N(1 < |yl < M)N D. So, we obtain by (3.1) that

PD(W)g . f 1 Gp()”
G ) d < — 1 d
fmmxm(m@ BENOdy < eve | e mm (AT ) gl dy

c
e+ — Op )" gyl dy.
Ty IDnB(xo,nN(1<ly|<M)

IA

Hence, by letting » — 0, we reach (4.5) from Proposition 4.2.
The assertion (4.6) follows immediately from Theorem 2.3 and (4.8). O

Corollary 4.6. Let g be a nonnegative function in K.’ (D). Then we have

l65@l.=sup [ Ghxmaey <o
xeD JD



44 R. Chemmam and H. Maagli

Proof. Put h =1 in (4.4) and using Proposition 4.3, we obtain the result. O

Corollary 4.7. There exists ¢ > 0 such that for each q € K (D),

g
sup f (p D(y)) G (5, gl dy < caq (). 4.9)
xeD Jp \Pp(X)

Moreover, if xg € D we have

g
hm(sup f (p o0y )) G (x.y) |q(y>|dy]=o (4.10)
=0\ xeD JB(xo,nnD \PD(X)

and 3
lim (sup f (p 0) )2_1Gg(x,y)|q(y)|dy]=o. @.11)
M-\ xep Jy=mnp \PD(X)

Proof. By Proposition 2.13, the function wy, is in ‘Hg and satisfies wy(x) = (,()D(x))%_l .
Hence, we deduce the result by applying Proposition 4.5 for 1 = w,,. O

Corollary 4.8. Let q be a function in K (D). Then the function

a-1
Vi (op(y)

————q(y) € L'(D).
vl

In particular, the function y — (6D(y))"_1 q(y) is in L}OC(D).

Proof. Let xg € D, we have by (3.3) that fory € D

a—1 n—-a g1
(PD(};)_)& < |xol e (xo,y)( Pp(y) ) '
Iyl pop(x0) op(xo)
Hence the result follows by (4.9). O

4.3 Modulus of continuity

In order to prove our existence results, we need the following theorem. The idea of the
proof follows closely from the properties of functions in K; (D).

Theorem 4.9. Let g be a nonnegative function in K (D). Then the family of functions
defined in D by

e
Ag= wa(f)(x):f(”“”) G% () fO)dy: f €K (D), Ifl <4
p\pPp(x)

is uniformly bounded and equicontinuous in DU{co} . Consequently A, is relatively compact
in Co(D).
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Proof. Let g be a nonnegative function in K’ (D) and f be a function in K (D) such that
|f| < g in D. By (4.9), we have

g1
suplJ (/) ()] < sup fD (’”D(”) G (x.)q () dy < co.

xeD xeD pp(x)

Hence A, is uniformly bounded. Let us prove the equicontinuity. Let xo € D and & > 0.
Then by (4.10) and (4.11), there exist r > 0 and M > 1 such that

PD(Y))Z_I 4 €
G% (z, dy < = 4.12
igg fDnB(xozr) (PD(Z) p @40y < 2 (+12)
and .
sup [ (”D@))z 68 ) gy < £ (4.13)
2D Jy=mnp \PD(2) 2
Now, if xg € D and x, x’ € B(xg,7) N D, we have
g -
A @-TPOE)| < e+ f (” Dy )) GY (x, )( £0Y) ) G ()| gy
a|\pp(x) pp(x’)
=:e+1(x,x)

where Q = B(xo,2r)N(ly| < M)ND.
On the other hand, since |x — xo| < r and |x’ — xg| < r, then for y € B“(xp,2r), we have
|x—y| > rand |x’ —y| > r. Hence, it follows from (3.4) that

‘ Gpry)  Gp(.y)

- —(epM ! <c@Bp))* L.
P L2t R

Gy (x,y)
(pp(x)*!
duce by Corollary 4.8 and the dominated convergence theorem that I(x, x") tends to zero as
[x—x'| = 0.

Next, if x9 € dD and x € B(xg,r) N D, then we have by (4.12) and (4.13), that

- f (pD(y))g_IG“ ) lg)ldy
a\pp(x) b

e+ 1(x).

Now, since for each y € Q, the function x — is continuous in B(xp,r), we de-

I7(f) (x|

IA

Now, for y € Q, we have by (3.4) that — 0 as |x — xg| = 0. So by a same argument

(op(x))?
as for I(x, x"), we prove that I(x) tends to zero as |x — xo| = 0 and then J (f) (x) — 0 as x — xg
uniformly in f.

