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For the stochastic differential equation
dX (1) = {aX(¢) + bX (¢ — 1)} dt + dW (1), t=0,

the local asymptotic properties of the likelihood function are studied. They depend strongly on the
true value of the parameter 9 = (a, b)*. Eleven different cases are possible if 9 runs through R?. Let
97 be the maximum likelihood estimator of § based on (X(1), t =< T). Applications to the asymptotic
behaviour of QT as T — oo are given.
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1. Introduction

Assume (W (?), t = 0) is a real-valued standard Wiener process, a and b are real numbers and
(X(t), t = —1) is a solution of

dX(1) = aX(t)dt + bX(t — D)dt +dW (),  t=0, (1.1)

with some fixed initial condition X(#) = Xo(?), ¢t € [—1, 0], where Xy(-) is a continuous
stochastic process independent of W(-). The solution (X(¢), t= —1) of (l.1) exists, is
pathwise uniquely determined and can be represented as

t

0
X(t) = x0()Xo(0) + bJ xo(t — s — 1) Xo(s)ds + J xo(t — s)dW (s), t=0. (1.2)
—1 0

Obviously, it has continuous paths for ¢t = 0 with probability one and, conditionally on X¢, X
is a Gaussian process. Here (xo(?), t = —1) denotes the so-called fundamental solution of the

deterministic equation
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1060 A.A. Gushchin and U. Kiichler

x(t) = ax(t) + bx(t — 1), t>0,
x(t) =1, t=0, (1.3)
x(t) =0, te[—1,0).

Equation (1.1) is a very special case of linear stochastic differential equations of the type

0
dx(t) = J 1X(r + s)a(ds) dr + dM(¥), t=0, (1.4)

where a(-) is an arbitrary function of finite variation on [—1, 0] and (M(¢), t = 0) is, for
example, a semimartingale; see Mohammed and Scheutzow (1990).

Assume that the solution (X(?), t € [—1, T]) of (1.1), for some finite 7 >0, has been
observed, and that the parameters (a, b) are unknown and have to be estimated. Then we
have a parametric problem, which generalizes the statistical problem of estimating the
parameter in Langevin’s equation

dX() = aX()dt +dW (),  t=0 (1.5)

(see, for example, Basawa and Prakasa Rao 1980). Estimation problems for stochastic
differential equations with time delay have been considered in few papers up to now; see
Dietz (1992), Kiichler and Kutoyants (1996) and the references therein. The model we
consider seems to be of interest for the following reasons. First, it is a relatively simple
example exhibiting a variety of qualitatively different local asymptotic properties for different
values of the parameter. Second, the model already shows some typical effects appearing in
estimation problems for equations with time-delayed terms, for example of type (1.4): a wide
range of local asymptotic structures for the likelihood; a close connection between asymptotic
properties of the likelihoods and the set of solutions to the corresponding characteristic
equation (see (1.9) below); and periodic behaviour of the likelihoods and estimators for some
values of the parameter. Third, in contrast to more general delay models, we are able to
compute explicitly the rates of convergence and the limit distributions of estimators for every
value of the parameter.

The solutions of (1.1) form an exponential family of continuous stochastic processes in
the sense of Kiichler and Serensen (1989). Thus the maximum likelihood estimator 97 of
9 = (a, b)* (where * denotes matrix or vector transposition) can be expressed explicitly by

S =uH'rY,

where V9 denotes the vector

T T *
Vo = <J X(1) dX(t),J X(t— 1)dX(t)>

0 0

and /Y is the observed Fisher information matrix given by
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T T
J X2(r)dt J X(HX(t—1)dt
0 0

T T
J X(HX(t—1)dt J Xt —1)dt
0 0

The estimator 97 is calculated from the log-likelihood function

log d%0%0()() =99 —19*1‘}9, 9 e R?
dpPv 2

(see, for example, Liptser and Shiryaev 1977). Here P(T”’b) is the measure on C([—1, T])
generated by the solution (X(¢), t € [—1, T]) of (1.1).

The main purpose of this paper is to study local asymptotic properties of the family
(P%, 9 € R?) and then to draw conclusions for properties of the estimator 97 when 7' — oo.

Since the log-likelihoods are quadratic in & for each 7 >0, it is not surprising that the
family (P‘%), T >0, is locally asymptotically quadratic (LAQ) at every 9y € R?; see Section
2 (for the notion of local asymptotic quadraticity, see Le Cam and Yang 1990; or
Jeganathan 1995). Namely, choose 9 = (a, b)* € R? arbitrary but fixed and introduce
9 =9 + @ru, where u=(a, f)* € R*> and @7 = ¢7(9) is a normalizing regular 2 X 2
matrix with ¢7 — 0 as 7' — oco. Then we obtain

log F;(X)Zﬂ*VT—%ﬂ*IT% (1.6)
where
T T
Vi = (L X(dw(e), JO X(t— l)dW(t)> ¢r (1.7)
and
It = 971791 (1.8)

In view of (1.6), to prove local asymptotic quadraticity at 3y one has to choose the matrices
@1(3) in such a way that (a) the vectors (V7, I7) are bounded in probability as T — oo; (b)
if (Vr,, I1,) converges in distribution to a limit (V, /) for a subsequence {T,,} — oo, then

Eexp(u* Vo — 3™ Lopt) = 1

for every u € R?; (c) if Iy, converges in distribution to a limit /., for a subsequence
{T,} — o0, then I is almost surely positive definite. Recall also that the important special
cases of local asymptotic quadraticity are local asymptotic mixed normality and local
asymptotic normality. Local asymptotic mixed normality at 9y means that (V'7, I7) converges
in distribution to (IlézZ, 1) as T — oo, where the matrix [, is almost surely positive
definite and Z is a standard Gaussian vector independent of /... If, moreover, /., is non-
random, then we have local asymptotic normality at 3.

Note that condition (c) is important since otherwise we are not in a position even to
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establish asymptotic properties of 97 (cf. Dietz 1992). Actually, this condition plays a
decisive role in determining ¢r. In general, (c) cannot be reached with matrices @7 being

diagonal. We construct ¢r as the product of two quadratic matrices (p(Tl) and @(Tz),

or = (p(Tl)go(Tz), where (p(Tl) converges to a non-singular limit as 7' — oo (the dependence on
T cannot be avoided in general) and w(Tz) is diagonal with elements tending to zero, in most
cases at different rates.

It is obvious from (1.7), (1.8) and (1.2) that the properties of the fundamental solution
xo(#) for t — oo very much influence the limit properties of (Vr, I7). Recall that for
Langevin’s equation (b = 0) we have xo(¢) = e%, the solution (X(¢), ¢t = 0) is the Ornstein—
Uhlenbeck process and there are exactly three relevant cases in considering local asymptotic
properties (¢ <0, a =0, a>0). In our case the picture turns out to be much richer. To
specify @7 and to study the limit behaviour of (V7, I7) we have to distinguish 11 different
cases for 3. These cases will be introduced as follows.

The behaviour of xy(-) is connected with the set A of (complex) solutions of the so-
called characteristic equation for (1.3),

A—a—be*=0. (1.9)

Note that a complex number A solves (1.9) if and only if (e*/, = —1) solves i(f) =
ax(t) +bx(t—1), t = 0.

It is easy to see that the set A of solutions of (1.9) is countably infinite (if » # 0) and
that for every c€ R the set A.:={A€ AJRed = ¢} is finite. In particular, v, :=
max{ReA|A € A} <oo. Define v, :=max{Rel|d € A,Red<vp} (max@ = —occ). One
verifies easily that if A € A then A € A and no other u € A with Reu = Rel exists.
The equation (1.9) has at most two real solutions. If there exists a real solution v then the
real part of every non-real solution is strictly less than v. Consequently, the only possible
real solutions are v, (if there is exactly one) or vy and v; (if there are two).

We have vy € A if and only if

b= v(a):= —e""!, (1.10)

otherwise there exists a unique 4q in A with Re 1y = vy and &y := Im A > 0. Furthermore, in
this case we have &, <m. Moreover, a second real solution exists, v; € A, if and only if
v(a)<b<0.

For every A in A, denote by m(Ad) the multiplicity of A as a solution of (1.9). We have
m(A) =1 for all A € A with the only exception that if b = v(a), then A =a—1 is the
unique real solution of (1.9) and m(4) = 2.

Additional information about the solutions of the equation (1.9) can be found in Hayes
(1950).

The following lemma is crucial for this paper. It is based on the inverse Laplace
transform and Cauchy’s residue theorem and it can be found in a slightly different form in
Myschkis (1972); see also Hale and Verduyn Lunel (1993). The proof will be sketched in
Section 5.

