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Let H: Ly (S,.”, P) — Ly(S,.”, P) be a compact integral operator with a symmetric kernel 4. Let
X, i € N, be independent S-valued random variables with common probability law P. Consider the
n X n matrix H, with entries n~'h(X;, X)), | <i, j < n (this is the matrix of an empirical version of
the operator H with P replaced by the empirical measure P,), and let H, denote the modification of
H,,, obtained by deleting its diagonal. It is proved that the /, distance between the ordered spectrum
of H, and the ordered spectrum of H tends to zero a.s. if and only if H is Hilbert—Schmidt. Rates of
convergence and distributional limit theorems for the difference between the ordered spectra of the
operators H, (or H,) and H are also obtained under somewhat stronger conditions. These results
apply in particular to the kernels of certain functions H = ¢(L) of partial differential operators L
(heat kernels, Green functions).
This paper is dedicated to Richard M. Dudley on his sixtieth birthday.
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1. Introduction

Let (S,.”, P) be a probability space and let #: S*> — R be a symmetric kernel, that is, a
measurable function symmetric in its two entries. Suppose the formula

Hg(x) = Lh(x, »)g(y)dP(y), x €S, g € Ly(S, .7, P), (I.D

defines a compact operator on Ly(P) := Ly(S,.”’, P). For instance, if fsz h*d(P X P)< oo,
then H is Hilbert—Schmidt (i.e. EA*(X;, Y) < oo), and conversely. Let {X, ¥, X; : i € N} be
S-valued random variables, independently and identically P-distributed, and let P, =
%2?:15 x,» n €N, be the corresponding empirical measures. Then, a candidate for the
empirical counterpart to the operator H is, for each n, the random linear operator

I:In: Lr(Py) — La(Py)
defined by

500 = Lh(x, DEWMAPY).  x€S. g€ LyS,.7, Py,
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The map g — (\/LZ( g(X1(w)), ..., g(X,(w))) defines, for each w € Q, an isometry of
Ly(Py(w)) onto a subspace of R” (onto the whole of R” if the values X;(w), i < n, are all
different). By means of this isometry H, is identified to the operator of R” whose matrix in
the canonical basis is

. 1
Ay =—(h(X;, X)) : 1<, j < n). (1.2)
n

Actually, as will be made clear in the next section, H,, is not the best random operator that
can be used in order to recover properties of the spectrum of H (unless H satisfies certain
additional integrability conditions). It is rather its modification

H, = l((1 —0ph(X:, X)) 1 1 <, j<n), (1.3)
n

obtained by deleting the diagonal in the matrix H,, that should be used to this effect. Clearly,
this should be so because, if P is continuous, the operator H is not altered by modifications
on the diagonal of the function A(x, y).

The object of this paper is to show that the (usually infinite) spectrum of H can be
approximated by the (finite) spectrum of H, or the spectrum of H,. Our results include a
law of large numbers (LLN), convergence rates, central limit theorems (CLTs) and some
examples. There is an extensive literature on estimation of spectra of random matrices.
Most often one encounters limit theorems for spectra of sample covariance matrices (see,
for example, Hsu 1939; Anderson 1948; James 1954; Geman 1980; Dauxois et al. 1982;
Silverstein 1985; Girko 1990; Eaton and Tyler 1991; Bai 1993b), or for spectra of Wigner
matrices, that is, matrices with independent entries (Wigner 1955; Dyson 1962a; 1962b;
1962¢c; Grenander 1963; Pastur 1973; Mehta 1991; Girko 1990; Voiculescu 1991; Bai
1993a; and references therein), or for certain random operators of interest in physics (see
Pastur 1973; Cycon et al. 1987). However, the problems considered here, which somehow
originate in U-statistics, do not seem to have been treated before.

Although we do not develop applications in this paper, we believe the results are
potentially useful in several respects. As a first observation in this regard, our law of large
numbers should provide a dimension-robust Monte Carlo method for estimating the
spectrum of an integral Hilbert—Schmidt operator, which should at least be useful in higher
dimensions. The results may also be of interest in nonparametric indirect estimation
problems (for an interesting practical example of such a problem, see Vardi et al. 1985):
suppose, for example, that the goal is to estimate an unknown function g by the
observations of its integral transform Hg at random points X;, i =1, ..., n. Suppose also
that the kernel /4 of H is unknown, but its observations at the sample X;, i =1, ..., n, are
available. In such cases, preliminary estimation of the spectrum of H (as well as its
eigenfunctions) is crucial for the construction of asymptotically optimal estimators of the
unknown function g.

Another possible application may be found in the theory of U-statistics. Let U, be a U-
statistic with a P-completely degenerate Hilbert—Schmidt kernel 4,
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2
Un ::m Z h(Xl', ‘ij)

i<j<n

The limit distribution of nU, is that of the random variable Y >0, 1,(g> — 1), where 1,,
r =1, are the eigenvalues of 4 and g,, » = 1, are independent standard normal random
variables (see, for example, Serfling 1980). The eigenvalues of the random matrix H, can
then be used to approximate the limit distribution of U-statistics. Giné and Zhang (1996)
formulated one of the conditions for the law of the iterated logarithm for degenerate U-
statistics in terms of stochastic boundness of the maximal eigenvalue of the random matrix

-1 ) .
(n h(Xi, ‘ij)[hz(XhXj)i(i\/j)z log log(iVj) * l=<ij= n>,

which is a truncated version of the matrix H,. It is plausible that refinements of the present
results may help in dealing with this not too practical condition. Dehling and Mikosch (1994)
used the asymptotic properties of the matrices H, and related quadratic forms in their study
of the bootstrap for U-statistics. They proved a version of the law of large numbers, for the
spectra of H,, which follows from our Theorem 3.1.

It is also worth noting that the operators H,, H, provide a very simple model for
asymptotically small random perturbations of an operator in a Hilbert space. Thus, the study
of the asymptotic behaviour of their spectra might be related to other problems on
fluctuations of the spectra of randomly perturbed operators. A physically meaningful
example of this sort is the so-called ‘crushed ice’ problem (see Simon 1979), where one
studies the asymptotics of the spectrum of the Laplacian with a Dirichlet boundary
condition on a bounded open region G with random holes, as the number of holes tends to
infinity. Ozawa (1987; 1993) obtained rates of convergence and distributional limit theorems
for such random spectra (in some special cases) by considering the Green function of the
random operator as a small random perturbation of the Green function of the Laplace
operator in G. Some of his asymptotics look very similar to the asymptotics in our
problem.

In Section 2 we describe a few known facts on perturbation of spectra of operators,
namely, some very useful inequalities due to Lidskii and to Wielandt. Section 3 contains the
LLN: we show that the /, distance between the ordered spectra of H, and H tends to zero
almost surely if and only if the operator H is Hilbert—Schmidt. We also obtain rates for
this LLN in Section 4. Under strong enough conditions these rates become of the order of
\/n, suggesting the possiblity of obtaining CLTs. These are considered in Sections 5 and 6.
The limiting distribution is that of a suitable functional of a Gaussian process. It is worth
noting that we do not assume the spectrum of H to be simple, and therefore application of
the delta method must be circumvented. The conditions on H for rates of convergence or
for the CLT are not always easy to verify. In Section 7 we show, in part via Tauberian type
arguments, how bounds on the heat kernels of certain elliptic partial differential operators
(Davies 1989) imply our conditions and provide estimators for their eigenvalues.

The main non-probabilitic tools throughout are the classical inequalities of Lidskii (1950)
on perturbation of spectra and a less known inequality of Wielandt (1967) (see also Eaton
and Tyler 1991). This last inequality allows us to treat multiple eigenvalues in the CLT.
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Several ad hoc lemmas on perturbation of operators are also required, and we develop them
as needed (Sections 5 and 6).

2. Some notation and several facts on operator theory

In this paper we consider mostly compact symmetric operators in a Hilbert space .77, mainly,
T = LS, ., P). Given an operator T:.% — .7, we use the notation ||T| for the
operator norm and || 7||ys for the Hilbert—Schmidt norm of 7 (the latter, defined as || T||us =
(>, |Teq)!/? for any complete orthonormal system {e,}).

Let J be a countable set (more specifically, J = N or J = Z). As usual /, := /»(J) will
denote the Hilbert space of all sequences u := {py} ey, such that Y, |u,[> <+oo with
inner product (u,v),, ==, ,u,v, and norm HH%2 = (). Let ||ty = Supnes|tin
denote the sup-norm of the sequence u. Then, c¢o(N) will denote the Banach space of all
sequences U := {U,}nen such that u, — 0 as n — +oo, equipped with the norm ||-||,.
Similarly, ¢¢(Z) will denote the Banach space of all sequences u := {u,}scz, such that
Un — 0 as |n| — oo, also with the norm ||-||,,. We will use the same norms in finite-
dimensional spaces R”, considering them as subspaces of ¢y or /;, respectively.

Let &? =(J) be the set of all bijections on the set J, and let &° also denote the
equivalence relation on R’ given by {x;: i € J}7{y;: i € J} if and only if the sequence
{y:} is a rearrangement of the sequence {x;}, that is, y; = x(;, i € J, for some o € 7.
Then, the spectrum A(7) of a compact, symmetric operator 7 on .77, which is the set of all
its eigenvalues, each counted with its multiplicity, is a point in ¢y/7”, and if moreover T is
Hilbert—Schmidt, then A(T) € /»/%, as is well known (see, for example, Dunford and
Schwartz 1963, Vol. II, Chapters X and XI). If 4 is a symmetric operator on R”, n < oo,
then we make the convention of adding to its spectrum an infinite number of zeros, so as to
make of it also a point in /, /2 (or, more formally, we denote by A(A) the spectrum of the
operator on /, that coincides with 4 on R” and is zero on the orthocomplement of R” in
/). These formalities are introduced because we will measure closeness of spectra of
operators by the following distance O, defined on /,/7°, which we call the /,
rearrangement distance: if x ={x;: i€ J} and y={y;:i € J} are in /5, and if [x], [¥]
are the corresponding equivalence classes, then 0J,([x], [y¥]), or, with some abuse of
notation, d,(x, y), is defined as

82(x, y) = inf lZ(xf - yo<i>)2]

To see that d, is a distance on /7, given x, y, z € /> and € >0, let T € 7 be such that
0a(x, 2) = D (% — z,(i))z]% —¢€/2 and let o0 €7 be such that 0,(y, z) = [> (zei) —
yg(i))z]% — /2. Then,

1

2

O2(x, y) < [Z(xi - J’o(i))zl 2 < 02(x, 2) + 02(z, y) — €
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by the triangle inequality for the /, norm. So, J, is a well-defined distance between spectra
of Hilbert—Schmidt operators and/or spectra of operators in R”, n << oco.
Given two vectors u := (uy, ..., u,) € R" and v:=(vy, ..., v,) € R™, we set

U@V := (U, ..., Up, U, ..., Uy) € R"™

with obvious extensions to the cases of finite sums, infinite sums, infinite-dimensional
vectors, etc.

Given a vector u in RY we will denote by u! (u') its non-increasing (non-decreasing)
rearrangement, that is, the vector of R? with the same coordinates as u, arranged in non-
increasing (non-decreasing) order.

For x=(x;) € ¢y, we set Xy =(x;VO) and ¥_ =x—Xx;. Then, for any x, y € /),
6§(x, y) = 6%(5@, Vi) + 5%(}1, y_), and if we let ii denote the point in /, with the same
coordinates of Xx;, but arranged in non-increasing order (with the zero coordinates
suppressed if Xx; has an infinite number of non-zero coordinates), we have
0%y, ) = |4 — 74 |l,,. Likewise, 0,(3_,5.)=||x" —5'|,,, where the superscript
indicates non-decreasing rearrangement. (For x = (x, ..., x,) € R", X, =(x; VO, ...,
x, V0,0, ...) € />, and the seemingly superfluous tilde is introduced in order to distinguish
this point from the vector in a Euclidean space of lower dimension obtained by deleting all
the zeros from x,, which will be denoted by x, in Section 5.)

If uccy(Z), we set ult =pul @ﬂi. (For instance, if u = (-2, -3, 1,2) then u' =
2, 1,-2,-3) and u'' =(-3,-2,0,..)®9(2,1,0,...) € cy(Z).) Clearly, for any two
sequences U, v € /r(4) =/ @ />,

O, v) = ||t = vl
We will make frequent use of the following inequality of Lidskii (1950) (see also Kato
1982).