Finally, let x € D such that |x| > M + 1, then we have by (4.13), that

2
IJ(f)(X)ISer ) Gp (x,)1g)ldy.

(Iyl<M)nD

(PD(y)
pp(x)
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Since |y| < M, then |x—y| > 1 and by (3.4) we deduce that

a—1
te L —@D@)'i_a o)) dy

yi<mynp [X—Y

I (f) (x)l

IA

c

= ST (= My Sp* " gl dy.
= T (- My—a f(ly|§M>nD( p)* lq)ldy

Using Corollary 4.8, we deduce that J (f) (x) — 0 as |x| — oo uniformly in f. Consequently,
by Ascoli’s theorem, we deduce that A, is relatively compact in Co(D). O

5 First existence result

In this section, we aim at proving the existence of a positive continuous solution to the
following nonlinear elliptic problem

(=A)2u= ¢ (-,u) in D (in the distributional sense)
u(x) 1

(Pp) x—lng Wa(X)
u(x)

>

m =
Ix|—00 W (X)

where A is a nonnegative constant.

Remark 5.1. (i) For A > 0, we shall prove the uniqueness of the solution of problem (P,).
(i1) We remark that problem (Py) is equivalent to problem (P).

In order to reach our purpose, we need the following lemma.

Lemma 5.2. Let ¢ be a function satisfying (Hy) and (H3) and u be a positive continuous

function in D such that
u(x)

li =1>0. 5.1
x—>61DrB{oo} Wo(x) .1
G(e(,u) (x)
Then the function x — Zp IR belongs to Co(D).

Wa(x)

Proof. Since the function x — is positive and continuous in D and satisfies (5.1), it

W (x
follows that u(x) =~ wy(x), for x € D and so by (2.24), we deduce that u(x) ~ (pD(x))%‘1 .
Then we conclude by the monotonicity of ¢ that there exists ¢ > 0 such that

@(x,u(x)) < e(x,c(pp(x)2 1), xeD. (5.2)

Put 0(x) := <,a(x,c(,oD(x))%‘1 ), for x € D. Then we have

G20/ fD G, )0y

4 (,
(op(x)§! fD (/’jZ—ny;) G2 () (b)) 0 dy.
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Since ¢ satisfies hypothesis (H3), then it follows from Theorem 4.9 that the function
x> (pp())'73 G (O)(x) € Co(D). (5.3)

This implies by (5.2) and Proposition 3.3, that the function x — (pD(x))l_% G (e(-u) (x)
belongs to Co(D). The result is deduced by (2.24). O

Remark 5.3. Let A > 0 and put u = Aw, in Lemma 5.2, we obtain that the function

H Gp(e(:, Awg)) (x)

Wa(X)

€ Co(D). 5.4

Lemma 5.4. Let A > 0 and ¢ be a function satisfying (H|) and (Hy). Let u be a positive
continuous function in D. Then u is a solution of problem (P,) if and only if u satisfies the
integral equation

u(x) = Awy(x) + LG%(x,y)go(y, u(y))dy, x € D. (5.5

Proof. Suppose that u satisfies (5.5). Since ¢ is nonincreasing with respect to the second
variable, we have obviously

G (9 (1)) < G (@ (-, Awar).

This together with (5.4) implies that  lim u(x)
x—0DU{co} W (X)

apply (—A)? on both sides of (5.5) and we conclude that u is a positive continuous solution
of problem (P,) by Propositions 2.9 and 2.13.

Conversely, suppose that u is a positive continuous solution of problem (P,), then u satisfies
(5.1). It follows by Lemma 5.2 that the function v = u — G, (¢ (-,u)) satisfies

= A> 0. Now, since u is continuous, we

(-A)Zv=0 in D,
v(x) _

1m =
x—0DU{oo} W (X)

Thus we deduce by Proposition 2.15, that v = Aw,. This ends the proof. O

Proposition 5.5. Let ¢ be a function satisfying (Hy) and (H>) and let 0 < u < A. Then we
have

O<up—u, <A-pww, in D,
where uy and u, are respectively solutions of problems (P,) and (P,,).

Proof. Let h be the function defined on D by

1y (xX)—uq(x)

) = @(x,10 ()= (x,1,(x)) i () # 1 ()
it u, (x) =uy(x).
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Then h € B* (D). Using Lemma 5.4, we deduce

(u,l - uﬂ)(x) +GY, (h(u,l - uﬂ)) () =A=wywe (x).
Furthermore, by (5.4), we conclude that
G (hlua—us) < GHe.un)+Ghe(.u,)
< GaDSD(', Awgy) +G%(P(',ﬂwa) <o
Now, the result holds by Proposition 3.4. O

Theorem 5.6. Assume (H;)— (H>). Then for each A > 0, problem (P)) has a unique positive
continuous solution u, in D satisfying

Awg(x) S up(x) < ywe(x), for x € D,
where vy is a constant strictly larger than A.