Lemma 1.1. For all ¢ <uvy the fundamental solution xo(-) of (1.3) can be represented in the
form
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xo(t) = Po(t)e™" + Z cr et o(e”), Jor t — oo, (1.11)
l/(EA(»
Re 1, <vy

where y <c and c; are some constants. Here (1) equals

1
- j A =1
FS———— if vo € A, m(vg) =1,
1) = 2
Wolh) 21+§ if v € A, m(vg) =2,
Ag cos(&pt) + By sin(&yi) if vy ¢ A,
with
2y —a—+1 2
Ao = (vo : ) ’ By = &o —
(vo—a+1y+§& (Vo —a+1y+&
Remarks.

(1) Note that the three cases for 1, correspond to b>uv(a), b =uv(a) and b<uv(a),
respectively.

(2) Recall that for Langevin’s equation (b = 0) we have b > v(a) for every a € R. In this
case A = {a} and therefore vy = a and xy(¢) = e®.

(3) If vy € A, m(vg) =1 (and b # 0 to avoid the case from the previous remark), then
for our purposes it is necessary to separate a further term from the sum in (1.11). We

obtain
xo(t) = mevot + Y1)’ + o(e”?), for t — oo, (1.12)
where y <uvy,
1
() = m if v; € A,
Ay cos(&1t) + By sin(& 1) if v ¢ A,

and

o 2wi—atD) 5 28, .

(v —a+ 1?2 +&° (v —a+1)?2+&

Here &, denotes the uniquely determined positive number such that A, =
vy +1i&; € A. (We note that & € (s, 2m) in this case.)

The proof follows the line of the proof of Lemma 1.1 (see Section 5) in an obvious way.
As was mentioned above, 11 cases can be distinguished for the limit properties of
(Vr, I7); Table 1 represents these cases. The first column describes these cases in terms of
vy and vy, and the relations (1.11) and (1.12) make clear a connection between our
classification and asymptotic properties of xo(-). The second column characterizes the cases
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Table 1. The 11 cases in terms of (vy, v;) and (a, b)

0y <0 a<l, u(a)<b<-a N
Do € A m(vy) =1 a<l,b=—a Q1
vy =0 m(vy) = 2 a=1,b=—a Q2
vy ¢ A a<l, b=u(a) Q3
v <0 —a<b<w(a) M1
b =0 v €A a>1,b=—-a Q4
o€ A m(vg) = 1 v ¢ A b = w(a) Q5
vy >0 by >0 v EA a>1,v(e)<b<-—a M2
v ¢ A b>w(a) P1
m(vg) = 2 a>1,b=nuv(a) M3
Vo ¢ A a<l, b<u(a)ora=1, b<v(a) || P2

in terms of a and b. The last column gives a designation for each case which will be used
in the rest of this paper. The functions u(a), a <1, and w(a), a € R, are defined as follows:
introduce a parametric curve (a(&), b(&)), £>0, E#m, 2m, ..., in R? by

a(§) = Ecoté, b(§) = —&/sin&;

then b = u(a) and b = w(a) are the branches of this curve corresponding to & € (0, 7) and
& € (m, 2m) respectively; see also Figure 1.

In the following we wish to give a first impression of what happens in the 11 cases. The
first subdivision on the left-hand side of Table 1 follows the Ornstein—Uhlenbeck case
(where vy = a): vy <0, vy =0 and vy > 0.

The first case, vy <0 holds if and only if there exists a stationary solution of (1.1). This
solution is Gaussian and uniquely determined (see Kiichler and Mensch 1992). In this case
the statistical properties of our model are classical: the local asymptotic normality property
holds. The form of (-) does not influence the asymptotic properties of Vy and Iy if
vy < 0. But it does if vy =0 or vy>0.

If vy =0, the underlying experiment is only LAQ (as if a =0 in the Ornstein—
Uhlenbeck case) in all three cases Q1-Q3. But the normalizing matrix ¢r and the
corresponding limit experiment now principally depend on the form of (-), represented by
three different expressions in Lemma 1.1.

Now let us consider the case vy >0. The form of y(-) is essential again for our
purposes. If vy ¢ A, then we obtain a periodic behaviour of (V7, I7) in a certain sense. We
call this the periodically locally asymptotically mixed normal (PLAMN) property, to
emphasize the fact that the cluster points of (Vr, /r) have the same structure as in the
locally asymptotically mixed normal (LAMN) case but (V7, I7) converges in distribution
only if 7 runs to infinity through a sequence in such a way that, for a certain A >0, the
fractional part of T/A tends to a limit. If vy € A and m(vy) = 2, then the model is LAMN.
This is the only case where the matrix q)(Tl) has to be chosen dependent on 7.

If vy € A and m(vy) = 1, we also have to take into consideration the second term on the
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b
b= w(a) T Q5
4+
2¢ M1
Q1
b=-a
| | | LN | | T N R N B B
-15 -1 -0.5 0.5 1 15 2
-1 Q2
N
—m/2 (11 _1)
Q4
b= v(a) M2
P2 M3
Figure 1. The different cases for 9 = (a, b)*
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right-hand side of (1.12) and obtain five difference cases. Indeed, the limit behaviour

depends on the sign of v; and, if v; = 0, on whether v; € A or not.

If v; <0, or v; >0 and v; € A, the underlying experiment is LAMN. But if v; >0 and
v ¢ A, a periodic behaviour of (V7, I7) occurs again and the experiment is PLAMN.
If vy =0, the model is LAQ, whether v; € A or not. Both cases have similar limit

experiments.

Finally, we note that the LAMN (or PLAMN) property fails only if 3, belongs to the
lines b = —a, b = u(a) or b = w(a).

2. Local asymptotic properties

In the preceding section we have introduced a series of cases for which the fundamental
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solution xo(-) and (V7, I7) have different asymptotic properties. Here we shall study the
asymptotic properties of (Vr, I7) as T — oo in more detail. The proofs are given in
Section 4.

The symbols L and % henceforth denote convergence in probability and in distribution,
respectively. We shall use the symbol £ to denote the convergence in distribution in the
space C([0, 1]) of continuous functions on [0, 1] with values in R?. Sometimes we shall
use the abbreviated notation jo W, dW, instead of fo Wi(t)dW (1) or fo XY dt instead of
fo X(H)Y(f)dt etc. The concrete meaning will be clear from the context.

Some details are presented in Table 2. In the first column all 11 cases are listed in the
order in which they will be considered. The next three columns describe the choice of 7.
Recall that

Table 2. The choice of @7 and a description of convergence to [/

(1)

Case o7 o1 (T) ¢22(T) I Prop.
N 7, -2 7172 ( E) 2.1
M1 T e T T2 ( 2) 22
M2 e e v el (ﬁ i ) 2.3
M3 ! ! T-lewT Te ol pop 2.4
0 —(1+T ew p p '
*
Pl NP e vl e’ (ﬁ i*) 25
*
P2 7, el e Tl (i ﬁ*) 2.6
Q1 T 7! T2 (g’ (C)) 2.7
Q2 T 72 7! (Z ;’) 2.8
Q3 7 71 7! (j Z) 2.9
Q4 T2 e T ! ( 2) 2.10
Q5 e e 71 ( 2) 2.11
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ou(T) 0 )
0 on(T) )

It turns out that we can choose (p(Tl) so that it does not depend on 7 in every case except M3;

moreover, ¢4 1
, @ equals
1 0 11
I, := or =
’ (0 1) 7= e

(of course, the value of vy depends on I).

It will be proved in Propositions 2.1, 2.2-2.4, 2.7-2.11 that in cases N, M1-M3 and
Q1-Q5, under this choice of @7, we have (Vr, I7) = (Vu, ). It is implicitly assumed
that

(QOBNE)) 2 _

Qr = Qr @r and by = ( 2.1)

Eexp(u* Vo — 3™ Lopt) = 1

for every u € R? and I, is a non-singular matrix; the proof of this is either trivial or routine.
In the fifth column of Table 2 we describe the matrix I, and the type of convergence of I
to /. in a symbolic manner. The elements of the matrix in this column have the following
meaning. The symbol ‘0’ means that the corresponding element of /,, is 0. The symbol ‘¢’
means that the corresponding element of /. is a (non-zero) constant. In both cases, the
corresponding element of /7 converges to this constant in probability. The symbol ‘p’ means
that the corresponding element of 7/, is random but there is still the convergence in
probability of the corresponding element of /7 to that of /. Finally, the symbol ‘d’ means
that we have only the convergence in distribution of the corresponding element of /7 to that
of I, but not the convergence in probability. In cases P1 and P2 studied in Propositions 2.5
and 2.6, we have a periodic behaviour of (V7, I7) in a certain sense. There we use the
symbol ‘p*’ to indicate that we have the convergence in probability of the corresponding
elements of /7 to a random limit but only when 7 runs to infinity through certain grids.

The last column of the table indicates the number of the proposition in which the
corresponding case is considered.