Theorem 2.1 (Lidskii’s inequality). Let A, B be symmetric operators on R?. Then, for any
convex function ¢ on R,

d d
> 0GB = A A) < D p(hi(B — A)). @D
J=1 J=1
In particular, for all p = 1,
J 1/p J 1/p
STIRBY AP =D AB-a”] . (2.2)
j=1 J=1
For p =400,
L(B) — k() < LB — 4)]. .
[max, [A:(B) — A;(A)] < max, [2:(B — A)| (23)

We are especially interested in the case p =2. In this case Lidskii’s inequality was
extended by Hoffman and Wielandt (1953) to the more general case of normal operators 4
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and B. We formulate this result here in a form covenient for our goals (using the o,
distance).

Theorem 2.2 (Hoffman—Wielandt Inequality). If 4 and B are normal operators of RY, in
particular if they are symmetric, then

02(A(4), A(B)) =< || 4 — B||us. (2.4)

The 0, distance is slightly different from the distance used, for example, in Hoffman and
Wielandt (1953); in fact it only coincides with it on pairs of operators that have both non-
negative (or non-positive) spectra. However, as is easy to see, their inequality also applies
to J,. In what follows we will refer to inequality (2.4), which we only use on symmetric
operators, as the Lidskii—Hoffman—Wielandt inequality.

Lidskii’s inequality (2.3) can be improved for special types of perturbations: in some
cases, the bound on the right-hand side of (2.3) can be replaced by a constant times
||B — A||*> (as opposed to ||B — A||). The following result is due to Wielandt (1967) (see, for
example, Eaton and Tyler 1991):

Theorem 2.3 (Wielandt’s inequalities). Let A be a symmetric operator on R" such that
/’Li,(A) — lilJrl(A) >0, for some 1 < d <n. Let P! denote the orthogonal projector of R" onto
the subspace generated by the eigenvectors corresponding to the largest d eigenvalues of A,
and let P; denote the orthogonal projector onto the subspace generated by the remaining
eigenvectors of A. If B is a symmetric operator such that PyBP; = 0 and P*BPY =0, then

1B

0<AUA+B) -rU4H=s—"T0
’ / AA) = A (A)

j=1,...,d, (2.5)

and
||B|I>

1 l
0<AHA) — A4+ B) < T - 1)
J

j=d+1,..., n 2.6)

Wielandt’s inequalities will be used at a crucial step in the derivation of the limiting
distribution of the not necessarily simple eigenvalues of the random matrices considered in
this paper. They have been put to a somewhat similar use in a different situation by Eaton
and Tyler (1991).

3. The law of large numbers

In the setup of Section 1 and with these definitions, the LLN for spectra of Hilbert—Schmidt
operators is as follows:

Theorem 3.1. If EA?(X, Y) < oo, then
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02(A(Hy), M(H)) — 0 a.s. 3.1

Proof. h being symmetric and EA%(X, Y) < oo, the operator H that corresponds to the kernel
h by equation (1.1) is Hilbert—Schmidt. Then, by the spectral theorem (see e.g. Theorem 4,
Chapter X, and Section XI.6 in Dunford and Schwartz, Part II, 1964), there exists an
orthonormal set of L,(P), {¢;: i€ J}, where J =N or J = {1, ..., R} for some R < oo,
and a sequence of real numbers, {4;:i € J}, with non-increasing absolute values and
satisfying 3", ;A7 < oo, such that

hx, ) =Y Aipi(x)i() (32)
ieJ
in the L,(P) sense. The set A(H) := {4;: i € J} (that we increase with a sequence of zeros
when necessary) is the spectrum of H.
We first prove the theorem in the case where the identity in (3.2) holds pointwise and
J=A{l1,..., R} for some R<oo (this will turn out to be the basic case). If we define the
random vectors

r X r Xn
@ - (¢ CONNC, >>’ =z
n2 n2
then the operator H, (see (1.2)) becomes
R
Hu=> 7,(®}, w®!  ucR" (3.3)
r=1
By the LLN and orthogonality of the functions ¢, in Ly(P), we have
(D, DY — 0,4 as. 3.4
for all r, s < R. The limit (3.4) indicates that the restriction of H, to the linear span of the
vectors @, ..., ®% is an asymptotically small perturbation of an operator with spectrum
Al, ..., Ag, and therefore, by general principles (the Lidskii—Hoffman—Wielandt inequality),
its spectrum must approach {4;, ..., Az}. Indeed, the proof that follows makes this

observation precise and shows as well that the spectra of H, and H, are also asymptotically
close.

Let E,, n € N, denote the random operators on R® whose matrices in the canonical basis
are given by the relations

[+ E,=({(®!, dPH:1<r,s<R), neN, (3.5

I := Iy denoting the identity operator on RX. Clearly,

Z (7, PNy, u, = <i u, P, iu,¢f> =0
r=1 r=1

I1<r,s<R
for all w = (uy, ..., ug) € RR. Tt follows that the operator I + E, is positive definite and,
therefore, it has a square root, say A4, := (I + E,)"/?. Let ey, ..., eg denote the canonical

basis of R and set ¢, = 4,e,, r=1,..., R. Then, for all 1 <r, s <R,
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<éra és> = <Aners Anes> = <A%,era es> = <(I):L’ (I);l>a

that is, the correspondence €, < @, r =1, ..., R, defines an isometry between the linear
spans of the sets of vectors {é,: 1 < r < R} and {®/: 1 < r < R}. This isometry implies
that the random operator H, of R%, given by

R
]:[nu = Z’lr<ér5 ll>ér, uc RR: (36)
r=1
has the same spectrum as I:In,
l(ﬁn) = )“(I:[n)

Finally, let K be the operator defined by
R
Ku = Zl,(e,., u)e,, u € RE, (3.7
r=1

Obviously,
MK)={A;: 1 <i< R} =AH).
It is also easy to see, using the symmetry of 4,, that
H, = A,KA,. (3.8)
We then have

< 02(A(K), A(H ) + 02(A(H ), A(H,)). (3.9)

Then, using (2.4) and the Marcinkiewicz law of large numbers ([Eq)zr(X )<oo for all r), we
obtain

n

- 1 & :
OFAH,), MH,) <Y (;Zwi(x,-))
r=1

i=1

1=<r,s<R

— Z Ayl [’Lg;ﬁ(xi)qf(xi)] — 0 as. (3.10)
In order to estimate the first summand on the right of (3.9), we first observe that, by (3.8) and
Lidskii—Hoffman—Wielandt,
O2(UK), MH ) < || AnK Ay — K]|ns. (3.11)
Since I + E, is positive definite, we have A(E,) C [—1, +00). Let
ad) =1+ -1, A= 1.
Then, for all A = —1,



Random matrix approximation of spectra of integral operators 121

@) ' < il

_ ' %
I+ D241
This observation implies, for example by diagonalization, that
1w = Illns = I/ + £ = Ilus = [|la(Enllns < | Enllns- (3.12)
Since || Eallfis = 31,2 (@1, @) = 0,,5)* — 0 as. by (3.4), we have
|14, — I|lus — 0 as.

Hence, by continuity of operator composition with respect to the Hilbert—Schmidt topology
(||4B|lus < ||4]||us||B]|| and ||4B||us < ||4]| || Bl|ns), it follows that

|4, KA, — K|lns — 0 ass.
and, by (3.11), that

02(A(K), M(H,)) — 0 as. (3.13)
Finally, (3.9), (3.10) and (3.13) give

02(A(H,), A(H)) — 0 a.s.

in the case h(x, y) = Zf:l/qub,(x)qbr(y) pointwise and R < co.

In the general case, & has the representation (3.2) with J =N. For such A, let
hr(x, y):= Zlel,q),(x)gbr(y), let Hp be the integral operator with kernel Ap, and let
Hp, be the operator of R” whose matrix in the canonical basis is given by

1
Hpn=—((1—-0)hp(X;, X)) : 1 <1, j<n).
n

Then we have
1
o0 2
lim 6,(A(H), A(Hp)) = lim { > A7) =0
R0 R\ S/
since H is Hilbert—Schmidt, and
lim 62(/1([’1]{), /'L(HR’,,)) =0 a.s.
for all R <oo by the first part of this proof. Next we note that if f/ is a symmetric square-

integrable kernel, then the LLN for U-statistics (see, for example, Serfling 1980, Theorem
5.4.A) gives

lz > XL X) = Ef(X, V) as. (3.14)
I<i#j<n

Then the Lidskii—Hoffman—Wielandt inequality, together with the limit (3.14) for
f(x, y) = h(x, y) — hr(x, y), implies
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lim lim 62(&(1‘[&,1), /I(Hn)) < lim lim ||HR’,, — Hn”HS
R—00 n—00 R—00 n—o0

= lim lim [12 Z (h — hp)*(X;, X))

R—o0o n—oo | 1 \<iE<n

1
00 2

_ 1 E 2 _

= R]grgo < /lr> =0 a.s.

r=R+1
Collecting together the previous three limits, we obtain

lim 02(A(H,), A(H))
< Jim 1im sup[02(A(H), ACHR)) + S2(A(Hr), ACH 1)) + O2(A(Hgp), A(H,)] =0 as.,

proving the theorem. O

There is some interest in noticing that, if EA%(X, Y)<oo, then there is convergence of
all the moments of order 2 — 6, 0 <0 <2, in the law of large numbers (3.1). By the triangle
inequality, O0,(A(H,), A(H)) is dominated by O,(A(H), 0) + 62(A(H,), 0), with the first
summand bounded by (F42)"/? and the second satisfying

E[8:.(Hy), OF :%El >R, X»] =" LB, )

I<i#j<n

so that the assertion follows by uniform integrability.
Theorem 3.1 has a converse. In fact, the following stronger statement holds:

Theorem 3.2. Let h be a symmetric, measurable real function on (Sz, .9‘/2), let P be a
probability measure on (S,.””), and let H, be the random symmetric operators on R”"
corresponding to h and to a sample from P via equation (1.3). If the sequence of spectra
{A(H,)} is stochastically 8,-bounded, then Eh*(X, Y) < oco.

Proof. Since 6%(/1(Hn), 0):ZISi¢anh2(X,-, X;)/n*, the hypothesis implies, by the
decoupling inequality in Giné and Zinn (1994, Theorem 2.b), that the sequence
{3 1<ij=nP(Xi, X))/n?}72, is stochastically bounded, where {Xj} is an independent
copy of the sequence {X;}. Hence we have

: 1 2 ’
lim supPr{; Z h* (X, Xj)>K} =0. (3.15)

K=o neN 1<i,j<n

This limit will allow us to apply the extension to U-statistics of Hoffmann-Jorgensen’s
inequality given by Giné and Zinn (1992) in a way similar to Giné¢ and Zhang’s (1996)
inequality: as mentioned in the latter reference, Hoffmann-Jorgensen’s inequality for U-



Random matrix approximation of spectra of integral operators 123

statistics also holds for non-negative kernels, and, applied to the kernels 4> A n, it gives that
there exist universal constants ¢; and ¢, such that, for all n € N,

2
< > (hz(X,,XJ)/\n)> < <max Z(hZ(X,, Xj)/\n)> + 8,0, (3.16)

Isis
I<i,j<n =n

where #p, are any numbers satisfying

1
Pr{F > (X X)) A ny >¢0,,,} < o.

Isi,j<n

Now, by positivity, (3.15) implies that the numbers fy, can be chosen so that #; :=
sup,to,, < o0o; this observation and (3.16) then give
sup(E[22(X, Y) A n])* < (1 + £8) < o0,

neN

proving the theorem. O

Let 0 denote Hausdorff distance between subsets of R, that is,
6(14» B) = [supuc4 infbeB|b - a‘] \Y [SupbeBinfaeA|b - a|]9 A, BCR.

Closeness of spectra of operators is sometimes also measured by the Hausdorff distance
between the corresponding sets (although this distance is less appropriate than the 0, distance
because it does not detect multiplicities). Let us also momentarily denote by A(T) the set of
different eigenvalues of a compact operator 7. It is then obvious that O(A(T), A(U))
< 0,(M(T), A(U)) for any Hilbert—Schmidt operators 7 and U. Therefore, Theorem 3.1
immediately gives:

Corollary 3.3. If ER*(X, Y) < oo, then
SG(H,), A(H)) — 0 as.

Next we make two observations regarding the previous results: one, quite simple, to show
that we cannot replace H, by H, in Theorem 3.1 and Corollary 3.3; and the other, which
requires some more work, to indicate that the condition EA%> < oo in Corollary 3.3 is sharp.