Proof. In view of (5.4), the constant

1
Y i= A+ sup——Gp(¢(-, AW,))(X)
xeD Wa(X)
is finite.
In order to apply a fixed point argument, we consider the convex set given by
A={veCDuiwoh: 1<y <yl
We define the integral operator T on A by

1

Tv(x) =1+ o)

fD Gp(x, )y, wo()WV()dy, x € D.

First, we aim to prove that the operator T maps A into itself. Let v € A, we have clearly
A< Tv <vy. By (5.4) with Proposition 3.3, we see Tv € C(D U {co}). More strongly, we
can show that T'A is relatively compact in C(D U {co}) as in the proof of Theorem 4.9. In
particular, TA C A.

So it remains to prove the continuity of 7 in A. Consider a sequence (v¢); in A which
converges uniformly to a function v in A. Then we obtain

n 1
wa(y) G (x.) lo(r, wa (VK () = (v, W (V)| dy.
We(X) Wwa(y)

Using the monotonicity of ¢, we deduce that

1
wa(y)

A . .
where 6(y) := M By (2.24) and hypothesis (H3), the function 6 € K;’(D) and so

wa(y)

since ¢ is continuous with respect to the second variable, we deduce by (2.24), (4.9) and
the dominated convergence theorem that

[Tvi(x)—Tv(x)| < ch

le(y, wa MV (») — (v, wa (VI < 20(y),

Vxe D, Tvi(x) > Tv(x), as k — oo,
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Since T'A is relatively compact in C (l_) U {o0}), we have the uniform convergence, namely,
[|Tvi—TV| — 0as k — co.

Thus we have proved that T is a compact mapping from A to itself. Hence, by the Schauder
fixed-point theorem, T has a fixed point v; € A. Put u,(x) = wo(x)v (%), for x € D. Then u,
is a continuous function in D and satisfies

1A(0) = A () + fD G ()¢ 1a(y))dy
and
g (x) S up(x) < ywe(x), x € D.

By Lemma 5.4, we conclude that u, is a solution of problem (P,). The uniqueness follows
by Proposition 5.5. O

Proof of Theorem 2. Let (1) be a sequence of positive real numbers, nonincreasing to
zero. For each k € N, put

1
Yk = A +sup——=Gp (¢ (-, hwa))(x)
xeD Wa(X)
and denote by u the unique solution of problem (P,,). By Proposition 5.5, the sequence
(u) decreases to a function u and so the sequence (u; — Axw,) increases to u. Moreover, we
have for each xe€ D

W) > ()= Awe ()
_ f G2 ()0 (vt () dy
D
>

f Gp(x, )¢ (v, viwe(y))dy > 0.
D

Hence, applying the monotone convergence theorem and using the continuity of ¢ with
respect to the second variable, we get

U () = f G2 ()0 (v u () dy, x € D, (5.6)
D

Let us prove that u is a positive continuous solution of (P). It is clear that u is continuous
on D. Indeed, we have

u = sup (ux — wy) = irlgfuk
k
and u; and w, are continuous functions in D. So applying (-=A)? on both sides of the
equation (5.6), we conclude that u is a positive continuous solution of

(—A)% u = @(-,u) (in the distributional sense).
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Furthermore, since 0 < u(x) < ui(x), for each x € D and k € N, we deduce that
lim
x—dDU{eo} W (X)

= (0 by applying Lemma 5.2 to y;w,. Then by (2.24), we have

11%1D(5D(x))1—%u(x) =0 and |1im u(x) =0.

x|— 00

This proves that u is a positive continuous solution of (P).

Corollary 5.7. Let ¢ be a function satisfying (Hy) and (H3). Then for each A > 0 and for
each nonnegative continuous function f on 0D, the following nonlinear problem

(—A)% u=@(,u) in D (in the distributional sense)
u(x)

= /@, 5.7)

x—2€0D Wq (X)
u(x)

’

|x| > 00 W(,(X) B
has a positive continuous solution u in D satisfying
u(x) = Gy ((-,10)(x) + M f(x) + dcgM{y(x,0), x € D.

Proof. Put h(x) = M}, f(x) + AcoM},(x,00) and let ¥ be the function defined on D X (0,0c0)
by

Y(x,1) = @(x,t+ h(x)).
Then V¥ satisfies (H;) and (H»). Hence, by Theorem 2.17, the following problem
(—A)% v=%¥(,v) in D (in the distributional sense)
lim 2% _ g

x—0DWq(X)
lim v(x) =0,

|x| > 00

has a positive continuous solution v satisfying v = G},(‘¥(-,v)) in D.
Then, the function

u(x) = hx)+v(x)
= h(x)+GpH(¥(,v)(x)
= h(x)+Gp(e(,u))(x)
is a positive continuous solution of problem (5.7). This completes the proof. ]

6 Second existence result

Before giving the proof of Theorem 2.18, some tools of potential theory are needed.
We are going to recall them in this paragraph and we refer to [15] or [21] for more details.
For g € B*(D), we define the potential kernel V, on B*(D) by

V, f(x) := f ) E*(eh 965 £(xPyyay. (6.1)

0
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Note that V := Vy = GY,.
Furthermore if g satisfies Vg < oo, then the kernel V, satisfies the following resolvent equa-
tion

V=V,+V,(qV)=V,+V(gV,). (6.2)

In particular, if u € B*(D) is such that V(qu) < co, then we have

(I =Vy(gNU +V(g)u=I+V(g)U-Vy(q.) =u. (6.3)
The following lemma plays a key role.