In the following we shall treat every case mentioned above in a separate proposition.
Recall that V7 and Iy are given by (1.7) and (1.8). The process X(-) is defined by (1.2) for
some fixed a and b and the matrices @7 are constructed in (2.1). For every proposition
below, the parameter 9y = (a, b)™ is assumed to belong to the set described by Table 1 in
accordance with the case under consideration. The definitions of q)(Tl), @11(T) and @n(T)
are taken from Table 2. Unless otherwise specified, all limits are taken as 7' — oco.

Let us start with the simplest case, vy <0. This is the only case where f(fc x3()dt < oo
and a stationary solution of (1.1) exists.

Proposition 2.1. In case N the family (P°, 9 € R?) is locally asymptotically normal at every
802

d
(VT9 IT) - (VOC9 IOC)&

where
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rox(z)(t) dt Jooxo(t)xo(t +1)d¢
I = 0 0

roxo(t)xo(t +1)dr wag(t) dt
0 0

and Vi, ~ 170, Iy).
Now let us treat cases M1-M3.

Proposition 2.2. In case M1 the family (P, 9 € R?) is LAMN at every 9:
Ve, Ir) < (Vaon o),

where (Vao, 1) 4 (Iééz Z, 1) and the vector Z is independent of I, and distributed as
A0, I,). The matrix 1, is given by

Us

— 0 0
200(Vy — a + 1)?
]OO = 00 >
0 J (xo(7) — e®xo(t — 1))> dt
0
where
0 00
Uy = Xo(0) + bJ e 0+ X (s) ds + J e S AW (s).
-1 0

Proposition 2.3. In case M2 the family (P°, 3 € R?) is LAMN at every 9y:
V1. 1) 5 (Voos Ioo),

where (Vo, Io) 4 (I¥2Z, 1) and the vector Z is independent of [, and distributed as
A0, Zy). The matrix I, is given by

U3 UoUy (e — 1)
I 200(vg — a + 1) (W +v1)(Wy —a+1)(a—v — 1)
o UpUy (e — 1) U3 (v — 1) ’
(Vg + vy —a+1)a—v; —1) 2vi(a — vy — 1)?

where Uy is defined in Proposition 2.2 and
0 00
U = Xo(0) + bJ e U1t X (s)ds + J e Vs A (s).
-1 0

Proposition 2.4. In case M3 the family (P°, § € R?) is LAMN at 9y:

d
(VTa IT) - (VCXM ]OC),
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where (Vs ) £ (Iééz Z, I) and the vector Z is independent of 1., and distributed as
A0, Zp). The matrix 1, is given by

202 Up(2Up +207) N Up

I 12 2] Ué
” Us(GUo +2Uy) n Uy GUo+20,)° N UpsGUo +202) | U§
Vo v} 20 v} vy

where Uy is defined in Proposition 2.2 and

0 00
U, = bJ (s + e 26D x o (s) ds +J se S AW ().
—1 0
The next two propositions treat cases P1 and P2. Recall that if v; ¢ A, then &; denotes

the positive imaginary part of A € A with Red=v;, i=0, 1.

Proposition 2.5. In case P1 the family (P°, § € R?) is ‘PLAMN’ at every 9 in the following
sense: for T, = u+ nA, where u € [0, A) is fixed, A =2mn/&;, n =0,

V1o I1,) 5 (Vaolw), o)), 1 — o0,

where (Vo (1), Iso(1)) 4 (Iééz(u)Z, 1..(u)) and the random vector Z is independent of I, (u)
and distributed as V7 (0, I,). The matrix 1. (u) is given by

2 00
UO Yo J e*(”0+U1)fU(u — 1)dt
[() 200(00—a+1)2 Uo—a+10
ocolll) =
o) 00
LJ ety — 1) dt J e U (u — 1) dt
Vg —a + 1 0 0

Here U is defined as in Proposition 2.2,

0 00
U(1) = Xo(0)p(t) + bJ 1(p(r — s —1De 26t x(s)ds + JO ot — s)e VS dw (s),

@(t) = A cos(811) + Bsin(§; 1)

and
<A>_<A1>_evovl<cos§1 —sin&)(Al)
B B sin§; cosé, B )’
where
2 —a+1) 2§,
1= 5 B, = > 5 -
(v —a+172+§ (v —a+ 1?2 +&

Proposition 2.6. In case P2 the family (P?, 9 € R?) is ‘PLAMN’ at every 9 in the following
sense: for T, = u+ nA, where u € [0, A) is fixed, A=m/&, n=0,
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V1 I1,) 2 (Vaow), o)), 1 — o0,

where (Voo (1), Ioo(1)) K ([ééz(u)Z, 1.(1)) and the random vector Z is independent of I..(u)
and distributed as ./ (0, I). The matrix 1. (u) is given by

J e 2 U2 (u — 1) dt J e 20" Up(u — Us(u — 1) dt
To(u) = ‘ ’
J eizUOtUO(H _ t)Uz(H _ t) dt J efzvntU%(u _ t) dt
0 0

where
(o]

0
UL() = Xo(O)i(t) + bJ il = 5= De X 5) d L il — $)e A (s),

@i(t) = A;cos(&ot) + B;sin(&o?), i=0,2,

2wy —a+1) 28
A(): 5 2 B(): 2 27
Wo—at 12 +& Wo—at1R+&

<A2) o (cos & —sin.§0> (A0>

=e .

B, sin&y cos &y By

So far we have treated all the cases for which local asymptotic normality, local

asymptotic mixed normality or periodic local asymptotic mixed normality holds. There
remain five cases, where local asymptotic quadraticity is valid.

Proposition 2.7. In case Q1 the family (P*, 9 € R?) is LAQ at every 9y:

Vs Ir) 5 (Voo o),

where (Vy, 1) is given by

( 1 1~ ~ >*
Vi = —J Wt dw(e), Z
1—a 0

and

1
772
- |a —a)ZJOW (ndet 0

0 o?

Here 02 = j(fo(xo(t) — xo(t — 1) de, (W(1), t € [0, 1]) denotes a standard Wiener process
and the random variable Z is independent of W(-) and distributed as ./"(0, o).
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Proposition 2.8. In case Q2 the family (P°, § € R?) is LAQ at 9 = (1, —1)*:
(VTs IT) i) (Vooa Ioc)a

where (Vi, I) is given by

1

Ve =2 (Jl)?(r)dﬁ/(t), J W(t)dW(t)) ,

0 0

1 1
J X%(t)dt J X(OW(r)dt
I =4 0 0

J;)”((t)W(t)dr J; wW(f)dt
Here (W(1), t € [0, 1]) is a standard Wiener process and X(t) = J"Ot W(s)ds.
Proposition 2.9. In case Q3 the family (P’, § € R?) is LAQ at every 9y:
(V7. I1) % (Vs 1),
where

1 1 1 1
A()J Wl dWl + A()J Wz de + B()J Wl sz — B()J Wz dWl
0 0 0 0
I B 1 B ~ 1 B B 1 N B
AzJ w,dw, + AzJ W, dW, + BzJ Wy dw, — BzJ W, dWw,.
0 0 0 0

and

A2 + B? 1 cos U .
Io=20" 0( E“)J(W%+W§)dz.
4 cos & 1 0

Here (Wi(1), t € [0, 1]), i = 1, 2, are two independent standard Wiener processes and

2(1 —a) 28
0= "  + > 30:7,
(I-aP+§& (I-al+§&

A\ [ cos & —sin& Ay
Bz N sin&) COS&O B() '
Proposition 2.10. In case Q4 the family (P°, 3 € R?) is LAQ at every 9y:

Vr I) % (Vo Lo),

where (Vy, 1) is given by
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*
- Uy Z e —1 (1. -
Ve = (x/ZJE(vocH )" a—1 JoW(t)dW(t)>

and
Uj
200(Vg — a + 1)?

(evo _ 1)2 1 -,
N

Here Uy is the same as in Proposition 2.2, Z and (W(t), t € [0, 1]) are a standard normal
distributed random variable and a standard Wiener process respectively, and Uy, Z and W (-)
are independent.
Proposition 2.11. In case Q5 the family (P°, 3 € R?) is LAQ at 9y:

V1, 1) 5 (Vs Ioc),

where (Vo, 1) is given by

UoZ
\/ZU()(U() —a+ 1)
Vo =

1 o o o o
E AJ wydw, + AJ Wy dW, + BJ Wy dw, — BJ W, dW,

0 0 0 0

and

U 0

200(vg — a + 1)?
0o — | 1 )

0 Z(A2 + Bz)JO(Wf + W3)dt

Here Uy is the same as in Proposition 2.2, Z and (Wi(t), tel0,1]),i=1, 2, are a standard
normal distributed random variable and standard Wiener processes respectively, Uy, Z,
Wi(-), Wa(-) are independent, and

A4\ [ A v [ c0s&1  —sin&; Ay
B) B ) "% \sing cosé B )’

2(1 - a) 2
B (1—aP+&°

where

T —apt e
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3. Asymptotic properties of the maximum likelihood estimator

Assume that we observe (X(7), ¢ < T) continuously, where X (7) is a solution of (1.1) and the
parameters a and b are unknown. The maximum likelihood estimator 37 of the true
parameter 99 = (ay, bo)* is given by

97 = argmax /%(9) = (1)1,

JeR2
where
A9 =9V - 197159, YeR,
k
T T
Ve = (J X(t)dX(t),J X(t— 1)dX(T)>

0 0

and

T T
J X2(r)dt J X(O)X(t— 1)dt
10 _ 0 0
) =

T T
J X(HX(t—1)dt J X2(t—1)dt
0 0

Choose an arbitrary non-singular 2 X 2-matrix ¢@r and introduce a new parameter
u=(a, p)* € R? given by

3 =90+ oru.
Then
97 =9+ oritr,
where jir is defined by
fr =argmax /p(u) = 1}1 Vr

ueR?

with

1

1) = WV =S I,
*
T T
Vi =on (J X(0)dw(s), J X(t— l)dW(t)>

0 0

and

It = o7 1%07.