Of course, the proof of Theorem 3.1 does not work for H,,: the limit (3.14) does not hold
without extra assumptions if the sum includes the terms i = j (the diagonal). Moreover, it is
easy to construct an example of a square-integrable kernel % for which
lim sup .o O(A(H ), A(H)) = 0o: take P continuous and % such that A(x, y) =0 for
x # y and E|A(X, X)| = oo; in this case, the spectrum of H is {0}, whereas the spectrum
of H, is {h(X;, X;)/n:i=1, ..., n}, so that we have

lim sup O(A(H ), A(H)) = lim sup — ! max \h(X,, X)) = o as.

n—0o0 n—oo

In order to prove that Corollary 3.3 is sharp, we will consider a generalization of the
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example introduced in Giné and Zhang (1996) in connection with the law of the iterated
logarithm. We take (S,.”, P) = ([0, 1], %, 1), A denoting Lebesgue measure, and denote
by I, the indicator function of the interval (1 —27"*!, 1 —27"]. Then, given a sequence
{A,} of real numbers, we set

h(x, y) =Y 42" L) (Y), (3.17)
r=1

a kernel whose eigenfunctions are 2121, re N, each with eigenvalue A, (as well as [ (0}»
which has eigenvalue zero). The discussion that follows applies also to the degenerate kernel

h((x, @), (v, B) = Y 42" L) (y)ap, (3.17")
r=1

where now S=1[0,1] X {-1,1} and P=41 X %(6_1 + 01). (This kernel corresponds to
replacing, for each r, the eigenvector 2'/2/, by the Haar function with support /,.) The
following proposition subsumes a previous weaker result and was obtained in collaboration
with J. Zinn.

Proposition 3.4. Let h be the kernel defined by (3.17) or by (3.17'), and let {X;};°, be an
independently and identically distributed sequence of random variables uniform on [0, 1].
Then, a necessary and sufficient condition for

1
limsup max - |h(X:, X;j)| <oo as. (3.18)

n—oo ISi#js

is Zfilﬂ.% <oo (ie, ER*(X, Y)<oo or, equivalently, that h is the kernel of a Hilbert—
Schmidt operator on Ly([0, 1], .72, 1)).

Proof. 1If 2/112 < o0, that is, if EA*(X, Y) < oo, then (3.18) is a consequence of the LLN for
the U-statistics applied to the kernel /2. Let us now assume that (3.18) holds. Then, by
Borel—Cantelli, there exists K < oo such that

= 1
;Pr{zm 1g{§§22::z|h(){i’ X)) = K} < oco. (3.19)

Since at most one summand in (3.17) or (3.17') is different from zero for any given x, y, we
can replace A, by |4,| A ¢ in the definition of % and continue having (a fortiori) convergence
of the series in (3.19). In other words, we can assume the eigenvalues 4, to be non-negative
and bounded. We can also take K =1 in (3.19). Let X, 1, X,,» be the first two order
statistics of the sequence X7, ..., Xp» (with any of the usual conventions for ties). Since

1 n;ga-xz ‘h(Xla X])‘ = ZFAVIV(Xm,l)Ir(XmJ)a
<itj<om

and since the events {X,. | € I, X2 € I}, r € N, are disjoint, we have



Random matrix approximation of spectra of integral operators 125

1
Pri{— WX, X, = Pr{X,1 € I, X2 € I} 3.20
r{zmlg ax, |hXi, X))| = } MZW r{Xm1 € 2€L} (3.20)

Since 2™ /2" < ¢ in the domain of summation of this last series, there exists C >0 such that,

for r =2,
am_p om 1 k 1 2m—k
Pr{Xm,l Elra Xm,ZEIr}: Z k 1_F i

k=0

om 1 1 2m-2
= ——(1-
2 22r 2r—1
22m
= C50 (3.21)

and, for r=1, Pr{X,1 € I, Xpp € [} =272" = C22"/2% since m < logy(2c). Now,
(3.19)-(3.21) give

22m
oo>z Z 2o

m=1 27}, =2m

0 22m
=2 D>

Since Eillilzrﬂxz < o0, it follows that > (|4, A ¢)> < oo and, hence, that ZA? <oo. O

Let 4;, be the eigenvalue of the matrix H, of largest absolute value. Then

1
|21,n] = — sup Z h(X:, Xjuiu|, (3.22)
<1l <iZj<n
where |u| denotes the Euclidean norm of the vector u = (uy, ..., u,) € R". If the maximum

of |A(X;, X;)| on the set 1 <i# j<n is attained at i = r, j = s, taking u, = u; = 1/V/2
and u; =0 for i # r, i # s, gives

1
Al = fmax |h(Xi, X))|. (3.23)
It is also clear that /12 Iyl #\nh (Xi, X;). It then follows from these two

inequalities that Proposmon 3 4 has the following corollary to the effect that the LLN in
Corollary 3.3 is the best possible on the class of kernels (3.17), (3.17"):

Corollary 3.5. Let H, be the random operators corresponding, via equation (1.3), to the
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kernel h defined in (3.17) or (3.17'), and to a sample from the uniform distribution on [0, 1].
Let A1, denote the eigenvalue of the operator H, with largest absolute value, n € N. Then

lim sup|4; | < oo a.s. (3.24)

n—0o0

if and only if 3% A2 < 0.

Recently, Latala (1998) solved a problem which we raised in the first version of this
paper. He proved that the converse of Corollary 3.3 holds in general, that is, that the
square-integrability of an arbitrary kernel /4 is necessary for the limit (3.24) to hold.

4. Rates of convergence

In this section {¢,: » € N} and {A,: » € N} will be as in the proof of Theorem 3.1, that is,
{¢,: r € N} is an orthonormal sequence in L,(P) and {1,: r € N} is a sequence of real
numbers, non-increasing in absolute value, such that S-A> <oco. We will also assume some
extra integrability for the functions ¢,, namely,

J¢‘;dp < oo, renN. (4.1)
Our goal is to obtain rates of convergence in the law of large numbers (3.1) for the function

h(x, ) = Arp () (¥) 4.2)
r=1

in terms of the asymptotic behaviour of the eigenvalues 1, and the eigenfunctions ¢ ,, under
assumption (4.1).

The main part of the proof of our result will be to obtain a bound for kernels that consist
of a finite sum of terms of the form 4,¢,(x)¢,(y). We present it separately in the following
lemma. For this, it is convenient to introduce the following notation:

CR = > (13+/1§)J¢3¢§dP. (4.3)

1=<r,s<R

Lemma 4.1. Let h(x, y) = Zle/liqbr(x)d)r(y) forall x, y € S and for some R < oo, with ¢,
and A, as just described. Then,

R 2
F&S(A(H ), MH)) < CziR) - ZEV;I lr. (4.4)

Proof. As in the first part of the proof of Theorem 3.1, the Lidskii—Hoffman—Wielandt
inequality implies



Random matrix approximation of spectra of integral operators 127
03 (AH ), A(H)) = 05(AH ), A(K))
< ||H, - K|
= || 4Ky — Klfis. (4.5)

with the notation as in the proof of Theorem 2.1. Let gy, ..., gz be a (random) orthonormal
basis of R of eigenvectors of the (random) symmetric operator E,, and let u;, ..., uz be
the corresponding (random) eigenvalues. In this basis, the operator 4, = (I + E,)"/? has a
diagonal matrix with entries (1 —|—ptj)1/2, j=1,..., R. Then, letting

krs = (Kgr, gs)s 1, s=1,..., R,
we have, from (4.5),
O(A(H ), AH)) < || A, Kdy — Kllis
= 3 R0+ w0+ pgt 11 4.6)
I<rs<R
To bound this expression we use the following elementary inequality:
[(1+ap(l+bE— 1P <dVh, ab=—1, 4.7
which follows because either
0<(+4ap(l+bp—1<4aVvbp(l+aVvbp—1=aVb
or
0<1—(1+ap(l+br=<1—(+anrby(l+aAby=—(aAb).
Then, using (4.7), we obtain from (4.6) that

SOH) MH) = Y KIA+ )+ ) — 1P

I<rs<R

DR AAYH)

1=<r,s<R

I

= Y k@t

1=<r,s<R
= | E.Kll}s + | KE B
= 2||E.K ||s» (4.8)

where the last identity follows from the symmetry of K and E,. Using the matrix
representation of £, and K in the canonical basis, it is clear that
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2 2 2
Bkl = 3 2|[omae,-p)
Is=r,ss<R

Therefore, since [¢2dP =1 for all r,

2
ElEK[fs = /ﬁ[Equ,(pS d(P, — P)]

I=r,s<R

Z lzj(¢r¢s - (Srs) dp

1<r S<R

BN

2n n

The lemma follows from this identity and inequality (4.8). Ol

Theorem 4.2. If h is as in (4.2), with the eigenfunctions ¢,, r < oo, satisfying (4.1), then, for
all R, n € N,

EO2(A(H,), A(H)) <% 3 (Ai+z§+ms)J¢%¢§ dP +8 i A2 (4.9)

1<rs<R r=R+1

In particular,

EO2(A(H,), A(H)) \—ZZ(R)+8 Z 22 (4.9")

r=R+1

Proof. Let us consider the following decomposition of &> S(A(H,), A(H)):
L03A(H,), AH) < 05(A(H), A(HR)) + O3(A(Hg), A(H 1))
+ O H o). A(H ) + O3 Hr ), A(H,)), (4.10)
where H r.n 1s defined as in (1.2) with 4 replaced by Az Lemma 4.1 already gives

2
B3 (Hi). A ) = 0.

By (3.10),

B M Hra) < 3 o] 0202 aP,
1sr,s<R

The Lidskii—Hoffman—Wielandt inequality gives, as in the proof of Theorem 3.1, that
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ES3(A(H ), MH,)) < E|Hr — Halljis

1
=E|— > (h— hp)(Xi, X))

1<i#j<n

=1 &
=— > A

r=R+1

Finally, it is clear from the definition and Lidskii—Hoffman—Wielandt that

8}

FO3(A(H), A(Hg)) < Z A2

r=R+1

Plugging these four estimates into inequality (4.10) proves the theorem. O
Next we single out two particular instances of Theorem 4.2 to be used in Section 7.

Corollary 4.3. Suppose that

S+ Aﬁ)J P22 dP < +o0. (4.11)
r,s=1 N
Then
ES3H,), AH) = ) S0+ 22 9ot ar. (4.12)
n r,s=1 s
Proof. Under condition (4.11) we can let R — oo in (4.9") and obtain (4.12). ]

Corollary 4.4. Suppose that, for some a >0,

E*(R) = O(R%) (4.13)
and that, for some >0,
A2 =00 (4.14)
Then
EO(A(H,), A(H)) = O(n” #7) (4.15)

Proof. Under conditions (4.13) and (4.14), the bound in (4.9') is dominated by C[R*/n +
R~P], for some constant C < 0o, and this expression is minimized at R = '/@*F), O

Given >0, >0 and C>0, let .#(a, 8, C) denote the class of symmetric kernels
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h(x, 3) =Y Arp () ()

rel
with

|/1,\2 < Cr P, rel,
and

R
(2 +/1§)J P*p*dP < CR%, R=1.
1 N

It follows from the proof of Theorem 4.2 that in fact

sup  EO3(A(H,), A(H)) = O(n P/@+h),
he (B, %)

5. Asymptotic normality of spectra I: finite-dimensional
convergence

In this section we show that the limiting distribution of the spectrum of A, (and also of H,)
can be expressed in terms of the generalized Brownian bridge associated with P. This is the
centred Gaussian process Gp indexed by functions f € L,(P) whose covariance is that of P,
that is,

EGr(/)Gr(g) = Lfg ap - Lf dPLg 4P, f. g e Ly(P).

It will be convenient in this section to index eigenvalues and eigenfunctions of the
operator H with kernel % by all integers as follows:

hx, y) = A () (¥), (5.1)
reZ
with convergence taking place in L,(P?), where
=li=lh=...>0>...=21,=1,
(we disregard the possible eigenvalue 0 of H, that is, we consider only the restriction of H to

the Hilbert space spanned by {¢,: r € Z}). We denote by {u,} the ordered set of distinct
eigenvalues of H other than 0,

‘[,Lo>‘l,{1>lu2 >...>O>...>‘u,2>‘u,1,

and let m, be the multiplicity of the eigenvalue u,, r € Z. (So, for example, there are m;
eigenvalues 4; equal to u,, etc.) A blanket assumption that will be in force throughout this
section is that the eigenfunctions of H are in L4(P), that is,
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J¢‘:dP<+oo, rel.
s

With the above notation, the object of this section becomes that of proving the following
theorem about weak convergence of the finite-dimensional distributions of the spectra of H,
and H, to the corresponding finite-dimensional distributions of a random vector associated
with the process Gp.

Theorem 5.1. Let h be a symmetric kernel in Ly(P*) with the property that there exists a
sequence R, — oo satisfying

Y A=o(n (5.2)
[r| >R,
and
S [ weiar S @] gitar—om, (53)
|F{=<Ry.[s|<R, " S |F{<Ry|s|<R, s
Suppose that, moreover,
> IAd47 € Lo(P). (5.4)
reZ

Let A, be the set of indices i € Z such that Hp; = u,¢;. Let Gp be the generalized
Brownian bridge associated with P. Let T, be the Gaussian matrix

L= u(Gp(@i)): i, j € A)), relz. (5.5)
Then the finite-dimensional distributions of the sequence
n'2QIN(H,) — AT (HD)
converge weakly to the corresponding finite-dimensional distributions of
(@r<0A () & (Br=0A"(T))).
If condition (5.4) is replaced by
> Lpyx) = hx, x) € Lo(P). (5.4)
reZ

then the statement holds with H, replaced by H,.