Lemma 6.1. Let g be a nonnegative function in K’ (D) and v be a positive finite function
in 8}, Then for all x € D, we have

exp(—dq () v(x) <v(x) = V4(gv) (x) <v(x).
Proof. Since v € 87, then by ([3], Chap. II, Proposition 3.11), there exists a sequence (fi)y
in B*(D) such that v = supV f.
k

Let x € D and k € N such that 0 < Vf; (x) < co. Consider y(7) = V4 fi(x), for £ > 0.
Then by (6.1), the function vy is completely monotone on [0,0). So we deduce from ([27],
Theorem 12a) and the Schwarz inequality that logy is convex on [0, o). This implies that

Y’ (0)
y(0)

logy(1) > logy(0)+

That is

Y’ (0)
y(0) < 7(1)6Xp(—m)-

Which implies that

Vi (x) < Vg fi(x) exp(

VgV fi)(x) )
Vi) )

Since V fi is in 8, it follows from (4.4) that
V i (%) < exp(aa (@) Vo fi ().
Hence by (6.2), we obtain
exp(=aa (D) Vfi () < Vg fi (X)) =V fi () = Vo (qV fi) (x) <V fie (x).
The result holds by letting k — oo. O

Proof of Theorem 3. We shall convert problem (Q) into a suitable integral equation. So,
we aim to show an existence result for the equation

u+ V(up(-,u)) = M3, f(x) + AcoMp(x, 00), (6.4)
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where f is a non-trivial nonnegative continuous function on dD and A is a nonnegative
constant.
Put

h(x) = M}, f(x) + AcoMp(x, ).
First, we remark by (2.24) that
h(x) < max(Aco, || fllo)wa(x) < c(op(x) " (6.5)

Put g := g, be the function in K7’ (D) given by (H4).
Let A be the closed convex set given by

A=1{u € B"(D): exp(~aq(q)h <u<h)
and let T be the operator defined on A by
Tu = h=Vy(gh)+ Vy((q—e(.w)u).
We claim that A is invariant under 7. Indeed by (H4), we have for any u € A
0<p(,u)<gq. (6.6)

Then, it follows by Lemma 6.1, that for u € A, we have

Tu>h-Vy(qh) > exp(—aq(q))h.
Moreover, since for u € A, we have u < h and consequently

Tu<h-Vy(qh)+Vy,(qu) < h.

This shows that TA C A.
Let u and v be two functions in A such that u < v. Then from (Hy), we have

Tv—Tu=V,[(g—¢(,v)v—_(g—¢(,u)u] >0.
Thus, T is nondecreasing on A. Now, let (1) be the sequence defined by
uy = exp(—aq(gq))h and ugy = Tuy, for k e N.
Since TA c A and from the monotonicity of 7', we obtain
up<uy <... <uye < h

Hence by (H4) and the dominated convergence theorem, we conclude that the sequence (1)
converges to a function u € A satisfying

u=h- Vq(qh) + Vq(u(q - ‘10(’ I/l)))
That is

(I =Vy(g)u+ Vg(up(-,u)) = (I = Vg(g)h.
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Applying the operator (I + V,(q.)) on both sides of the above equality and using (6.2) and
(6.3), we deduce that u satisfies (6.4).

It remains to prove that u is a positive continuous solution of problem (Q). Since g is in
K7 (D), then we have by (6.6) that for x € D

0 < u(x)e(x, u(x)) < u(x)q(x) < g(x)h(x). (6.7)
It follows from (6.5) that
0 < u()p(x,u(x)) < cq(x)(pp(x) " (6.8)

So by Theorem 4.9, we conclude that the function x - (p D(x))l‘% V(up(-,u))(x) is in Co(D).
According to (6.4) we deduce that u is continuous in D. Now, going back to (6.4) and
applying (—A)?%, we deduce that u satisfies

(-A)Iu+ ug(-,u) = 0 (in the distributional sense).
On the other hand, by (6.4) and Remark 2.14, we conclude that

. u(x) . ou(x)
x—l>lerI}9DWa(X) = /(@) and |J}|1—r’111>° Wa(X) -

This completes the proof. O
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