From Section 2 we know that under appropriate choice of @7 we have (in the notation of
Section 2)



1074 A.A. Gushchin and U. Kiichler

V1, Ir) 5 (Voos 1o0) 3.1
or
Punss Lusnn) > (Vaolt), L)) (32)
with det 7, # 0 and det [ (u) # 0 for every u € [0, A), respectively. Consequently we obtain
07" Or = 90) = jir = 1V
or
Ot usBunn = 90) = s > 1@ Voc(0)

for every u € [0, A), respectively. .

Thus we can draw conclusions concerning the asymptotic behaviour of 37 for T — occ.
But some more properties follow from (3.1) and (3.2) by standard arguments. Indeed, if the
LAMN property holds (for example, in cases N, MI1-M3) then we have the local
asymptotic minimax bound for an arbitrary estimator 97,

lim liminf ~ sup  Egw{o7' (97 — 9} = Ew{(I) Vs }

r—00 T—00 H(p;l(Sﬂ%)HSr

= Ew{(I,)""?2}, (3.3)

where Z is an N(0, Z,)-vector independent of 7., and w : R?> — [0, oc) is a bowl-shaped
loss function. The maximum likelihood estimator 97 attains this bound, at least for bounded
w. Moreover, the estimator J7 is asymptotically efficient in the convolution theorem sense
(for example, see, Le Cam and Yang 1990; Jeganathan 1995).

In other cases, for example, if only the LAQ property holds, it follows that there exists a
lower asymptotic minimax bound but possibly of different form (see Shiryaev and Spokoiny
1999; Greenwood and Wefelmeyer 1993). This bound need not be attainable. It is known
that the maximum likelihood estimator is asymptotically generalized Bayesian with respect
to the uniform distribution on [R{% (Shiryaev and Spokoiny 1999).

For some class of estimators 97 satisfying certain conditions of regularity, for example
that the limit distribution of the randomly normed deviation

Iro7' (91 — %)

exists and is unbiased, the covariance matrix of this limit distribution is bounded from below
by the corresponding covariance matrix for the maximum likelihood estimator @T which is
equal to E/; see Gushchin (1995).

We have seen that the maximum likelihood estimator, after a certain matrix
normalization, converges in distribution to some limit. In cases N, P2 and Q3 we have
that @7 is equal to @2(T)Z,, and thus the normalization by the number ¢5,'(7) yields the
same limit distribution.

In all other cases (p(Tl) is an upper triangular matrix and ¢,(7) = o(¢22(7T)). This reflects
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some singularities in the local structure of our model, which have not been mentioned so
far. Before studying these singularities, we introduce the following notation. Let

O :={abecR:a<1,b=—-aora=1,b=uv(a)}
= {(a, b) € R* : vy = vy(a, b) = 0 and vy € A}.

For any y = 0 put ©, := {(a, b) € ©® : vy(a, b) = y}. It is easy to see that ®, is a straight
half-line: ©®, = {(a, b) € R* : b=¢(y — a), a < 1 + y}. The sets ©,, y = 0, form a family
of disjoint rays covering ® and having the curve b = v(a), a = 1, as envelope. Note also that
(:)y ={(a, b)) e R* : a+be? =y} C O is the tangent line to v(-) at the point (1 +y, e7),
that the points in ®,\0, correspond to case Q4 if y =0 and to case M2 if y >0, and that
vy = vi(a, b) =y if (a, b) € ©,\0,.

In the rest of this section we shall assume that the true value 9 = (a, b)* of the
parameter corresponds to one of cases M1-M3, P1, Q1, Q2, Q4, or Q5, that is, 9y € O.
Real solutions of the characteristic equation (1.9) exist and, as before, vy, denotes the
maximal one. By construction, $9 € ©y,.

First, we note that the normalization of 97 — 3¢ by the scalar ¢5,/(T) leads to a non-
trivial limit distribution which is concentrated on the straight line passing through the origin
and parallel to ©,,. (This and subsequent remarks are modified in an obvious way in the
periodic case P1.) Indeed, we obtain

P (D)E7 — %) = 0 (Dprir = 93 (TP PP fur
" <(/)221(T)€011(T) o> )
el (pT

Hr
0 1
11 0 0
2, IV
0 —e 0 1
0 1
= I'v.. (3.4)
0 —e™

In particular, the rate of convergence of 97 to 9o is ‘Bz_zl(T ) and 97 lies near the straight line
®,, in the sense that the distance between 97 and ©,, is of smaller order than ¢x(7).

In this connection it is of some interest to see what happens if one of the parameters or a
linear combination of them is known. Here we shall concentrate on the maximum likelihood
estimators. The corresponding arguments concerning local asymptotic properties are similar
and omitted.

Assume that the parameter 3 belongs to a straight line ®' which meets 3y. The limit
behaviour of the maximum likelihood estimator

9y = argmax / 5.(9)
geo®'
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is essentially different in the following two cases: (1) ®' # @vo§ 2) ® = @UO. Denote by
M7 the image of ®' by the map

9 — (p}l(lg‘ — lgo)
and by g7 the maximum likelihood estimator

A7 = argmax / r(u).
ucly

Then
9 = 9o + rit,

Case (1). It is easy to see that #Hy is a straight line passing through (0, 0) with slope tending
to zero if 7 — co. So we obtain, with the notation u = (a, ﬁ)*,

1
[L’T—d>argmax <,u* Voo ——ﬂ*]ooﬂ>. 3.5)
f=0,acR 2

This means that the limit distribution of f% is the distribution of the vector ®(1, 0)*, where
D =Voi/lo11 (Voo are the elements of V, and /. ; are the diagonal elements of /.,
i=1,2). Since o (T)(1, e ®)pr — (1, 0), we obtain

o ({1, )37 — 99) 5 @,
hence
o1 (T) 37 = 90) > @(1 + ¢, e,
for some real c. The rate of convergence of 3% to 9o equals o7,/ (7).

Case (2). Let us assume additionally that we are not in case M3. Then
M7 = {(a, B) : @ = 0} and we obtain

1
il KR arg max <;4* Voo — —y*]my> )
a=0,eR 2

Thus the limit distribution of g7 is the distribution of the vector W(O0, 1)*, where
W = V,2/lx2- Now it is easy to see that

02 (1B — 90) S W(1, —e)*. (3.6)

Therefore, the rate of convergence of @’T to 99 is @5, (T). Moreover, if I, is diagonal (this
happens in cases M1, QI, Q4, and Q5) then

R (MG — 8 Do 3.7)

(compare (3.4) and (3.6)). Furthermore, / »; is non-random in cases M1 and Q1. Hence the
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submodel (Py, 3 € (:)UO) is locally asymptotically normal in these two cases. Applying the
asymptotic minimax theorem to this submodel, we obtain the following local asymptotic
minimax bound for an arbitrary estimator 97 in the global model:

lim liminf  sup  Egw{T'?||97 — 9||} = Ew{|o|"'(1 +&*®)!/2 7},

rmoo T=oo g g, <r
where Z is a standard normal variable, 02 = [[*(xo() — e™xo(r — 1))*d¢ and w: R —
[0, c0) is a bowl-shaped loss function; here 3 satisfies a<<1, —a < b<<w(a) or a =1,
—a<b<w(a) (corresponding to cases M1 and QI, respectively). Note that a similar
estimate can be obtained from (3.3) also in case N. Due to (3.7), the maximum likelihood
estimator 37 attains this bound, at least for bounded w.

Finally, let us consider case M3. Here we have ¢ (T)=T"'e %" and

¢2n(T) = Te T Thus My is the straight line passing through (0, 0) with slope 1/7.
The estimator fi7 has the limit distribution as in (3.5) above. This implies

T (G5 — 99) % d(1, —e?y*.

So here the rate of convergence of 9% to 9y is intermediate between @1 (T) and @5,/(T).

4. Proofs

The main goal of this section is to prove Propositions 2.1-2.11, that is, to prove the weak
convergence of (Vr, I7) to the corresponding limit. Unless otherwise specified, all limits are
taken as 7 — oo.

