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We consider a particle of mass 1=â submitted to the action of an harmonic oscillator. If we add a

white-noise external force, it is well known that the trajectories of the particle, for â tending to

in®nity, converge to an Ornstein±Uhlenbeck process. Using the number of crossings of the particle

with a ®xed level u, we construct a consistent estimator of the Ornstein±Uhlenbeck local time, giving

an estimate of the speed of this convergence.
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1. Introduction

Wang and Uhlenbeck (1945) study the equation of the harmonic oscillator driven by white

noise dWt:

x 0(t)� âx9(t)� è2x(t) � ã dWt: (1:1)

If the initial conditions are suitably chosen, this equation has a stationary Gaussian solution

with spectral density given by

f (ë) � ã2

2ð[(ë2 ÿ è2)2 � â2ë2]
:

From this formula it is trivial to show that the variance of the process, ë0, and its second

spectral moment, ë2, are

ë0 � ã2

2âè2
and ë2 � ã2

2â
:

Denoting by N x
t (u) the number of crossings of process x with level u up to time t, i.e.

N x
t (u) � #f0 < s < t : xs � ug,

we obtain, using Rice's formula of order 1 (see Rice 1945) that:

EN x
t (u) � t

ð
è exp ÿ u2

2ë0

� �
(1:2)
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Thus the expectation of the number of zeros does not depend on â and this random variable

provides an unbiased estimator for frequency è.

Another physical model equivalent to the harmonic oscillator is the RLC (where R

denotes a resistance, L an inductance and C a condenser) circuit considered by Rice (see

Rice 1945). The equation in this case is

LI 0(t)� RI 9(t)� 1

C
I(t) � ã dWt,

where the `frequency' is è2 � 1=CL and â � R=L. In his seminal paper, in which he proved

formula (1.2), Rice (1945, p. 57) wrote:

There are experiments which indicate the possibility of the formulas [(1.2)] breaking down in some

cases. Prof. Uhlenbeck has pointed out that if a very broad band ¯uctuation current be forced to ¯ow

through a circuit consisting of a condenser, C, in parallel with a series combination of inductance L,

and resistance, R, equation [(1.2)] says that the expected number of zeros per second of the current,

I, ¯owing through R (and L) is independent of R. . . . Curves are available for this motion and it

seems that their character depends greatly upon the pressure. Unfortunately, it is dif®cult to tell from

the curves whether the expected number of zeros is independent of the pressure.

Nelson (1968, p. 65) found that if the parameters of the equation satisfy certain

restrictions, then the asymptotic behaviour (for â going to in®nity) of the solution can be

determined. Using the law of the equipartition of energy, he obtained

ã2 � â2 D

(here we take D � 1). On the other hand, he imposed

lim
â!1

è2

â
� const:

(we will take è2 :� âù2). Under these conditions equation (1.1) becomes

x 0(t)� âx9(t)� âù2(t) � â dWt: (1:3)

We will denote by x(t, â) its stationary solution. Denoting by f (ë, â) its spectral density, we have

f (ë, â) � â2

2ðj ÿ ë2 � iâë� âù2j2 :

Therefore,

lim
â!1

f (ë, â) � 1

2ð(ë2 � ù4)
� g(ë):

The function g(ë) is the spectral density of the stationary solution of the Ornstein±Uhlenbeck

equation

dPs � ù2 Ps � dWs: (1:4)

According to this, Nelson (1968) gave a rigorous proof that

lim
â!1

x(t, â) � Pt a:s: (1:5)
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uniformly over compact intervals (see Nelson's Theorem 10.1). Therefore, the solution of

equation (1.3) provides an estimate of the Ornstein±Uhlenbeck process which has been called

the Smoluchowski approximation (see Karatzas and Shreve 1991, p. 362). For other classical

estimates of the Ornstein±Uhlenbeck process and an excellent account of its origin, we refer

the reader to Jacobsen (1996).