Dauxois et al. (1982) observed a somewhat similar type of limit behaviour for spectra of
empirical covariance operators.

In fact, we will prove a slightly stronger statement (Theorem 5.6). We begin by proving
three lemmas about approximation of operators.

Lemma 5.2. Let A be a symmetric linear operator on RY with eigenvalues ui, ..., uy of
respective multiplicities my, ..., my and eigenspaces Wy, ..., Wy. Let PjA) be the
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orthogonal projector of RY onto Wi lsj<k Forrs<k, let
O, =Imin[min{|u; — p,|: 1 <i<j<r},min{|u;—p;|: 1 <is<r,r+1<j<k}]

Let 0<¢& <0,/2 and let B be another symmetric linear operator with ||B|lus <e. Then:

(i) the set of eigenvalues of A+ B partitions into r+1 subsets Aj(A+ B), j=1,
.., r, and R, such that

Aj(A+ B) C B(uj, &) and dist(R,, {u1, ..., u,})>20, —¢,

where B(uj, €) denotes the open ball with centre u; and radius ;
(ii) if Pi(A+ B) denotes the orthogonal projection onto the direct sum of the
eigenspaces of A+ B with eigenvalues in the cluster Aj(A+ B), then

tr(P(A + B)) = tr(P(A)),  j=1,....r (5.6)

(iii) if y; denotes the (positively oriented) circle of radius 8, about u; (in C) and
R4(&) := (4 —CI)7" is the resolvent of A, then

1
P4+ B)=P;i(4) + i fi; R4(E)BR4(E)AE+ S, j=1...,r (5.7)
Vi
where
BlAe .
HSjIIHs<2”6#,J=1,--.,r. (5.8)

Proof. (1) and (ii) are direct consequences of the Lidskii—Hoffmann—Wielandt inequality and

only (iii) requires proof. y; does not intersect the spectrum A(4 + B) of 4+ B and the
intersection of the corresponding disk B(u;, 0,) with A(A4 + B) is just A4+ B), j=1,
.., r. Therefore (Kato 1982, p. 39),

1
P+ B = 5o Res@d (5.9
Vi

where R, p is the resolvent of 4 + B. For { € v,

1 1
|R4(©)|| = m<gr
(Kato 1982, p. 60), so that

|R4+5(5)B| <3

and the following representation holds with uniform (in { € y;) and absolute convergence of
the series on the right-hand side:
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Risp(@)=UA+B-CD) ' =[(A— &N + Ri(5)B)]

=(I+ R4(8)B) 'R4(Q)

- Z(—l)"(RA(C)B)"RA(C)
n=0

Hence,

D IR R4 Bl s
n=2
=2

| R4x8(8) — R4(8) + R4(O)BR4(O)|ns

=
<> IR« I1Bliis

n

which is dominated by

00 n 2 2

[ B]] || B]|ns - | Bl
D o= (75, ) O lBlsy T =275
n=2 r r r

The lemma follows upon setting C(8) = Ry4+5(8) — R4(8) + R4(O)BR4(L) and ;=
5§, C(O)dE. U

Given an operator C on R? and & >0, we say that a subset A of the spectrum A(C) of C
is an e-cluster of (the spectrum of) C if A has diameter smaller than €>0 and is at a
distance larger than & from A(C)AA. Then, parts (i) and (ii) of Lemma 5.2 assert that if 4
is perturbed by B with ||B|lus <& and if the eigenvalues of 4 are separated by more than
4e, then to each eigenvalue u, of A4 there corresponds an e-cluster of 4 + B about u, such
that the dimension of the sum of the eigenspaces of 4 + B corresponding to the eigenvalues
in such a cluster equals the multiplicity m, of u,.

Part (iii) will now be used to ‘expand’ the restriction of 4 + B to the orthogonal sum of
the eigenspaces corresponding to any e-cluster of eigenvalues A,(4 + B) as the sum of the
restriction of 4 to W,, a ‘linear’ term in B and ‘lower-order’ terms.

Lemma 5.3. Let A and B be symmetric operators on R? satisfying the conditions of Lemma
5.2 with 0, < 1. Let ey, ..., eq be an orthonormal basis of R? consisting of eigenvectors of
A and let A, denote the set of indices i such that Ae; = u,e;. Let L.(B) be the symmetric
operator of R? defined by the equations

<Bei9 ej>9 l](l’ .] € A”

Hr (Be, e)), ifieA, and j¢ A,
/lj — Uy

<LV(B)61', €J> = (510)

Fp llir#r (Bei, ¢)), if i¢ A, and j €A,

0, otherwise,
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where, for all 1 < j<d, A; =, if Ae; = u,e;. Then there exists a symmetric operator C,
on RY such that

B 2
[Crllns < g IBls 5!”5 (5.11)
and
P,(A + B)Y(A + B)P(A + B) = P(A)AP.(4) + L.(B) + C,. (5.12)

Proof. Equation (5.7) gives

P.(A + B)(A + B)P,(A + B) = P,(A)AP,(A) + P,(4)BP,(4)

1
+ (ijiyrRA@BRA@ d@) AP,(A)

1
oy (E 3%’_ Ra(©)BRAD) dC)

1
+ P.(4)B (m jgyrRA(C)BRA(C) dé‘)

1
¥ <E5|§%RA(C>BRA@ d@) B, (4)

1 1
+ <ﬁ }VFRA@BRA@ d@) B(ﬁ ;jQVrRA(f;)BRA(z;) d@)

+ ‘multiples’ of S,. (5.13)

Define L,(B) as the sum of the operators in the second, third and fourth terms of the right-
hand side of (5.13) and C, as the sum of the operators in subsequent terms. With these
definitions, equation (5.12) is just (5.13) and we only need to show that L,(4) can be written
as in (5.10), and that C, satisfies the bound (5.11). In order to compute L,, we first observe
that, by definition and by symmetry of P,(A4),

(P(A)BP(A)e;, e;) = (BP,(A)e;, P(A)e;)
{ <B€i, ej>9 l_f i) ] € AV
a 0, otherwise.

Next, if i ¢ A, then, obviously,
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<ﬁf¥ RA(&)BR4(E)AP.(A)dEAP.(A)e;, ej> _o.

Now, if i € A, and j¢ A,, since
(R4(O)BR4(DAP(A)e;, ;) = (BR4(E)AP,(A)e;, Ry(D)e;)

o »
“ =0, — g P

with A; # u, (hence, 4; lies outside the disk bounded by y,), we have

1 _ U, (Bei, e;) d¢
<2—m£/rRA(C)BRA(§)APr(A) dCAP(Aei, ef> T 2mi ] i, (ur = O)(A; = &)
= _/'{j‘lir‘ur (Be,-, ej>-
Thus,
1 0, ifi¢A,,
<2—m£/rRA(§)BRA(C)AP"(A) dZAP.(A)e;, ej> = { _ j/irlu, (Be;, ej>, ifichA,j¢A,.

The third component of L,(B) can be handled in a similar way. The main difference occurs
for i, j € A,. In this case we just observe

(PAAARAE)BRA(D)es, €j) = ur(Ru(E)BR4(C)ei, €;)

= /,t,«(BRA(C)eis RA(Z)ej>

1 1
= —l[,[r Beia —=€;
</,lr—§ ,ur_C ‘]>

o
=—————(Be;, e;),
(ur — £)? < l J>
whose integral over y, is zero. So (5.10) is proved.
Since, as observed above, ||R4(8)|| = 1/0, for C € y,, it follows that
< I1Bllns

5
HS ér

1
H ﬁfﬁ,rRA(C)BRA(C) ac

showing that the Hilbert—Schmidt norm of each of the operators in the fifth, sixth and
seventh terms in (5.13) is dominated by ||B||€Is/52r (note that both 6, <1 and ||B|jgs < 1).
The bound (5.8) for S, gives the same bound for the ten operators in (5.13) containing S, as
a factor. Inequality (5.11) follows. (|

We will apply Lemma 5.3 to
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A=Kp and B=Hg , — Kp = (I + Eg,)">Kp (I + Eg, )"/> — Kg,,

in the notation of Section 4. The following lemma will allow us to simplify the linear term in
equation (5.12).

Lemma 5.4. Let K, E: R? — RY be symmetric operators. Suppose that I+ E is non-
negative definite. Then

Proof. Let

EK + KE
(I + E)'?K( + E)'/* - (K + +)

> < 3||E||us[||EK]|us + || KE||us].  (5.14)

HS

E
R::(1+E)1/2—1—§.

Then we have

EK + KE EKE RKE + EKR
(I+E)P?KI+E)?= K+ ; +— +RK+KR+++RKR.
It then follows that
EK + KE EKE
H(1+ E)'?K(I + E)'* - <K+f> < %‘f’ | RK ||ns + || KR||us
HS
RKE + ||EKR
+ I RKE]lus ' IEKR|us | RKR|Jus.
(5.15)
We now prove that
IRK s =< || E*K||us- (5.16)

Indeed, let u;, i =1, ..., d, be eigenvalues of the operator E, and let g;, i =1, ..., d, be the
corresponding orthonormal eigenvectors (recall that E is symmetric and / + E is non-
negative definite). Then the eigenvalues of R are

(1+/l,~)1/2—1—%, i=1,...,d.
Let kj, 1 <1i, j< m, denote the entries of the matrix of the operator K in the basis g,
i=1,...,d. Then we have
, d “; 2
i\ 2
7Kl = 3 (v - 1-5) &, 5.17)

ij=1
Expression (5.16) will follow from the following elementary inequality:
0<1+§—(1+u)1/2s|ﬂ|wz, ©w=—1. (5.18)

To prove (5.18), we note that (1 + u)'/2 < 1 4 u/2 for all u = —1. For |u| < 1 the inequality
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1 12 < |ﬂ|
— (14w 8 A

follows from the Taylor expansion of the square root. For u = 5, we have
1+5-(+p<f=p
Finally, for —1 s u < —;

I#I

1+f (1+,u)1/2<1+ —(+p=""=<u’
Using (5.17), (5.18) gives
2
IRK lfys = Zﬂf = | E*K|fgs,
thus proving inequality (5.16).
Quite similarly, it can be shown, using (5.18), that
|KR|lus < || KE* ||, (5.19)
| RKE|lus < ||EKE||ns, (5.20)
|EKR||ns < [|EKE|[us, (5.21)
|RKR||ns < || EKE ||, (5.22)

and we obtain from (5.15), (5.16), (5.19)—(5.22) that

EK + KE 9
H<z+ YK+ B~ (K+2) < 2 N EKE s + |KE s + | E*K .
HS
(5.23)
Since
1
| EKE||ns < 5 \|E||Hs[\|EKHHs + [|KE||us],

HKE2||HS | Ellus|| KE |us,
and

IE*K s < ||E|lns|| EK |1
(5.23) implies (5.14). O

We now come back to the kernel # defined by equation (5.1). We assume, without loss of
generality, that 6, < 1 for all », where the numbers 0, are associated with the eigenvalues
u, of h essentially as in Lemma 5.2, as follows:
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s %min{,u,-fuiﬂ:0$i<r} for r>0
' %min{,uH —ui:r<i< =2} for r<0.

Slightly modifying some of the notation of Sections 3 and 4, we set

hr(x, ) = > A ()(¥),

[F|<R

and denote by Hp the integral operator with kernel hg, and by Hg,, H R.n the operators of
R” whose matrices in the canonical basis are respectively

1 _ 1
Hini=—((1—0)ha(X;, X)) : 1<i,j<n) and Hg,:=—(hg(X;, X;): 1 <i, j<n).
n ’ n

The following lemma gives conditions under which the spectrum of H, and/or the spectrum
of H, can be approximated by that of Hg, , and/or that of Hp, ,, for suitable R, — oo.