Let us start with some general remarks. With the exception of case M3, we have

T T *
vy = (qm(T)J X()d (o), qm(T)J Y(r)dW(t)) @1
0 0
and
T T
w%l(T)j X2(1)de @11(T)¢22(T)J X()Y(5)d
Ir= ' . , (4.2)
(Pu(T)(pzz(T)J X()Y(r)dr qoézmj Y2(1)di
0 0
where
Y(r) = {X(t -1 in case.s N, P2, Q3, @3)
X(H)—e"X(t—1) otherwise.

Note that the process Y(7) defined in this way has a representation similar to (1.2), where the
function xy(#) is replaced by the linear combination of x((f) and xo(f — 1) corresponding to
(4.3); this representation holds for ¢ = 1.
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More generally, we will consider the following representation of a continuous process
(Y(1), t = 0) based on a function y(-):
0 t
Y(¢) = y(£)Xo(0) + bJ (it —s— 1)Xo(s)ds + J y(t — s)dW(s), t=ty, (4.4)
-1 0

where fp =1 and y = ()(¢), t = 0) is a deterministic continuous function. Before proving

Propositions 2.1-2.11, we shall study some properties of processes with representation (4.4).
Our first lemma summarizes in an appropriate form some simple facts used over and over

throughout this section. The proof is trivial and therefore omitted.

Lemma 4.1. Assume Y(t), Y2(t) and Z(t), t=0, are adapted continuous processes,

Y(6) = Y1(t) + Ya(t), t =0, and (W(¢), t = 0) is a standard Wiener process. Moreover, let
O(T) and &(T) be normalizing functions such that

T T
62(T)J Y3(1)dt, T =0, and eZ(T)J Z*(1) dt, T =0,
0 0
are bounded in probability and
r P
62(T)J Y3(t)dt = 0.
0

Then

0 0

T T
52(T){J0 Y2(£)dt — J Y%(t)dt} Lo.

0

T T
6(T){J Y(t)dW(t)—J Yl(t)dW(t)} Lo,

T

0 0

T
6(T)8(T){J Y(t)Z(t)dt—J Yl(t)Z(t)dt} L.

Let (Y(¢), t = 0) be a process with representation (4.4). Sometimes the first term on the
right-hand side of (4.4) is small in the sense of Lemma 4.1, that is, it can be chosen as
Y,5(#). The next lemma shows that then the second term on the right-hand side of (4.4) is
also small in the same sense.

Lemma 4.2. Put

0
z(t) = J‘ily(t — 5 — 1)Xo(s)ds, t=t.

Then
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JTzz(t)dt < Jolxg(s) dsJOTyz(t)dt.

t

To prove this, use Fubini’s theorem and the Cauchy—Schwarz inequality.

In Lemmas 4.3, 4.5, 4.7, 4.8 and Corollary 4.4 we assume that Y(-), Yi(:), Y»(-) are
continuous processes having representation (4.4) with functions y(-), yi(:), n(),
respectively.

Lemma 4.3. Assume that y = ()(¢), t = 0) is a square-integrable function. Then

T
T*IJ Y(rde 5o,
0

T o0
T‘lL Y2(pde Lo? = JO Y2(£)dt.

Proof. According to Lemmas 4.1 and 4.2, it is sufficient to prove the assertion for X((s) = 0.
We introduce the stationary process Z(¢) = Ltoo w(t—s)dW(s), t=0, where W()) is
extended to (—oo, 0) as a Wiener process independently of (W (s), s = 0).

Obviously, we have

T T poo
T*IEJ (Z() — Y(0))*dt = T*J J Y (s)dsdr — 0. 4.5)
to todt
Applying the law of large numbers to the Gaussian stationary process Z(-), which is ergodic,
we obtain
-1 ! P -1 ! 2 P 2 2
T Z(t)dt —EZ(0) =0, T Z°(Hdt—EZ°(0)=0".
0 0

Now the claim follows from (4.5). O

Corollary 4.4. If [[* y}(1)dt<oo, i =1, 2, then

T 00
T-IJ n(ﬂn(z)drij W(Dya(0)dt.
0 0

Lemma 4.5. Suppose that y(f) = t*e"" for some a=0,1,2,... and w>0. Then with
probability one

lim +“e " ¥(r)= U,
—00

where
0 o0
U = X,(0) + bJ e "D X (s) ds + J e " dW(s).
—1 0
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Proof. Using the representation (4.4) of Y(-), the appearance of the first two terms of U is
quite obvious. Furthermore,

—a =Wt ' _ _ ' _f “ —ws
t e Ly(t s)dW(s)JO(l t) e AW (s)

- JteWSdW(s)—l— Y (—l)k<a>tkjtsk e " dW(s).
k=1 k 0

0

It remains to note that, with probability one,

lim Jl e AW (s) = Jx e AW (s)

1—00 0 0

by Lévy’s theorem and

t
lim ka she™ dw(s)=0

—00 0

by the strong law of large numbers for martingales; see, for example, Liptser and Shiryaev
(1989, Chapter 2, §6, Theorem 10). O

Lemma 4.6. Let Z,(-) and Z,(-) be two continuous processes such that with probability one
lim % eiw"tZi(l‘) = U,
t—00

for some a; € R, w; >0, and some random variables U; almost surely finite, i =1, 2. Then

U0,
w1 + wp

T
T e—(W1+W2>TJ Z1(0 Zo(1) dt 5
0
and

T
T*‘“*l/ze*WlTJ | Zy(1)] dt 2.
0

Remark. In fact, we have the almost sure convergence in the assertions of Lemma 4.6. For
the proof, apply L’Hopital’s rule.

Lemma 4.7. Suppose that a continuous process Y(-) has representation (4.4) with a bounded
v(-). If Z(-) is a continuous process such that with probability one

lime ™Z(t)=U
—00
for some w>0 and some random variable U almost surely finite, then

T
7! e‘wTJ Y()Z(1)dt 0.
0
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If, moreover, y(-) is square-integrable on [0, 00), then this convergence holds for T~'/?
instead of T,

Proof. We can use Lemmas 4.2 and 4.6 to apply Lemma 4.1 and therefore we can assume
that X((0) = 0. Applying these lemmas again, we can substitute Z(¢) by e""U. Thus it
remains to prove that

T
7! e*wTJ e"Y(r)dr 50
0

(or T7'/2 instead of T~ if [;° y*(#)dt < o0). Now observe that

T T
EJ e"Y(r)dt sJ e"E|Y(1)|dt
0 0

< JOT e"(E|Y()))/? dt
and that
ElY(1) = J;yz(s) ds, t=t,
which implies the assertion. ]
Lemma 4.8. Assume that y(t) = ¢p(t)e"’, where ¢(t) = cos(Ef) or ¢(t) = sin(Et) and w> 0.

Then with probability one
}im {e™"Y()— U} =0,
where
0 00
U(t) = Xo(0)p(1) + bJ ot — s — e "D X (s)ds + J ot — s)e " dW(s)
-1 0

is a continuous periodic process.

Proof. Note that

o0

e MY()— U(t) = —J o(t — s)e™ ™ dW(s), t = ty.

If ¢(t) = cos(&¢) then

JOC¢)(t —s)e dW(s) = cos(ft)JOO cos(Es)e ™" dW (s) + sin(ét)J sin(€s)e™ " dW (s),

t t

which obviously tends almost surely to zero. The case ¢(f) =sin(£7) can be treated
similarly. O
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Lemma 4.9. Let Z(...,) be a continuous process such that with probability one

tlim {e™Z(H)— U} =0,
where U(") is a continuous periodic process on R and w>0. Then

T 00
e*MJ Zz(t)dt—J e 2UT — 1ydt L 0.
0 0

Proof. Applying Lemma 4.1, we can replace Z(¢) by " U(¢) and observe that

T T
e‘QWTJ e U(1)dt :J e MUX(T — 1)dt
0 0
and
J e 2UT — 1ydt L 0. 0
T
Lemma 4.10. Let Z,(-) and Z,(-) be two continuous processes such that with probability one
thm eiwlle(l) =U

and

lim {e ' Zy(1) — Us()} =0,
1—00

where wy, wp >0, U, is a finite random variable and U,(-) is a continuous periodic process
on R. Then

T 00
e*wwﬂj Z1(0) Zy(t)dt — U1J e T — yde Do,
0 0

Proof. The proof is analogous to that of Lemma 4.9. O
Now we are in a position to prove Proposition 2.1-2.8.

Proof of Proposition 2.1. According to (4.1)—(4.3),

T T *
Vi = (T‘l/zj X(H)dW (o), T"/ZJ X(t— 1)dW(t)>
0 0
and

T T
T*IJ X2(1)dt T*IJ X(HX(t— 1)dt
0 0
IT - T T
T*IJ X(HX(t—1)dt T*IJ X2(t—1)dt
0 0
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The process (X(¢),t=0) has representation (4.4) with y(f)=x(f), t=0, and
(X(t —1), t = 0) has this representation with y(f) = xo(t — 1), t = 0.