Using Rice's formula for the process x(t, â), we obtain

EfN
x(:,â)
t (u)g � t

ð

���
â

p
ù exp(ÿu2ù2): (1:6)

The process Pt crosses all levels in®nitely many times. Moreover, it has a bicontinuous

local time LP
t (u), for almost every path (see Berman 1969; Revuz and Yor 1991, Chapter

VI), de®ned as

LP
t (u) � lim

å!0

jfs < t : jPs ÿ uj, 2ågj
2å

:

A simple computation gives

EfLP
t (u)g � t

ù���
ð
p exp(ÿu2ù2):

Hence we obtain

ð

â

� �1=2

EfN
x(:,â)
t (u)g � EfLP

t (u)g: (1:7)

It is natural to conjecture that

lim
â!1

ð

â

� �1=2

N
x(:,â)
t (u) � LP

t (u) in L2(Ù):

In Theorem 1 we will prove this result. In Theorem 2 we give an estimate of the speed of this

convergence. More precisely, let f be a smooth real function: we will show in Theorem 2 that

there is a Brownian motion B independent of W and a positive constant ó such that���
â

p �1
ÿ1

f (u)
ð

â

� �1=2

N
x(:,â)
t (u)ÿ LP

t (u)

 !
du! ó

� t

0

f (Ps) dBs

weakly when â goes to in®nity.

There are some related results in the literature. Indeed, several papers study the second-

order approximation to the Brownian local times. Borodin (1989) provides more exhaustive

information concerning this kind of problem.

The regularization of an irregular process P by convolution with an approximated

identity has been succesfully used for the estimation of the local time of P. If P is the

Brownian motion (see Wschebor 1985), a stationary Gaussian process (see AzaõÈs and

Florens 1987) or a diffusion process (see AzaõÈs (1989), then the number of crossings of the

regularized processes (suitably normalized) converges to the local time of P as in our

Theorem 1. In that context we can also ®nd some results analogous to our Theorem 2 (see

Berzin et al. 1998). However, there are some substantial technical differences between that
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context and ours, mostly related to the fact that in our case the approximating process

x(:, â) corresponds to the convolution of P with a non-compactly supported kernel.

2. Notation and L2(Ù)-convergence

Let us de®ne P
â
t � x(t, â) and V

â
t � x9(t, â). The equation for the harmonic oscillator (1.1)

is equivalent to the following system:

dP
â
t � V

â
t dt, P

â
0 � p0,

dV
â
t � ÿâV

â
t dt ÿ âù2 P

â
t dt � â dWt, V

â
0 � v0:

For the sake of simplicity, we will choose as initial conditions p0, v0 independent, centred

and Gaussian random variables with variances to be made precise later on. Let us ®rst ®x

some notation:

X
â
t �

���
2
p

ùP
â
t , Y

â
t �

���
2

â

s
V

â
t �

_X â
t���������

âù2
p :

We will choose the initial conditions (X0, Y0) to be a standard Gaussian vector,

independent of W . With that choice it is easy to see that (X
â
t , Y

â
t ) is a stationary Gaussian

process.

Remark. It is easy to see that N X â

t (u) � N P â

t (u=
���
2
p

ù), LX
t (u) � (1=

���
2
p

ù)LP
t (u=

���
2
p

ù).

Therefore, there is a difference of a factor
���
2
p

ù in the normalization of the results to be

presented in this section with respect to their statement in Section 1.

Given a standard Brownian motion M , we will denote by U M (a) the Ornstein±

Uhlenbeck process of parameter a generated by M, i.e.

U M
t (a) � exp(ÿat )

� t

0

exp(as) dMs:

De®ne

Xt � exp(ÿù2 t)X0 �
��������
2ù2
p

U W
t (ù2):

With this new notation, Nelson's theorem states that:

X
â
t (t)! X t a:s:

uniformly over compact intervals.

Using well-known results for Gaussian processes (see Wschebor 1985, p 14) it follows

that, for each level u, Pf9s 2 [0, t] : X â
s � u, _X â

s � 0g � 0, and therefore N X â

t (u) is a.s.

®nite.