Lemma 5.5. Let R, — oo be a sequence satisfying (5.2). We then have:
(i)
E[lA" (Hy) = 21 (Hr, w2, = o(n™;
(i) if, moreover, 3", ;|A,|¢% € Lo(P), then
Esup |14 (A r.n) = A" (Hra)|[G, = o(n™");

(i) and if, moreover, Zrezl,qﬁ% converges in Ly(P) to the function h(x, x), then
BTN, — AN, I, = o(n ™).
Proof. The three statements are direct consequences of the Lidskii and Lidskii—Hoffman—

Wielandt inequalities, the simplest being statement (i). We only prove (ii) and (iii). Lidskii’s
inequality for p = co gives that, for all R = 1,

|MH(1:[R,n) - j'“(l_[R,n)Hco = HFIR,n - HR,n”
= n~ ! max |hr(X;, X))|.
1<i=n
Since

‘hR(x’ )C)| = < 1/1(96),

> i)

[¥|<R

where

¥ =Y |A]9% € Ly(P),

reZ

we have
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max<i<,Y(Xi)

V2 sup|| AT (H ) = AT (Hro)lley < 12
R=1 n

Now, the inequality in (ii) follows from this and the fact that
E max $*(X;) = o(n)

because Ey?(X) < 4o0.
To prove (iii) we first note that, by the Lidskii—Hoffman—Wielandt inequality,

AN () = AT (R, 2, <
=2 ST (h— he (X0 X+ 02D (h— he Xy, X)),
I<i#j<n i=1

Therefore

E|AN(H,) — 2 (He, )2, <

w[ﬂh — hp, X (X, Y)+ n'E(h — hg, (X, X)

1
nn—1) Yo 4t > MSJ P*p*dP.
|F| > R, |F| > Ry.|s| > R, s

Since Zrezﬂ.,gbzr converges in Ly(P) to the function A(x, x),

> /MSJS prdP = > Al

|7 > Ry.|s| > R, [r| >R,

— 0,
LP

showing that the second summand on the right of the last inequality is o(n~'). Since, by
condition (5.2), the first summand is also o(n~'), the proof of (iii) is completed. O

From this point on, we change the definition of the e-cluster of an operator C in two
ways: if A is an ée-cluster of C in the sense indicated just before Lemma 5.3, and A
consists of positive (negative) eigenvalues, then we redefine A as a vector whose
coordinates are the elements of the set A each counted with its multiplicity, arranged in
non-increasing (non-decreasing) order. Only strictly positive and strictly negative clusters
will be considered.

The statement of the next theorem requires numbering of the clusters of H, and H,. For
r =0 (r<0), an e-cluster of an operator C is the rth e-cluster of C, A%(C), if there are
exactly r (—r — 1) e-clusters of C whose components are larger (smaller) than those of
A:(C). A%(C) need not exist.

Theorem 5.6. Let h be a symmetric kernel in Ly(P*) with the property that there exists a
sequence R, — oo satisfying (5.2) and (5.3). If, moreover, (5.4) holds, then so do the
following statements:

(i) Forall r€Z, and €, = cn™'/*, ¢ >0, the probability that the ¢,-cluster A"(Hy) of
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H, exists, that it is within ¢, from u, and that te(P.(H,)) = tt(P,(H)) tends to 1 as
n— oo.

(ii) Let A, be the set of indices i € Z such that Hp; = u.p;. Let G, be the generalized
Brownian bridge associated with P Let T, be the Gaussian matrix defined in (5.5). Let
M, =, ..., u,), where the wu, term occurs d, times, r € Z. Then, for all
0=R =sR<o,

n R (OF A (H,) = B M, ) = & g 21T (5.24)
and, for all —oco <R} = R, = —1,
nP (& g AL (Hy) — B g M) =, ©F L 41T, (5.24")

as random vectors in /5.
If condition (5.4) is replaced by

> Ahx) = h(x, x) € Ly(P), (5.4")
reZ

then statements (i) and (ii) hold with H, replaced by H.,,.

Proof. By Lemma 5.5, we can replace H, and H, by Hpg,, in all the conclusions above. As
in the proof of Theorem 3.1, we set

Ey = ((Pn— P) @) : 0= ‘rl’ |S‘ < Ry),
observe that /g, 1 + E, is non-negative definite and also define
An = (Ian‘H + En)l/z.

Letting Kg, be the diagonal matrix with numbers 4, : |r| < R,, on the diagonal, we further
define

Hp,»= A,Kg A,.
By the same argument as in Section 3 (see the proof of Theorem 3.1) we have
MKr,) = MHzg,), MHg, ) = MHg,n), neN. (5.25)

As previously mentioned, we will apply Lemma 5.3 with 4 = Kz, and B =H Ron — Kr,-
Thus, we begin by estimating the size of B. The following estimate is contained in the
derivation of the bounds (4.6) and (4.8):

1H R0 — K&, llis = 140K &, An — K, |I5is < 1 EaKr, lIfis + || Kz, Enlis- (5.26)

Next we observe that

ElEGs= Y.  E(Py— PX¢prpy)

<Ry sI<R,

=Y (PR — 0 (5.27)

|F|<R,.|s|<R,
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and that, similarly,

ElEKr s =n" > A(P(@}p)) — O (5.28)
|F|<R,.|s|<R,
and
EllKr, Ellis =" D AAP@142) = 1) (5.28")

|F|<R,.|s|<R,

Combining these estimates with (5.26), we obtain, by conditions (5.2) and (5.3),

El g~ Kb =<n' Y @3H?>L¢3¢?d”

[7|<Ry.|s|<Ry

1/2 1/2
7 /‘Lr
<280l (57 [ ggzar) [ 30 G| giotar
" |r/=R, S |=R, s
[s|<R, [s|<R,
= o(n'/?). (5.29)

Then (5.29), Lidskii—Hoffman—Wielandt and the definition of ¢, imply that, for each » € Z,
with probability tending to 1, Af,"(I:I r,.n) 1s well defined and tr(P.(H R,.n)) = tr(Pr(Kg,)). In
particular, conclusion (i) holds for A r,.» under the stated hypotheses. Also, we can apply
Lemma 5.3 ‘in probability’ and obtain, by (5.29), that, for each r € Z,

Pr(]:[Rn,n)[:an,nPr([:IRn,n) - Pr(KR,,)KRn Pr(KR,,) + Lr,n + OPr(n_l/z) (530)

in the sense of Hilbert—Schmidt norms, where L, , is given by (5.10) with B replaced by
Hg, ., — Kg,. A

Next, we make use of Lemma 5.4 to replace B = Hp, , — Kg, in the definition of L, ,
by its linearization (EK + KE)/2 (with the corresponding subindices). To this end we just
observe that, by (5.27) and (5.28), (5.28") the expected value of the Hilbert—Schmidt norm
of the remainder term in this substitution is bounded by

SE[|Enllus(| EnKr, |lus + || K&, Enllns)]

1/2 1/2
<3v2n! quﬁdﬁdf’ Zang)J $22dP|  =o(n ). (531)
|V‘§R,, S ‘rlan S
[s|<R, [s|<R,

Hence, if L,, is defined via equation (5.10) with B replaced by (E,Kr, + K, E,)/2, since
also u,/(A; — u,) < u,/d,, we have

ILyw = Lrallus = op(n~'72). (5.32)
Then (5.30)—(5.32) give, by Lidskii—Hoffman—Wielandt, that
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n (NS (Hpg, ) — AN(PAKr,)Kr, PA(K,)+ L,.,)) — 0 in probability. (5.33)

for » = 0, and the same limit but with A replaced by A' for » <0. We show next that we can
discard from the matrix L, in (5.33) the entries not in A, X A,, by applying Wielandt’s
inequalities (2.5) and (2.6). Note that the matrix representation of (E,Kg, + Kz, E,)/2 in the
basis {e;} is
1 Ai+4; 0
E(EnKR,, + KR”En) = (%(Pn - P)(¢l¢]) : |l|9 ‘J' = Rn>>

and therefore the matrix entries of the operator

- E,Kr + Kz E
Lo = Pu(Kp) 222 SE20p Ky )
are
_ (P, — P) i), fori, je A,
(Lrnei, €j) = ! (5.34)
’ 0, otherwise.
Let us set

A4, = Pr(KR,,)KR,,Pr(KR,,) +fr,n and B, := fr,n - fr,n'

A, has a block diagonal matrix such that, by (5.34) and Lidskii—Hoffman—Wieland, all the
eigenvalues of its A, X A, block converge in probability to u, # 0, whereas the A7 X A¢
block of 4, is 0. Also

- _ A\ 2
1BallZs = 1w — LonlBs =23 S0 (’“‘ j f) & (P, - PYgip))

_— 2
i€A, j¢A <R, (A — pr)

so that, by (5.29),

2 - T 2
[E”BnHHS = [E”Lr,n - Lr,nHHS

) 1 1/2 1/2
<2pepeeld (57 | gigrar| [ e piviar
0, n =R, 7S =R, s
s/ <Ry S| <R,

= o(n_l/z).

Then, we can apply Wielandt’s inequalities (2.5) and (2.6) in probability to 4 = 4, and
B = B, and obtain

M4, + B,) — ANA4,) = op(n712),
This estimate, combined with (5.33), gives

n'2(Ae(Hp, ) — A (PA(K g, )Kg, P-(Kg,) + Ly.n)) — 0 in probability (5.35)
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for =0, and the same limit with 1! replaced by A! for »<0. But P.(Kg )Kz,P/(Kg,)
being u, times the identity on the linear span of e;, i € A,, we have

(PUKR KR, PAKR) + Lo) = M, + 2 (L) for =0

A(P.(Kr)Kp P(Kg)+ Lyn) =M, +2! (f) for < 0.

Now, the central limit theorem in finite dimensions applied to the vectors ((f,,,,e[, ej):
i, j € A,) (see (5.34)), together with continuity of the mappings A, 1!, shows that

n'/23t (f,.,n> — ., ANT,)
and
n'230 (fr’n> = ANT,)
as random vectors in /,. We then conclude from this and (5.35) that

ANT,), for r =0

AT, for <0, (5.36)

nl/z(Ain(ﬁRn,n) - Mr) —y {

this being just the limit (5.24) or (5.24") in the case R; = R, = r. Now (5.24) and (5.24")
with arbitrary R; < R, (of the same sign) follow by continuity of the direct sum . O

For a compact symmetric operator A, let 1,(A) denote the rth eigenvalue of A in the
ordering given below (5.1). With this notation we have:

Corollary 5.7. If all the eigenvalues of H are simple and hypotheses (5.2), (5.3), and (5.4) of
Theorem 5.6 hold, then, with probability tending to one, the first r eigenvalues of H, are also
simple for |r| <oo and conclusions (5.24), (5.24') become

n (A (Hp)s A1 (Hy)y -y Ay(Hy)) — (Ag, (H), g1 (H) ..., Ag,(H))

— o Ar()Gp(P%), A1 (H)Gr( P 1), - s Ar(H)Gp(¢7,)).
If (5.4') holds instead of (5.4) and we consider H, rather than H,, then the analogous

conclusion for H,, holds.

Corollary 5.8. Suppose that, for some R =1,

R
h(x, ) = A () (1),
r=I1

where

and
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Jqﬁ‘,‘,dP<+oo, r=1,..., R
s

Let uy > ... >pu, be the ordered sequence of distinct eigenvalues A;. Then the sequence
{n' PN, = 2 ()Y,
converges weakly in R to
AT & ..o AN T,
which, if the eigenvalues A; are all distinct, becomes

M Gp(@?), ..., ArGp(9R).

Remark 5.9. 1t is worth mentioning that the condition
J¢‘:dP<+oo, r=1,..., R,
s

is sharp, in fact, that it is necessary for the CLT whenever the eigenfunctions ¢, : 1 < r < R,
have disjoint supports. In this case the matrix E, is diagonal with eigenvalues (P, — P)(¢?),
r=1,..., R It follows that H, is also diagonal with eigenvalues l,P,,(gbzr), r=1,..., R
Since, by the LLN, P,,((,bzr) — P(¢%) =1 as n— oo almost everywhere, assuming for
simplicity that

M>> ... > g,
we have that, with probability tending to 1,
AMH,) =AY H,) = A Po(@)) : 1< r<R).
It follows that, with probability tending to 1,
n'2QA(H,) = ANH)) = (' 2Py = PY(¢)) 1 1 < r < R),

and, if this sequence converges in distribution to a Gaussian random vector in R%, then, by
the converse CLT, [¢4dP<+oo forall r=1,..., R.

6. Asymptotic normality of spectra II: tightness in 4(Z) and
co(Z)

The ordered spectrum A''(H) of a Hilbert—Schmidt operator H is a vector in /(Z) and
therefore also in ¢y(Z), and so are the ordered spectra A'V(H,) and A''(H,) (see Section 2).
The object of this section is to strengthen the finite-dimensional convergence in distribution
proved in Theorem 5.1 to weak convergence of the corresponding spectra as random vectors
in /3(Z) and co(Z). Concretely, we prove the following two theorems.