By assumption, vy <0, that is, Jo_ x3(#)dt < oo holds. Thus we can apply Lemma 4.3 and
Corollary 4.4 to obtain /7 — . Now the claim follows from the central limit theorem;
see, for example, Basawa and Prakasa Rao (1980, Theorem 2.1, Appendix 2, p. 405). Ul

Proof of Proposition 2.2. According to (4.1)—(4.3),

T T *
Vi = (emL X(H)dW (o), T*WL Y(t)dW(t))

and
T T
e*ZUﬂTJ X2(£)dt r-1/2 e*voTJ X(t)Y(t)dt
Ir— 0 0
T — T T )
r-1/2 e*”OTJ X(0)Y(£)dt T*lj Y2(1)dt
0 0
where
Y(f) = X(1) —e™X(t — 1), 1=0. (4.6)

Note that Y(-) has representation (4.4) with y(f) = xo(f) — e”xo(¢ — 1). In the case considered
Vo >0 and v; <O0. It follows from Lemma 1.1 that

1
f)=———¢e"' vt 4.7
Xo(?) Uo_a+1e + o(e”") 4.7)

for some y <0, and this implies y(¢) = o(e’’) and therefore fooc () dt < oco. Now Lemmas
4.5, 4.6 and 4.1 imply that

Ug

T
T | 2y dp B F0
© Jo @ 20000 —a+ 12

it follows from Lemmas 4.5, 4.7 and 4.1 that
T
712 e*"oTJ X(HY(Hde 5o,
0
and Lemma 4.3 implies that
~1 ! 2 R
T J Y (t)dt—>J ye(tr)de.
0 0

Summarizing these results, we obtain the convergence in probability of /7 to /. The joint
convergence of (Vr, It) to (V, 1) follows from the stable limit theorem for martingales;
see Jacod and Shiryaev (1987, Theorem VIII.5.42 and Example VIII.5.38) or Touati (1991,
Theorem 1). O
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Proof of Proposition 2.3. According to (4.1)—(4.3),

T T *
Vi = <e"OTJ X(H)dw (1), e*’”J Y(t)dW(t))
0 0
and

T T
e-ZUvTJ X*(1)de e—“’U*”l)TJ X(DY(n)dt
Ir= ; ;
T = T T
e—(UOJrUl)TJ X(t) Y(t) ds 672111 TJ YZ(t) dt
0 0

where Y(¢#) is defined as in (4.6) above and has representation (4.4) with
y(t)P: xo(f) —e%xp(t — 1). As in the previous proposition, it is sufficient to check that
[7‘ — Ioo

Since vy >v; >0, vy € A and v; € A in the case considered, it follows from Lemma 1.1
and (1.12) that (4.7) holds for some y <v, and

Vy—0U
evo 1

1
y(f)zki

vt Yit
p— e’ 4 o(e”")

for some y; <uvj.
Using Lemmas 4.5, 4.6 and 4.1, we obtain
Us
20¢(vy — a + 1)2 ’
UpUi(e™™1 — 1)
(o +v) Wy —a+1)a—v —1)

T
e*Z"“TJ xX2(nde L
0

T
e_("°+"‘)TJ X(6)Y(r)dt
0

and

T 2 (AUg—D 2

B U2 (e — 1)
wrl y2pdr 205 T
© Jo @ 2vi(a — vy — 1)’

which yields the desired convergence. O

Proof of Proposition 2.4. By the choice of @7, we have

T T *
Vp = (Tle”"TJ X(t)dw(e), Te’""TJ (Y(1) — TIZ(t))dW(t)>
0 0
and

T T
T2 e*ZUnTJ X2(£)dt e*ZUOTJ X()(Y() — T Z(¢)) dt
0 0

Ir =

T T
e*ZUoTJ X(0)(Y(1) — T~ Z(1))de Tzefz”OTJ (Y(0) = T Z(1))* dt
O O
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where Z(t) = e X(t— 1) and Y(¢) is defined as in (4.6). Obviously Z(-) has representation

(4.4) with z(z) = e™x(¢t — 1). It follows from (1.11) that
xo(1) = 21 +3)e”" + o(e”"),

W(t) =2e"" + o(e"),
z(t) = (2t — ‘3—‘)6”"’ + o(e"")

for some 0 <y <uvj.
Put

Hry=2e"" 1) = 2t —He,

and let Y(¢) and Z(¢) be continuous processes having representation (4.4) with the functions

$(t) and 2(1) respectively, X(f) = Y(¢) + Z(). It can be easily checked that

—WJ X(H) — X2 dt Lo

e*ZVTJ (Y(H)— V(2 dt Lo
0

and

T
e’zVTJ 2(2(t) — () dt 2 0.
1

Lemma 4.5 implies that with probability one
lim e ™" X(f) = 2U,

—0o0

and
lim +~' e ®'Z(¢) = 2Uy;
—00

the same proof as in Lemma 4.5 shows that

lim te” (Y (1) — t ' Z(1)) = $U, + 2Us.

By Lemma 4.6 we obtain

T 2
72 e—ZUoTJ )A(Z(t)dt—P>2U0’
0 Up

*ZUOTJ XY (0) — 7' 2(0))dt —
and

T A
7? e*zuoTJ (Y(1) — 7' Z(1)* dt —
1

P UoGUo + 2U2)
v

P (3U0 + 2U2)2
2

(4.8)

(4.9)

(4.10)

4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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It follows from (4.11)—(4.13) by L'Hopital’s rule that

T R U2
e*ZUOTJ Xz -1~ )dt—>U—, (4.17)
1 0
T
T’ e*ZUOTJ (e =T de % (4.18)
1 Up
(3U0 + 2U2)

T
TzefzvuTJ F(t) = ' 22t~ — T~ de L (4.19)
1

203

It follows from (4.8)—(4.10) that we can replace X(1), Y(£) and Z(?) by X(1), Y(¢) and Z(1)
respectively in relations (4.14)—(4.19). This implies the convergence /7 2 1. Now the claim
follows from the stable limit theorem for martingales as in Propositions 2.2 and 2.3. 0

Proof of Proposition 2.5. According to (4.1)—(4.3),

*
Vi = < ”OTJ X(0)dw(s), e*”‘TJ Y(t)dW(f)>

and
T T
efZWT]';r%z)dt efuw+vvfj X()Y(r)dr
Ir = 0 y
T= r T ’
e—(vo+U1)TJ X(OY(1)dt e_ZU‘TJ Y2(1)dt
0 0
where

Y(£) = X(f) — e X(t— 1), t=0.
Note that Y(-) has representation (4.4) with y(¢) = xo(f) — e®x(¢ — 1). It follows from (1.12)
that

xo(t) = e’ + {4 cos(&1 1) + By sin(& 1)}’ + o(e”")

v+1-a

for some y <wv; and, hence,
W) = G + o).

Applying Lemmas 4.5, 4.6, 4.8, 4.9, 4.10 and 4.1, we obtain

Ir — 1..(T) 2.

Now we complete the proof similarly to the previous case. The matrix-valued process 1..(7)
is periodic with period A = 2w/&;, and the claim follows from the stable limit theorem for
martingales as in previous propositions. ]
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Proof of Proposition 2.6. According to (4.1)—(4.3),

*
T T
Vi = <eU°TJ X(Hydw (1), e*"oTJ X(t— 1)dW(t)>
0 0
and
T T
e—zvoTJ X2(t)dt e—ZUoTJ X(HX(t—1)dt
I 0 0
r= T T
e—z”OTJ X(OHX(t— 1)dt e—zvﬂTJ X2(t—1)de
0 0
The process (X(¢),t=0) has representation (4.4) with y(f)=x(f), ¢t=0, and

(X(t—1), t =0) has this representation with (f) = xo(¢ —1), t=0. It follows from
(1.11) that

xXo(£) = po(£)e™" + o(e”")
for some y < v, because of ¢y = 1y by definition. Hence,
Xo(t = 1) = ga(1)e™" + o(e”).
From Lemmas 4.8, 4.9 and 4.1 we now have

Ir — 1.(T) 2o0.

Obviously, the matrix-valued process I..(T) is periodic with period A = /&), and we
complete the proof similarly to the previous proposition. (|

Proof of Proposition 2.7. According to (4.1)—(4.3),

T T *
Vi = (le X(Hdw(1), T*I/ZJ Y(t)dW(t))
0 0
and

T T
T*ZJ X*(1)dt T*3/2J X(0)Y(1)dt
0 0
Ir = T T ’
T*MJ X(0)Y(1)dt T*lj Y3(1)dt
0 0

where
Y(t) = X)) — X(t—1), t=0.