Theorem 6.1. Suppose that
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A+ iﬁ)J P22 dP < +o0,

r,seZ N

and that, moreover, there exists a sequence R, — oo such that both
2.2

| #2024 = ot

|F<Ruls|<R, S

and condition (5.2) hold. Suppose, in addition, that P-a.e.

hx, x) =Y L ¢Hx).

reZ

Then the sequence

{n' 21 () = AT ()Y,
converges weakly in /,(Z) to the random vector

(@r<0A! (1) & (& 204" (L)),

where T',, r € Z, denote the Gaussian matrices defined by (5.5).
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6.1)

(6.2)

(6.3)

(6.4)

(6.5)

Theorem 6.2. If conditions (5.2), (6.1) and (6.2) hold, then the sequence of random vectors

{n'PAN(H,) = 2T )Y,

converges weakly in cy(Z) to the random vector given by (6.5).

The following corollary is immediate:

Corollary 6.3. (a) If conditions (5.2), (6.1)—(6.3) hold, then the sequence of random

variables

{no3(A(H ), A(H))}5

converges weakly to the square of the /, norm of the random vector given by (6.5).

(b) If conditions (5.2), (6.1) and (6.2) hold, then the sequence of random variables

{(n' 22N (Hy) — AT )2

converges weakly to the cy norm of the random vector (6.5).

Remark 6.4. If the spectrum of H consists of only simple eigenvalues, then the limiting
random vector in the previous theorems becomes (A,GP(¢>2,)),€Z (see Corollaries 5.7 and 5.8),

and the same change occurs in the corollary.

The proofs are based on the results from Section 5 and the following two lemmas. To

formulate them, we introduce some more notation.
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If 4 is a linear operator on R” and B is a linear operator on R”, we let 4 & B denote

the linear operator on R"™™ such that

(4@ B)(ud v) = (Au) ® (Bv).

For u=(uy, ..., u,) € R", if d* is the number of non-negative coordinates among u;,
.., u, and d~ = n — d*, we denote by u, the vector of R?* obtained from u by deleting its
negative coordinates, and by u_ the vector in RY~ obtained from u by deleting its non-

negative coordinates. Finally, 0, will denote 0 in R”.

Lemma 6.5. Let K| and K, be symmetric operators respectively on R™ and R™. Suppose

that
O :=min{|u|: u € A(K))} —max{|u|: u € A(K2)}>0.

Then, for any symmetric operators C; on R™ and C, on R™ such that

o)
|C1 — Killus V || C2 — Kallus <§,

we have

[ATH(Cr & C) — ATHK @ Ko) — ATHCy) = ATHKD) ||, < ||Ca — Ko lus-

Proof. Proving (6.8) is obviously equivalent to showing

[A4(Cr @ C2) — AMKL @ Ka) — AL(C1) — AL (K1) © 0,0, @ AL(C1) — ALK,

< |C2 — K»[ms-

To prove (6.8"), first we note that, under condition (6.6),
WK @ Ka) = A (K) @AY Ks) @ AL (K.
Condition (6.7) and the Lidskii—Hoffman—Wielandt inequality imply that
0
I = A KD, VIR C) = 2 (K)o, <5
It follows from (6.9) and (6.10) that

d*@H(Cr) = dTAHK)), d~@ANCr) = d~(AHK))).
This and (6.10) imply

o)
IA5(C0) = AL KDl VIALC) = 2 (KDl <3,
so that, by (6.9),
ANC @ C) =2 (C) @ ANC) @ AL ().

Therefore

(6.6)

(6.7)

(6.8)

(6.8")

(6.9)

(6.10)
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AC @ C) — ANK @ Ky) = (AL (Ch) — AL(K)) @ (AHCr) — AMKR)) @ (AL (Cr) — AL (Ky)),
and we have

ANCL @ C) — ANK @ K) — (AL(C1) — AL (K1) @ 0, @ (A1 (C1) — A (K1)

=0, & (H(Co) = A(K2)) 8 0,
where
mi = d* QY K),  my=dANK)).
This implies (6.8") by yet another application of Lidskii—Hoffman—Wielandt inequality:
IANCr @ Co) = 2 (K1 @ K2) = (A4(C1) = AL(K1) @ 0y @ (AL(C1) = ALK

=0, ® (A1(C2) — 2(K2) @ O ||,
= 24(Cy) — A&l

= ||C2 — K2||HS- O
Let K;: R™ — R™, K;: R™ +— R™ be symmetric operators and let K := K; ® K;.
We denote by P, P, the orthogonal projectors of R™*" onto R™, R™, respectively; and
by I, I, I, the identity operators on R™  R™ [R™*m respectively. Let E: R™ ™M
R™*™M he a symmetric operator, and let us set £y := PLEP, and E, := P,EP,.
Lemma 6.6. Assuming I + E to be non-negative definite and setting
C:=(+E)*K(I + E)',
Cri=(L+E)PKL+ ED', Coi=(L+ E)'PKo(lr + E2)'2,
we have

|C —(Ci & Cy)llus < 3||(P\EP, + PEP\)K||us + || K(P1 EP, + P, EPy)||us]

+ 6l Ellusll| EK[us + | KE| us]-

Proof. Setting

E:= E,® E,,
we have
C,®Cy=U+E)?KU + E)\2. (6.11)
By Lemma 5.4,
EK + KE
H(l + E)' K+ B)'/? — (K + f> < 3||Ellns[| EK lus + || KE[lns].  (6.12)
HS

Similarly,
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_ _ EK + KE _ _ _
H(I+E>”2K<I+E>1/2 - (K+2> < 3||E|lusll|EK]|ns + [ KE[us],  (6.13)
HS
and, since
IE|lns < ||E]us, |KE|us < || KE||us, IEK |[us < || EK]|us,
(6.13) implies
5 8 EK + KE
H(1+E>1/2K(1+E)‘/2 — <K+f> < 3||Elluslll EK |lus + | KE[|us]. ~ (6.14)
HS

It follows from (6.12) and (6.14) that
IC—(C1 & Clus = || + E) 2K + E)'/> — (I + E)'?K(I + E)'/?||uss

1 - -
< E[H(E — E)K||us + [|K(E — E)||lus] + 6| El[us[| EK [|lus + || KE||ns],
which is the bound in the lemma. O

Proof of Theorem 6.1. The proof of the theorem for general kernels # is completely
analogous to the proof for non-negative definite kernels, but the notation it requires is more
complicated. So, in order to simplify notation, we assume in what follows that
h(x, ) =300 4¢,(0)p(y), A1 =1, = ... =0 (instead of r € Z). We continue using the
notation introduced before Lemma 5.5 for the operators Hgp, Hpg,, H rn> as well as the
notation in the proof of Theorem 5.6 for the operators K z and H r.n» applied now to the non-
negative definite case, and recall that

MKr) = MHr), MHrn) = MHrn),  R=1neN (6.15)
(see the proof of Theorem 3.1 and (5.25)). We also set
Egp:=(Py—P)¢$s): 1 <7, s<R),  Apn:=Ur+Egn)"

for all R > 0, although will keep the notation E, and 4, for Eg, , and Ag, ,, as in the proof
of Theorem 5.6. And we introduce the following notation: for 1 < R < R, and n € N, we
set

ER,gon = ((Pn — P)(@,95) : Ri <r,s < Ry),
Ar ron = Ug—r, + Egpon)'/?
(note that [z,_g, + Eg,.r,.» 1S @ non-negative definite matrix) and
Hporon = Ar ron KRR AR Roons

where K, », is the diagonal matrix with entries A,, R <r < R,, on its diagonal. R
For the proof, first we observe that the hypotheses imply that we can replace H and H,
by Hg, and Hpg, ,: conditions (5.2), (6.1) and (6.3) imply, by Lemma 5.5(iii), that

El[AN(H,) — AM(Hr, 0|7, = o(n™"), (6.16)
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and the Lidskii—Hoffman—Wielandt inequality together with (5.2) gives

[AN(H) — AY(HR,)

S, <IH—-Hgllzs= > Ay =o(n". (6.17)

r>R,

The theorem will follow from the finite-dimensional result in Section 5 after ‘decoupling’ the
convergence to infinity of 7 and R in the sequence n'/2(A(Hy, ) — A'(Hg,)).
Our first objective is now to show that

im limsup n'/?E||Hg, , — (Hr., ® Hr.g,.n)|lus = 0. (6.18)

|
R—00  yoo

To this end, given R = 1 and R, > R, we define Py and P, as the orthogonal projectors of
the space R®" onto R and onto R? given respectively by the equations

Pru,:r<=R))=W,: r<R)
and
Prp(uy:r<Ry) =(u,: R<r=<R,).
It follows from Lemma 6.6 that for all » large enough, so that R, > R,
|H gyn— (Hrn @ Hrgyn)llins < HN(PRE,Pr &, + Pr.r, ExPr)KR, s
+ || K&,(PRE,Pr R, + Prr,EnPr)|Hs]

+ 6] Exlluslll En K g,

us + | K&, Enllns]- (6.19)

Then, regarding the first summand in (6.19), we have

Ell(PREnPR,RH+PR,RnEnPR>KRn||iIS—[E< oo+ Y )((&—P)@@gﬂi

r<R,R<s<R, R<r<R,s<R

:nl< Yo+ > )iﬁ(P(qﬁ%?)—ém).
r<RR<s<R,

R< r<R,,s<R
Similarly, we have, for the second, that

El|K &,(PrE+Prr, + Pr.r, EnPr)|l5is

_n1< Y Y )zim@%«pb—ém)-
r<R,R<s<R,

R<r<R,,s<R

Therefore, by Holder and condition (6.1), we have
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lim lim sup HI/Z[EI[H(PRE Prr, + Prr,EnPr)KR,|lus + || Kr,(PRE,Pr g, + Pr.r, EnPr)| sl

R—0o0 00

12
< Rlim lim sup n~ /2 (%( Z + Z )(&2, +A)(P(Pl92) — 5rs)>

7m0 r<RR<s<R, R<r<R,s<R
=0. (6.20)
Under conditions (6.1) and (6.2), it follows from (5.27)—(5.28") that

El| Eallfis = o(D),

= 0" and [E|Kg E,|is = O(n™h),
and therefore,

E([Enllnslll £, K, JEnllus]) = o(n™'/?). (6.21)

Combining (6.19), (6.20) and (6.21) gives (6.18).
Equation (6.18) and the Lidskii—Hoffman—Wielandt inequality yield

Jim lim sup n'PE|ANH, g,0) — A Hrp ® Hrr,o)ll, = 0. (6.22)

R—00  yoo
The last step in the proof will then consist of showing that, for all € >0,

Jim lim sup Pr{n'||AN(Hy , ©® Hr g, n) — A" (Kg,) — A (Hr) — A{Kr))||,, = €} =0,

R—=o00 0o

Re7
(6.23)
where .72 = {r: A1, # A,11}. For this, we apply Lemma 6.5 to the operators
Ky = Kg, K> := KRR, K :=Kg, = Kp ® KgRg,
Cy := Hg,p, Cy = Hp g, .-
By the definition of .72, for every R € .72 we have
Op :=min{|u|: u € M(Kg)} — max{|u|: | € A(Kgr,)} >0,
so that condition (6.6) holds. Using bounds similar to (4.6) and (4.8), we obtain
1Hrn = Krlfis < 2| ErnKrllis)
which, by (5.5), implies (see (5.28))
ElHrn — Krllfis < Y A%+ ADE(Py — P)rs))
r,s<R
=0 Y AT+ ANP@I) — 0, = O(n ™), (6.24)
r,s<R

Similarly,
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E||H p,g,n —

ST @A DE(P. - PY$h))

R<r<R,,R<s<R,

—nt Y A HADP@I) — O
R<rs=R,,R<s<R,
=0(n"). (6.25)
In particular, this implies that, for all R =1
,}LrgoPr{IIFIR,n — Kgllns =96} =0 (6.26)
and
lim Pr{[|f{ g, = Kr,|lns = 0} = 0. (6.27)

Equation (6.25) also gives that, for all ¢ >0,

hm lim supPr{nl/ZHHR Ron — KRR,
—0 p—oo

s = e} = 0. (6.28)

By Lemma 6.5, on the event

{|[Hgn— Kinllus V |Hr g,.n — Kr.r,|lus <Oz},
we have

n' A Hy ® Hrog,on) — 2 (Kg,) — A Hr ) — A KD, < 02| Hrgyn — Kiog,

(6.29)

Now (6.23) easily follows from (6.29), (6.28), (6.26) and (6.27).
Combining (6.22) and (6.23), we obtain that, for all £>0,

lim lim sup Pr{n'?||AN(H g, ») — AM(Kr,) — A (Hrp) — 2 KR/, = €} =0,

Re/
which, in view of (6.15), implies

Jim limsup Pr{n'/?|2"(Hx, ) — 2 (Hr,) = W (Hra) = A (H))| . = €} = 0. (630)
Re./f oo

Since, for all R <oo, R € .7, the sequence {n'/2(A'(Hz,) — A'(Hg))}°", converges in law
as n — 0o to @, =srA'(T,) for an appropriate S(R)<oo by Theorem 5.1 (note that (6.1)
implies (5.4)), and since these random vectors (in /) converge a.s. to @ ,.enAN(T,) as R — 0o
(as S(R) — oo with R), it follows from (6.30) that the sequence

{n' 2N Hp,) = A HR D}

converges weakly in /; to @,enAN(T,). Together with (6.15) and (6.16), this completes the
proof. (|

Proof of Theorem 6.2. As in the previous proof, we assume that % is a non-negative defnite
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kernel since the proof in the general case is the same up to formal, obvious changes. By
Lemma 5.5(ii),

sup |AN(Hr ) — A (Hp o)l o, = 0,p(n7 ). (6.31)
R=1

It then follows that
AN H R, n) = A (Hr,)l oy = 0p(n7 /). (6.32)

Now (6.31) and (6.32) along with (6.30) (whose proof above does not make use of condition
(6.3)) imply
im limsup Pr{n'/?||2 (H,..) = 2'(Hz,) = A (Hrw) = 2 (HR)e, = €} = 0. (6.33)

|
R—o00
Rez "

Now, the result follows as in the argument following (6.30) in the previous proof, but
invoking the part of Theorem 5.1 corresponding to the operators H,,. O

7. Some examples

Whereas it is easy to decide whether the LLN in Section 3 applies for a given kernel (one
just checks if EA%(X, Y) <o), it is not necessarily straightforward to verify the hypotheses
ensuring the validity of the bounds on the speed of convergence in the LLN (Section 4) or of
the distributional limit theorems for the spectrum of H, in Sections 5 and 6. In this section
we outline two techniques, one based on integrablity and smoothness of the kernel and the
other more specific to kernels arising from partial differential operators.

7.1. Kernel integrability and smoothness

It is known that smoothness of the kernel /(x, y) has a direct bearing on the rate of decrease
of the eigenvalues: for instance (Gohberg and Krein, 1968, §10, Propositions 3 and 4), if A
defined on [0, 1] X [0, 1] is non-negative definite, Hilbert—Schmidt and / times differenti-
able in square mean (see the reference cited for the definition: this is weaker than % being
pointwise differentiable with continuous partial derivatives of order /), with /th derivative
being Hilbert—Schmidt, then the eigenvalues of / for Lebesgue measure decrease at least as
fast as n~"~1/2. So, in the following proposition we will concentrate on an easy estimate for
the function £?(R) appearing in Theorem 4.2. See the beginning of Section 4 for notation and
conventions.

Proposition 7.1. Let S be a locally compact space with Borel probability measure P Suppose
that the mapping

SXSXSXS>(x,y u v)— J h(z, x)h(z, y)h(z, u)h(z, v)dP(z)
s

is continuous, that
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LLLhz(z, x)h(z, y) dP(x) dP(y) dP(z) < +oo, (7.1)
and that, for some >0,
2= r1h (7.2)
Then
EO3(A(H,), A(H)) = O(nP/@F+D), (73)

Proof. Let K be the integral operator on Ly(P?) := Ly(S X S,.7 ®.7, P X P) defined as
Kot ) = | | Koyt 0gtn 0 aP0aPOL 5y €5, g (P
where
k(x, y; u, v) := Jsh(z, X)h(z, y)h(z, u)h(z, v)dP(2), X, y,u, Ve S.

It is easy to check that K is non-negative definite. Then, condition (7.1) and continuity of the
kernel & imply that K is a nuclear operator with trace

tr(K) :J J k(x, y; x, y)dP(x)dP(y) :J J J W (z, x)h*(z, y)dP(x)dP(y)dP(z).
sds sdsls
In order to estimate £2(R) (recall its definition from (4.3)), we note
BAHUP)
= (Hp,(2))'(Hps(2))’

:J h(z, x)¢p (x) dP(x)J h(z, w)p () dP(u)J h(z, y)ps(y) dP(u)J h(z, v)ps(v) dP(V)

s s s ;

- J J J J h(z, X)h(z, y)I(z, u)h(z, V)P (X)Ps(¥)P ()P (V) dP(x) dP(y) dP(u) dP(V).
shslsls

Therefore

12| paseare)
S

= J J J J k(x, y; u, 0) (@, R P)(x, Y)(P, R Ps)(u, v)dP(x)dP(y) dP(u)dP(v)
SJSJISIS

= (K(¢r @ @s), §r @ D) 1P

which, since ¢, ® ¢y, r, s € N, is an orthonormal system in L(P?), gives
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CR=2 Y Aij PrprdP
S

Isr,s<R

=2 ) UKD ® Po) Pr ® hs) 1)

1=rs<R
. -2
< 2( min |/15|) tr(K).
Iss<R

Hence, it follows from conditions (7.1) and (7.2) that
ZA(R) = O(R"P).
This and (7.2) give the estimate (7.3) by Corollary 4.4 applied with a = 1+ f. O

For example, if A(x, y) =1 +xy—|x—»])/2, —1 <x, y<1, which is the Green
function for the Dirichlet problem —u” = f, u(1) = u(—1) = 0, then A, = 4n 272 and the
previous proposition gives [Eé%(/l(H,,), A(H)) = O(n3).

7.2. Heat kernels and the estimation of spectra of differential operators

Our aim here is to show that heat kernels and, less often, also Green functions of certain
strictly elliptic differential operators on bounded domains, the Laplacian on a compact
Riemannian manifold and Schrédinger operators satisfy the conditions of some of the
theorems in Sections 4 and 6 so that, if these kernels are known, Monte Carlo techniques
should be of value in the approximate evaluation of the spectra of these operators. (The fact
that the Green function or the heat kernel have to be known does indeed hinder the
usefulness of the results; on the other hand, one only has to be able to simulate A(X;, X;) at
random points X;, and this may conceivably require less than full knowledge of 4; at any
rate, we only show a way to check the conditions of our theorems and do not claim to have
answers to any numerical questions regarding solutions of partial differential equations.) Even
though our immediate interest lies in the concrete type of operators just mentioned, we place
ourselves in a more abstract setting. This whole subsection is inspired by Davies’ (1989)
book on heat kernels.

Let {¢,: r=1} be an orthonormal system in Ly(P) and let 0<u; < pu, < ... be a
sequence of real numbers such that, for all >0,

o0
> et <o (7.4)
r=1

The map ¢, — L¢, := u,¢,, r = 1, extends to a linear operator L, on the linear span & ; of
the functions ¢,, r = 1 (in general, L is unbounded). Define

hi(x, y) =Y e ()P (). (7.5)
r=1
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Under condition (7.4) the series (7.5) converges in L,(P?) for all > 0. We also assume that
the kernel /4, is defined by (7.5) on the diagonal, that is,

h(x, x) = i e Mg (x).
r=1

Then

00 00 12 / o 12
Zeiﬂrt|¢r(x)¢r(y)| = (Z eurt|¢r(x)|2> (Z e*,u,t ¢r(y)|2)

r=1 r=1 r=1
= hi(x, x)"?h(y, V2,

which means that the series (7.5) converges for all x, y € § such that %,(x, x) <+oco and
hi(y, y) <+oo.

The kernel %, defines a bounded operator H, from L,(P) into L,(P). Moreover, {H,:
t>0} is a semigroup of bounded operators in Ly(P) (since H. s = H,H; for all >0,
s>0) and

7(f) == tr(H;) = Lh,(x, x)P(dx) = i e Hr < 400, (7.6)
r=1

1/2

1/2 00
1H s = (L Ji y)P(dX)P(dy)> = (Z e‘”"’) <+oo. (1.7)
X r=1

In fact, H, can be viewed as the operator e . We call the function (z, x, y) — hy(x, y) from
(0, 00) X S X S into R! the heat kernel of the operator L (since this is an abstract version of
the heat kernel of a differential operator). Most of the information we will need on regularity
of heat kernels can be found in Davies (1989).

A warning on notation: whereas H, or H will denote a ‘heat operator’ as just defined,
we will still use the notation H, for the random operator defined by (1.3); no confusion
should arise from this slight inconsistency.

Let v be a measure on [0, +00) such that v([0, {]) <<+4oc for all +>0 and »(R) # 0.
Assume that the Laplace transform of v,

+00
o= | e (78)
0
exists for all 4 = u;. Let A, := @(u,). Clearly, 1, >0 for all » = 1. The condition

+00 p+00
J J (¢t + s) dv(r) dv(s) < o0 (7.9)
o Jo

implies that
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(]

) 0 400 00
S = J J e ) du(£) dw(s)
r=1

0 0

r=1

+00 400
J J (¢ + s) dv(7) dv(s) < +o0, (7.10)
0 0

which means that the operator A from L,(P) into L(P) with kernel
h(x, ) =Y A () (3)
r=1

is Hilbert—Schmidt. This operator can be and will be viewed as H = ¢(L). The kernel % is
well defined as a function in Ly(P X P). In what follows, we assume for convenience that

h(x, x) := iz,cpi(x), x€eS.
r=1

Then, h(x, y) is also well defined at least for all x, y € S such that A(x, x) <<+oco and
h(y, y) <-+o0, since

00 0 1/2 0 1/2
S Al g, < (erqbi(x)) (Zw&m) = W2, )R (y, y) < +oo.
r=1 r=1 r=1

Suppose now that

J | H|lns dv(7) < +oo. (7.11)
0

Then

H= roo H, dv() (7.12)
0

and its kernel % has the representation

—+00
h(x, y) = Jo hi(x, y)dv(e). (7.13)

Note that condition (7.11) implies (7.8) (since || H,||lus = e "' by (7.7)) and (7.10) (since
tr(HtJﬁs) = tr(HtHs) = HHt”HS”HvHHS)
Define

+00 400
y(t) = J J J he(x; x) s yrp(x; x)P(dx) dv(u) dv(v), t>0. (7.14)
o Jo Js
Theorem 7.2. (a) If y(0+) <oo, then

EOS(A(H,), A(H)) = O(n™"). (7.15)
(b) Suppose that, for some p >0,
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y(H) = O(t™") as t — 0; (7.16)
for some a>0,
()=t “ as t — 0; (7.17)
and, for some b> a,
o) = OW™"?) s u— oo. (7.18)
Then
EO3(A(H,), A(H)) = O(n~ 0=/ (b=atr)y, (7.19)

To prove the theorem we need the following lemma (which is in fact a weak version of
known Tauberian theorems).

Lemma 7.3. Let F be a non-decreasing function on [0, +00) with F(0) = 0. Suppose that,
for all t>0,

+00

f) = Jo e " dF(u) < +oo.

Then,

(i) f(0+) <400 & F(+00) < +o00.

For any p >0,

(if) F(u)=0w’)as u—oco< f(£)=0(t"")as t — 0,
and

(iif) Fuy=<uasu—ocos f()y<t"ast—0.

Proof (sketch). Indeed, we have, for all u>0,

f() = J:e_”t dF(v) = e “F(u),

which implies (with ¢ = 1/u)

Fu) <ef(1/u), u>0. (7.20)
On the other hand, if F(u) = o(e™) as u — oo for all >0, then, by integration by parts,
+00 —+00
f(H) = J F(uyte " du = J F(v/te Y dv. (7.21)
0 0

The lemma follows rather trivially from (7.20) and (7.21). We just check (iii). If
F(u) < u?, then (7.21) implies f(¢#) = O(¢7?) and (7.20) implies f(¢) = ct~” for some
constant ¢ >0, so f(?) < ¢t” holds. If, on the other hand, we have f(¢) < ¢~”, then, by
(7.20), F(u) = O(u”). Using (7.21), we obtain that, for some constants ¢ >0, C >0 and for
all R>0,
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—+00

ct™? < f(t) < F(R/1) + J F(v/t)edv < F(R/1) + Ctﬂrmv”e” dv.
R

R

Choosing R large enough, so that

+00 c
Ve ldo < —,
JR ¢ 2C

the previous inequality gives that, for all >0,
F(R/t) = g tr.
It follows that F'(u) =< u”, and (iii) is proved. O

Proof of Theorem 7.2. To prove part (a), we define

Gw=3 Y EHRPGW). w0,

PSSt UgSU
and observe
+00 +00 oo &)
V(t)=J J J D e ipi(x) > e g (x) dP(x) dv(u) dv(v)
r=1 s=1

+00

oo 00 —+00
= —(urtus)t 42 2(x)P(d J J —Usta—HsV d
S50 [ e rmrgmgieoran| | e e dvw o)

= i iliecuﬁm)tj ¢%(x)¢§(x) dP(x)
; s

0

= DD A (g

+00
= J e " dG(u). (7.22)
Then the condition y(0+) < oo and the representation (7.22) imply, by Lemma 7.3(i), that
o0
D G5+ ADP(@1¢7) = G(+00) <+,

rs=1

which gives (7.15) by Corollary 4.3.
To prove part (b), we will apply Corollary 4.4 and, once more, Lemma 7.3. By the
representation (7.22) for y, condition (7.16) and Lemma 7.3 imply

G(u) = O(u") as u — 00. (7.23)

Setting
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F(u) := Zl{msu} as u>0,
r=1
we have, by (7.6),
+00
(t) = tr(H,) = J e " dF(u).
0

Then, condition (7.17) implies, by Lemma 7.3(iii), that
F(u) < u® as u — +oo.
{u,} being a non-decreasing sequence, it follows easily that
= as r— oo (7.24)
Setting « := pa~!, it follows from (7.23) and (7.24), that

Y. WHDP@D= D (R HIDP@) = ORY,  (125)

I<rs<R r,s: i+ <CR'/4
for some constant C >0. On the other hand, by (7.18) and (7.24)
22 = @*u,) = 0(r~") = o(r~'7P), (7.26)

where f8:= ba~! — 1. Expressions (7.25) and (7.26) are all that is needed in order to
conclude, by Corollary 4.4, that

ES3(A(H,), A(H)) = O(n P14y = O(n~ 0= 0/E=a50)),
proving (7.19). U
Next we give an example of a CLT for the spectrum of H. More refined results can be
obtained, but the one whose proof we present suffices for our purposes. In order to prove

the CLT for the spectrum of H, it is convenient to introduce a new function:

Y(t) == th(x, x)dP(x), t>0.