Note that here we have

xo(f) = ﬁ + o(e")
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for some y <0, and X(-) and Y(-) have representation (4.4) with the functions x((#) and
W(1) = xo(t) — xo(t — 1), respectively. Obviously y(z) = o(e”").
Consider the processes

wl(s)=T""?>w(Ts),

Ts X3
Xl(s)=( - a)’lT’lj w(Hdw(t) =1 — a)’lJ Wiy dw(r),
0 0

Ts s
YT(s) = T‘I/ZJ Y(t)dW (1) :J Y(Tt)dwT (1), s € [0, 1].
0 0
These processes are continuous local martingales. Since

S Ts P

J YX(Tr)dt = T*IJ Y2(t)dt = os,

0 0

Ts

JSY(Tt)dt - T‘IJ Y(nydi 2o
0 0

by Lemma 4.3, the functional central limit theorem for martingales (Jacod and Shiryaev
1987, Theorem VIII.3.11) implies that

T, Y E 7, o),

where (Wi(¢), t €[0,1]) is a standard Wiener process independent of (). Since
XT(s) = (WT(s))*> — 5)/2(1 — a) by Itd’s formula, we also have

X7, Y7y 5 (X, o), (4.20)
where
X(s)=(1 - a)“J:W(t)dW(t).
Moreover, the convergence (4.20) implies the joint functional convergence of (X7, YT)

together with their quadratic (co)variations; see Jacod and Shiryaev (1987, Theorem VL.6.1).
In particular, (V7, I7) — (V, 1), Where

k
T T
Vr= X", Y'(1)* = ((1 —a)*‘T*‘J w(t)dw(t), T*”J Y(t)dW(t))
0 0
and

T T
= a)’zT’zj w(ydr (11— a)’ZT’3/2J W(t)Y(1)dt
iT _ 0 0

T T
(1 —a)*zT*3/2J W(6)Y(r)dt T*IJ Y2(t)dt
0 0
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But, evidently, Vy — Vr iO and I7 —Ir £>0 by Lemmas 4.1 and 4.2. O

Proof of Proposition 2.8. According to (4.1)—(4.3),

T T
Vi = (sz X(0)dw(s), T”J Y(t)dW(t)) 4.21)
0 0
and
T T
T*4J X%(r)dt T*3J X(HY(¢)dt
Ir = T" 0 ) , (4.22)
*3J X ()Y (t)dt T*zj Y2(¢)dt
0 0
where

Y()=X() — X(t—1), t=0.
Here we have
xo(1) = (2t +32) + o(e”")

for some y <0 and X(-) and Y(:) have representation (4.4) with the functions x((f) and
W(#) = xo(t) — xo(t — 1). Obviously y(1) =2+ o(e”).

Let V7 and I7 be defined by (4.21) and (4.22) respectively after replacing X(t) by
X = 2[0 t—s5)dW(s) and Y(¢) by 2W(z). We have Vi — VT—>0 and Ir —IT—>0 by
Lemmas 4.1 and 4.2. Now it remains to note that X (=2 fo W(s)ds by Ito6’s formula and

Vr, i) £ (Vae, L), for all 7> 0,
in view of the self-similarity of the Wiener process. O

To prove the remaining propositions we need an additional result. In the next lemma and
corollary, for each integer n we consider a d-dimensional process M" = (M}),c0,1] on a
stochastic basis (R, F, (F")sef0.1}» P), whose components M™ are continuous local
martingales; My = 0. We also consider a d-dimensional process M = (M;)p0,1; With the
same properties, on a stochastic basis (Q, F, (F)ejo.1), P). We denote by N" the R? @ R?-
valued process whose components N™/ are defined as stochastic integrals

N = fo M™dM™, t € [0, 1], and we associate the process N with M similarly. For

the notion of stable convergence, we refer to Jacod and Shiryaev (1987, Chapter VIII, §5c¢).

Lemma 4.11. Assume that:

() M" 5 um;
(i) for every finite subdivision T={0=1ty<t;<---<t, =1} of [0, 1], the vectors
(", M7, ..., M} ) converge .-stably to the vector (§, M,,, ..., M,,), where & is a sub-
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o-algebra of .7 and &" and & are random variables.

Then, for every finite subdivision T of [0, 1], the vectors (§", M7, ..., M} , N}, ..., N} )
converge -stably to the vector (§, My, ..., M, , Ny, ..., N;,).

Proof. The proof is an easy consequence of the following fact. Let v = {0 = up <uy <
-+« <up = 1} be a subdivision of [0, 1]. Put

k—1
SPIwy =Y MpMy, = M),
p=0

Then, for any &>0, there exists a 0 >0 such that for all divisions v of [0, 1] satisfying
[v| = supi<p<i(up — up—1) < &, we have

sup P sup |ST(v) — NV|=¢) <e.
n t€[0,1]

This can be shown from (i) following the lines of the proof of Lemma VI.6.13 in Jacod and
Shiryaev (1987); moreover, the proof is much simpler in our case since M"/ are assumed to
be continuous local martingales. O

Corollary 4.12. Let the assumptions of Lemma 4.11 hold. Denote by [N", N"] the
(R @ R?) ® (R? @ RY)-valued process whose components are the quadratic covariations
[N™i, N™];, [N, N] is defined similarly. Then the vectors (", N7, [N", N"],) converge -
stably to the vector (§, Ny, [N, N]).

Proof. Note that [N"7, N™K], = NPUN®K — [FNBTANTH — [ENBHAN™T by 16
formula, so the claim follows from Lemma 4.11 applied to the processes N”. O

Remark. If §" = & and G = {J, Q}, the assertions of Lemma 4.11 and Corollary 4.12 are
very special cases of theorems on convergence of stochastic integrals; see Jakubowski et al.
(1989) and Kurtz and Protter (1991), cf. also Jacod and Shiryaev (1987, Theorem VI.6.1).

Proof of Proposition 2.9. According to (4.1)—(4.3),

T T *
Vi = <T“L X(0)dw(s), T"L X(t— 1)dW(t)>

and , ,
T*ZJ X2(t)dt T*ZJ X(HX(t—1)dt
I — 0 0
r= T T
T*ZJ X(HX(t—1)dt T*zj X%(t—1)dt
0 0

Because of (1.2) the process (X(f), t = 0) has representation (4.4) with the function xy(¢),
t =0, and (X(z — 1), t = 0) has this representation with the function y(#) = xo(t — 1), t = 0.
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By Lemma 1.1 we have
xo(£) = Ag cos(&gt) + By sin(Eyt) + o(e””) (4.23)
and
xo(t — 1) = Ay cos(§y?) + By sin(&y7) + o(e”")
for some y <0. We introduce (X(#), ¢ = 0) and (X,(?), t = 0) by

X1(t) = J(: cos(&ps)dW(s) and X,(¢) = J; sin(&ys) AW (s).

The solution (X(¢), t = 0) has representation

t 0
X(H= on(t —8)dW(s) + x(H)Xo(0) + bj,lx()(t —s— DXo(s)ds, t=0. (4.24)

Inserting (4.23) into the first term, we obtain
X(1) = Ao cos(G )X 1(1) + Ao sin(Eo 1) X(2) + By sin(Eo 1) X 1(1) — By cos(Eot) X (1) + X (1),

where X(f) is the sum of the last two tern}§ in (4.24) and the contribution arising from the
remainder term in (4.23); T2 fOT X?2(t)dt— 0 by Lemmas 4.2 and 4.3.
Similarly, we obtain

X(t—1) = Ay cos(§0 1) X (1) + Az sin(Eo 1) X2 (1) + By sin(Eo 1) X (1) — B cos(Eo 1) X2 (1) + Y (1),

where T2 foT Y?(t)dt Lo.
Consider the following processes on the interval [0, 1]:

wlis)y=T"'?Ww(Ts),

XT(s) =172 X (T5) = L cos(Eg Tt dW T (¢),

X7 (s) = T2 X5(Ts) = JO sin(Eo 7r) AW (1),
XT(s) = Ao cos(Eo Ts) X (s) + Ao sin(Eo T5)X; (s) + By sin(Eo T5)X | (5) — By cos(&o Ts) X (s),
Y7T(s) = Ay cos(EoTs)X T (5) + Ay sin(EgTs) X1 (s) + By sin(Eo Ts)X T (s) — By cos(EoTs) X1 (s).
Then
X(t)y=T"2XT(t/T) + X(1), X(t—1)=TYV2YT(t/T) + Y (),
and by Lemma 4.1 it is enough to check that

V1 I1) 5 (Voo L), (4.25)

where
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*
1 1
Vp= (J XT(dwT (v, J YT(t)dWT(t)>
0 0

and
1 1
J {XT(£)}*dr J XT(HYT(¢)dt
A 0 0
]T - 1 T
J XY (0 de J {YT()}?dr
0 0
But
1 1 1 1 1
XTdw" = Ao | XT dXT + 4o | X3 dXT + Bo| X7 dX] — By| X5 dX|
0 0 0 0 0
and