Theorem 7.4. Let H be defined by (7.12) and let H, and H, be the random operators
corresponding to H given respectively by equations (1.3) and (1.2). Suppose (1) <oo for all
t>0,
J P! 2(1) dv() < 0o (7.27)
0
and

(1) (: J:o e dv<r>) =0@e™)  asu— +oo. (7.28)

Then the finite-dimensional distributions of the sequences
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{n'PQAN(H,) = AN, and  {n'PGMNH,) - 2HH)} (7.29)

converge in law to the corresponding finite-dimensional distributions of the random vector
% | ANT,), defined by equation (3.5) for the operator H. If, moreover, y(0+)<oc then the
sequences (7.29) converge weakly in /.

Proof. Condition (7.27) gives, by the generalized Minkowski inequality, that
h(x, x) = A¢ix) € La(P)
r=1

which is conditions (5.4) and (5.4") in Theorem 5.1. The finiteness of ¢(¢) implies that, for
all e>0,

R R

D P@ip)) < €0 Y | Pe e )

r,s=1 r,s=1

o0 o0
< e2tHr p E e*wr(ﬁi E 675”“(])?
r=1 s=1

- eZWRJ R (x, x)P(dx)
N

= 0(e*"r)  as R — oo. (7.30)

Since the eigenvalues A, are uniformly bounded, it follows from (7.30) that

S G HADP@D Y P@iph) = 0E* ) asR—oo. (731

1=rs<R 1=<rs<R

This will allow us to verify condition (5.3) in Theorem 5.1, and we prepare next for condition
(5.2). To this effect we begin by noting that, for all » = 1,

[o.¢]
re < Zefs”" = J he(x, x)P(dx) < p'/(e),
=1 S

which implies

_ logr 0.5logy(e) (7.32)
& &

Ur

for all » = 1. Condition (7.28) implies
2= P=<cC e 2,
r?;l r;rl V;»l

for some constant C >0 and for all R = 1. Combining this with (7.32) gives that, for all
e>b,
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Z /'Li < Ce burn Ze’b”’ < Cexp{0.5logy(e)/e}ebrrn Z FobE = Ce)etHrn,

r=R+1 r=1 r=1

(7.33)
Taking R = R, such that

exp{ur,b/2} < n<exp{ug,1b/2},

in (7.30) (where we can take &€ <b/8) and in (7.33) yields conditions (5.3) and (5.2) in
Theorem 5.1. Now Theorem 5.1 gives finite-dimensional convergence of the sequences
(7.29). If y(0+)<oco then the proof of Theorem 7.2(a), shows that condition (6.1) in
Theorem 6.1 holds; on the other hand, condition (6.2) follows from (7.30) with the same R,
as above. Therefore, convergence in /, of the sequences (7.29) follows from Theorem
6.1. O

With some extra care, the following can be proved using Lemma 7.3.

Theorem 7.5. Suppose that condition (7.27) holds, that
YOP(D) = O™y as t—0

for some p >0, that condition (7.17) holds for some a >0 and that condition (7.18) holds for
some b>p + a. Then the finite-dimensional distributions of the sequences (7.29) converge in
law to the corresponding finite-dimensional distributions of the random vector &> AY(T,),
defined by equation (5.5) for the operator H. If, moreover, y(0+)<<oo then the sequences
(7.29) converge weakly in /.

Next we show how the above theorems allow us to estimate the eigenvalues of the
operator L by means of random matrices associated to its heat kernel. Consider the family
of sequences of random matrices

{H = (711_?()(,-, X-")> tn= 1} (7.34)
n i,j=1

for some s> 0, and let A’ denote the matrix obtained from H » by deleting the diagonal. It is
easily seen that /%, is a non-negative definite matrix, so that A'(H%) = 0 for all » = 1. Define

1 -
we, = ——log AL(H?), r=1. (7.35)
’ S

The next corollary shows that, for all s>0, u; , provides an asymptotic estimator of the
eigenvalue u, of the operator L for all » = 1.

Corollary 7.6. Suppose that Y(f)<+oco for all t>0. Then, for all s>0, the finite
dimensional distributions of the sequence of random vectors

{(n' P, — ) s r= D)0
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converge weakly to the corresponding finite-dimensional distributions of the random vector
st ANT,), where T, is the matrix (Gp(@i)) : i, j € Ay) and A, is the set of indices
corresponding to the /'th largest eigenvalue of H.

Proof. Take v = 0, for some s>0, so that @(u) =e** and h = h;. Theorem 7.4 then
implies that the sequence

{n' PG — e )},
converges weakly to @e T, . Since

1 -
Hr = =~ log(A, ()

! 2 (H}) — e/“>
= Hr = log(l +T

/11 ) — e—Str /‘Ll ) — =Sk
_Sfl r( n) € +O( r( n) € >,

e HrS e—Sir

frd /’tl‘
the result follows. (|

It can also be proved as a consequence of Theorem 7.2 that, if in addition to the
hypotheses of the previous corollary, /,s(x, x) is uniformly bounded for some s>0 and
condition (7.17) holds for some a >0, then, for all ¢>0,

Esupe *(u},, — u,)* = O(n~ ™). (7.36)
r=1
The eigenvalues of L can also be estimated by the eigenvalues of random matrices
associated with Green functions as kernels. This is more difficult to justify from our results
because Green functions in general are much less well behaved than heat kernels. Consider
the operator G, :=(L+s[)™* for some s>0 and a>0. It can be represented as
Gos = (L) with
—+00

+00
u et gy = J e “ dv(u),

P) = (4 5)“ = r(oc)*lj0 O

where
dv(u) :=T(a) 'u* e du.

Assuming that

o] +00 p+oo
Z(s + )2 = J J T(u + v)u®* 'v* e ™) dy dv < +o0,
o Jo

r=1

the operator G, is Hilbert—Schmidt with kernel
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ga,s(xs y) = erﬁbr(x)gbr(y)a
r=1

where A, := (s + #,)™%; gus is a Green function of L. Setting
s _ <ga,s(Xl-, X,—))”

n
n i,j=1

and letting G%* denote the matrix obtained from Gﬁ’s by deleting the diagonal, we have the
following consequence of Theorem 7.2:

Corollary 7.7. If, for some p>0 and a <2a, conditions (7.16) and (7.17) hold, then
ESY(A(G3*), MGay) = O(n~ G- /Gamao),

It is not difficult to also extract a CLT for A(G%*°) from the above results.
We now apply these corollaries to some specific examples of differential operators.

Strictly elliptic operators on bounded regions

We take S to be a bounded open connected subset of R? and let P be the uniform distribution
on S. Consider the operator

) d
L:= ,Jz:‘] ox, {a,j(x)axj}
with Dirichlet boundary condition, where the functions x — a(x) := (al-]-(x))‘ii’ j—1 are locally
integrable in S with values in the set of non-negative real symmetric matrices and satisfy
a < a(x) < A for some constants @ >0 and 4 <oo and for all x € § (see, for example,
Davies, 1989, p. 10). Then (see Davies 1989, Corollary 3.2.8) the semigroup e~ *, ¢ >0, has
a kernel %,, which satisfies the bound

0 < hi(x, y) < Ct= P exp{—(x — )’ /4(1 + 6) 41}

for all t>0, x, ye S, d € (0, 1), and a constant C = C(5, a) <oo. It follows from this
bound that y(¢) = fghf(x, x)dP(x) <+4oo for all £>0. Therefore, Corollary 7.6 applies,
thus concluding that the finite-dimensional distributions of the sequence

{2, — ) 7= DY,
converge weakly to the corresponding finite-dimensional distributions of the random vector
s~tex  ANT,) for all s> 0.
Moreover (Davies 1989, Theorem 3.3.4),

J h(x; x)dx =< sup h(x; x) =< ¢ 9? (7.37)
G xeG

as t — 0, so that condition (7.16) holds with p = d. If v is a finite measure on [0, o), (7.37)
yields
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4 00 (00 u+v —-d/2 4
y(t) < Ct 1+ ; dv(u)dv(v) =< Ct™ ¢,
0 Jo

and, as a consequence, condition (7.17) holds with @ = d/2. Thus Corollary 7.7, for a > d /4
and any s> 0, gives

EOS(AUGES), M(Gyy)) = O(n~ 4D/ (atdyy (7.38)

The case of Neumann boundary condition can be treated in a similar way.

The Laplace—Beltrami operator on a compact Riemannian manifold

We let S = M be a compact d-dimensional Rimmannian manifold and let P be the uniform
distribution on M. Let A be the Laplace—Beltrami operator (defined on the space C*°(M) of
all infinitely differentiable functions on M) and let L be the closure — more precisely, form
closure, using the terminology of Davies (1989) — of —A. Then e % is a positivity-
preserving contraction semigroup of L,(M) which has a strictly positive C* kernel (heat
kernel) (¢, x, y) — h,(x, y) on (0, co) X M X M, so that

e ") = Lh:(x, WS AP(y),  f € La(M)

(Davies 1989, Theorem 5.2.1). Since, M being compact, %, is bounded for each ¢, the
operator e~ is Hilbert—Schmidt and the heat kernel can be represented as

e}

hi(x, ) =Y e ()P (),

r=1

where 0<p; < pup < ... and {¢,, r = 1} is an orthonormal system in L,(M). Again by
boundedness, y(f) = jh%(x, x)P(dx) <+oo for all >0, and Corollary 7.6 gives the weak
convergence of the finite-dimensional distributions of the sequence

{(n" s, — ) r =D,

for all s> 0. Estimates similar to (7.38) can also be obtained, using the bounds on the heat
kernel of Laplace—Beltrami operators, in Davies (1989, Chapter 5).

Schrédinger operators

We now assume that L := —A + ¥ on L,(RY). Suppose the potential ¥ is continuous and
V(x) — 400 as |x| = co. Let ¢ be the eigenfunction of L corresponding to the minimal
eigenvalue E (the so-called ‘ground state’ which, under the above conditions on V', exists and
is a strictly positive C?> function). Suppose, in addition, that, for some constants a; > 2,
2<ay<2a;—2and ¢; >0, ¢ >0, c3>0, ¢4 >0, V satisfies the inequalities

x| — < VX —E<cl|x|+c

for all x € RY.
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Then (Davies 1989, Theorem 4.5.4) the kernel /, of the semigroup e/, >0, satisfies
the bound
0 =< hi(x, y) < brexp{=bat " }p(X)p(),

for all x, y. Moreover, under the above condition on the potential ¥, there exists ¢ >0 such
that |p(x)| = O(e ) (see, for example, Simon 1982, Theorem C.3.4). It follows that
h(x, x) = O(e ). Let p be a continuous density on R? such that p(x)>0 for all x and
p(x) = c|x|™? for some v >0 and ¢ >0, and all x of large enough norm, and let P be the
Borel measure with density p. Define

Et(xa J/)
PPy
Then we have /,(x, x) = O(e®/?|x|), which implies
K(x, x)

p(x)

for all #>0. Therefore, Corollary 7.6 gives weak convergence of the finite-dimensional
distributions of the sequence

ht(xa y) =

J R (x, x) dP(x) = J dx <+
Rd R{I

{(n' P, — ) :r= D1
for all s >0.
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