1 1 1 1 1
YTdw?™ = Ay | XTdXT + 4| XTdxT + B, | XTdxT — B,| xTdxT
0 0 0 0 0

are represented as linear combinations of the stochastic integrals [ X lT dx JT , 1, j=1, 2. Since

c 1 ~ =
X7, x1) H—z(Wl, W)

v

by the functional central limit theorem, the claim follows from Corollary 4.12. O

Proof of Proposition 2.10. According to (4.1)—(4.3),

T T *
Vi = (e_”"TL X(t)dw (1), T‘IL Y(t)dW(t))

and
T T
e—zvoTJ X*(1)dt 7! e—voTJ X(0)Y(£)dt
I — 0 0
T — T T )
T‘le‘”"TJ X(0)Y(1)dt T‘ZJ Y2(¢)dt
0 0

where
Y1) = X(1) —e™ X (¢t — 1), t=0,
and Y(-) has representation (4.4) with y(¢) = xo(¢) — e xo(¢ — 1). It follows from (1.12) that
1

1
1) = Vot __ vt
WO = o 1S Tao1 e

and
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e

-1
+ o(e”")
a—1

W) =

for some y <0. Due to Lemmas 4.5, 4.6, 4.7 and 4.1, this implies

ez”oTJT)ﬂ(t)dtiU‘z), (4.26)
0 209(vg — a + 1)

T2 e"“TJOT|X(t)| ar 2o, (4.27)
and

T-le T JOTX(:)Y(t)dzi 0. (4.28)

Introduce the following processes on the interval [0, 1]:

wlis)y=T""?Ww(Ts),
Ts

XT(s) = e—UOTJ

X(1)dw () = T e‘”"TJSX(Tt)dWT(t),
0 0

Ts

YT(s) = T‘IJ

W) dw(t) = JSWT(t)dWT(t),
0 0

which are continuous local martingales with respect to the filtration F ST =
o{Xo(t), te[—1,0]; W(r), t€[0, Ts]}. Let 1 ={0=to<t; < --- <t, = 1} be a subdivi-
sion of [0, 1]. It follows from (4.26) and (4.27) that
1 2
U
Te’z""TJ XXryde L — 20
SOt e —at 1y
and
Tl/ze_”"TJ‘ X(Tde 5o, selo, 1];
0

therefore, we can apply the stable limit theorem for martingales (Jacod and Shiryaev 1987,
Theorem VIIL.5.42; or Touati 1991, Theorem 1) to the process X7(-) and to the stopped
processes WT(ty A -), ..., WT(t, A -), which yields that the vectors (X7(1), WT(t)), ...,
WT(t,)) converge .7-stably (where F = o{X(¢), t € [-1, 0]; W(¢), t = 0}) to the vector

( Yoz w(t), ..., W(tm)>

V20o(vg — a + 1),

as T — oo. Clearly, W7 L. Applying Corollary 4.12, we obtain the .7-stable convergence
of the vector

T r r
(e—UUTJ X(t)dW(t), T—IJ W(t)dW(t)a T_ZJ Wz(t) d[)
0 0 0
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to the vector

U()Z 1 -,
<\/2-U—(an+l) JW(t)dW(’) LW (t)dt>.

By Lemmas 4.1 and 4.2, we have the .7-stable convergence of the vector

T
(vﬂ J X dW(0), T J Y(0)dw (), T*zj Y%t)dt)
0

to the vector
Yz =] (CRRV
(JzT(uO—H 5 J ). LW (t)dt).

Now the convergence (Vr, I7) “ (Vo> I,) follows from the properties of the stable
convergence and relations (4.26) and (4.28). U]

Proof of Proposition 2.11. The proof follows the same lines as that of Proposition 2.10. Here
we have

xo(1) = ™' + 4; cos(§11) + By sin(&1 1) + o(e””)

vo—a+1
and
y(1) = A cos(§11) + Bsin(§11) + o(e”")

for some y <0; in particuar, (4.26), (4.27) and (4.28) are still true.
Introduce the processes W7 (s) and X7(s), s € [0, 1], as in the proof of Proposition 2.10
and the processes

X{(s) = L cos(&, Ty dW (1), X3 = L sin(&, T) dW I (1),

YT(s) = Acos(& Ts)X T (s) + Asin(& Ts) X1 (s) + Bsin(&; Ts)XT(s) — Bcos(&; Ts) X (s).
Note that

1 1 1 1 1
J yraw’ = AJ XTdxT + AJ XTdx] + BJ XTdx] - BJ xTdxT (4.29)
0 0 0 0 0
and

T, xT iT(Wl, W)). (4.30)

In view of (4.26) and (4.27), we have
Us

1
T _ZUOTJ X2(Tr)d¢ 7 P ———
‘ 0 () " 20p(vg — a+ 172
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T'/? e*”oTJ X(Tt)cos(E Tr)dt 50,
0

T'/? e*UOTJ X(To)sin(& Tr) dt 50,
0

where s € [0, 1]. Let us again apply the stable limit theorem for martingales but now to the
process X7(-) and to the stopped processes XlT(tl VANE) IR XlT(tm A, XzT(tl VANE) IR
XzT(t A-), where T={0=1t <t <---<t, =1} is a subdivision of [0, 1], which yields
the .7-stable convergence of the vectors

X7, XT(t), oy XT (1), X2(11), -y X3 (1))

to the vector

YoZ ! 1 -
(\/ZT(UO —a+ 1) \/— 1( 1) \/le(tm) \/—Wz(l‘l) \/§W2(tm))

In view of (4.29) and (4.30), applying Corollary 4.12, we obtain the .7-stable convergence of
the vector

1 1
(XT(I), J Y7 () AT (1), J {YT(r)}zdr>
0 0
to the vector

UpZ 1 1 I 1 1
, = AJ Wy dw, +AJ Wde2+BJ Wlsz—BJ Wydwy |,
0 0 0 0

V20(g —a+1) 2
LYy Bz)J Wi+ w )dt)
4

But X7(1)=e 7 [ X(1)dW(1) by the definition of XT, Y(y=T"2Y"(t)T) + Y(1),
where T2 Io Y2(1) dt—>0 as in the proof of Proposition 2.9, hence

T‘IJ Y(t)dW (1) —j YTy dwl(s) = T‘IJ Y dwn Lo
0 0 0
and, similarly,
T 1 P
T’ZJ Y(r)dt — J {YT(H)}?dr=0.
0 0
So we have the .7-stable convergence of the vector
T
*”OTJ X(ydw(s), T~ J Y(t)dW (1), T*ZJ Y2(r)dt
0

to the vector
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UoZ 1 Jh . Jh . Jh . JL _
=\ Al WidWw, + A WodW, + B| Wi dW, — B| WrdW, |,
(Tuo(vo—a+l)2< o 1+ e 2+ T e

1 b .
Z(A2 + Bz)JO(Wi + W%)dr),

and we finish the proof as in the previous proposition. O

5. Appendix

In this section we present the proof of Lemma 1.1. We took the idea from Myschkis (1972);
see also Hale and Verduyn Lunel (1993).

Proof of Lemma 1.1. Equation (1.3) is equivalent to
x() =1+ aJ;xo(s) ds + bJ;xo(s — 1)ds, t=0.
Thus we have the inequality
(0 < 1+ (la| + |b|)J;|xo(s)| &, 1=0.

From a Gronwall-type lemma (Liptser and Shiryaev 1977, Lemma 4.13) it follows that
[xo()] < e, t=0,

with ¢ = |a| + |b|. Thus the Laplace transform

o8]

fo(d) = J e Hxo(r)dt

0

exists at least for all 4 with ReAd > ¢ and can be calculated from (1.3) as
%o(A) = '), Rel>c, where h(A) =4 —a — be . (5.1

The inversion formula yields, for every v>c,

v+iw
xo(f) = lim —J e'%o(u) dut, t=0.

w—00 2701 ) y_ipw

If A€ A, then |A| <|a|+ |ble R¢*. This implies |vg| < |a| + |ble™™ and, consequently,
Vo < |a| + |b| = c¢. Now choose a real u<<v, and fix a up <u such that Rel ¢ [ug, u) for
every A € A. Then, by using Cauchy’s residue theorem, we obtain

ug+iw

. 1
= Y Resy+ fim o udn =0 (5.2)
AeEA:Re A=u U

where y,(A) = e*' A~ (1), t =0, A ¢ A. Here we have used the fact that |y,(1)| tends to zero
uniformly on A € [uy + iw, v+ iw] and on 4 € [uy — iw, v — iw] if |w| — oo.
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Now observe that either vy € A (if b = v(a)) or A9 = vy +1&y € A for some & >0 (if
b<wv(a)). The explicit calculation of the residues in vy in the first case and in Ay and Ao in
the second case yields the form w((-) given in Lemma 1.1. The limit in (5.2) can be
estimated by K e’ for some K >0, thus it is o(e”’) for some y <u < wy.
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