On the other hand, we will denote by LX
t (u) the local time of X at level u (up to time t);

it can be taken as an a.s. continuous function of (t, u).
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Useful representations of both N X â

t (u) and LX
t (u) are given by the Banach±Kac formulae

(see Nualart and Wschebor 1991, Lemma 1.1):

N X â

t (u) � lim
ä!0�

1

2ä

� t

0

1(uÿä,u�ä)(X â
s )j _X â

s j ds,

LX
t (u) � lim

ä!0�

1

2ä

� t

0

1(uÿä,u�ä)(X s) ds:

A ®nal remark on notation: we will say that a sequence of random processes converges

f.d. if their ®nite-dimensional distributions converge.

Theorem 1. For each level u, we have

lim
â!1

�����������
ð

2âw2

r
N X â

t (u) � LX
t (u) (in L2(Ù)):

Proof. Applying Rice's formula (see Wschebor 1985, p. 43), we obtain

E

�����������
ð

2âw2

r
N X â

t (u)

( )
� EfLX

t (u)g:

Therefore, it is enough to see that

lim
â!1

ð

2âw2
EfN X â

t (u)[N X â

t (u)ÿ 1]g � Ef[LX
t (u)]2g, (2:1)

lim
â!1

�����������
ð

2âw2

r
EfN X â

t (u)LX
t (u)g � Ef[LX

t (u)]2g: (2:2)

The proof of (2.1) is obtained as follows. Using Rice's second-order formula (see

Wschebor 1985, p. 61), we obtain

ð

2âw2
EfN X â

t (u)[N X â

t (u)ÿ 1]g �
� t

0

Øâ(s) ds,

for

Øâ(s) �
(t ÿ s) exp ÿ u2

1� râ(s)

 !
4âw2

������������������������
1ÿ (râ(s))2

p E

����îâ
s ÿ

u _râ(s)

1� râ(s)

���� ����æâs � u _râ(s)

1� râ(s)

����
( )

, (2:3)

where (îâ
s , æâs ) is a centred Gaussian vector with

var(îâ
s ) � var(æâs ) � ÿ�râ(0)ÿ _râ(s)

[1ÿ (râ(s))2]
(2:4)

and
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cov(îâ
s , æâs ) � ÿ�râ(s)ÿ râ(s) _râ(s)

[1ÿ (râ(s))2]
,

and râ stands for the correlation of X â.

It is easy to check that

râ(s) � eë
â
1

s

ëâ1
ÿ eë

â
2

s

ëâ2

( )
(ëâ2 ÿ ëâ1)

âÿ 4w2
w2,

_râ(s) � feëâ1 s ÿ eë
â
2

sg (ëâ2 ÿ ëâ1)

âÿ 4w
w2,

�râ(s) � fëâ1eë
â
1

s ÿ ëâ2eë
â
2

sg (ëâ2 ÿ ëâ1)

âÿ 4w2
w2,

where ëâi , i � 1, 2, are the eigenvalues of (1.1), i.e.

ëâ1 �
ÿâÿ

�����������������������
â(âÿ 4ù2)

p
2

ëâ2 �
ÿâ�

�����������������������
â(âÿ 4ù2)

p
2

:

Denoting by r(s) � eÿw2 s the correlation function of X , it follows that, for all s > 0,

lim
â!1

râ(s) � r(s), lim
â!1

_râ(s) � _r(s),

and that the Gaussian vector

1

ù
���
â

p îâ
s ÿ

u _râ(s)

1� râ(s)
, æâs ÿ

u _râ(s)

1� râ(s)

 !
converges in law to a standard Gaussian vector in R2, (î, æ). This implies in turn that

lim
â!1

1

4âù2
E

����îâ
s ÿ

u _râ(s)

1� râ(s)

���� ����æâs � u _râ(s)

1� râ(s)

����
( )

� 1

4
E(jîkæj) � E(jîj)2

4
� 1

2ð

and, de®ning

Ø(s) �
(t ÿ s) exp

ÿu2

1� r(s)

 !
2ð

�������������������
1ÿ r(s)2

p ,

it follows that, for each s . 0, Øâ(s) converges to Ø(s) as â goes to in®nity. On the other

hand, it is very easy to see that Ef[LX
t (u)]2g � � t

0
Ø(s) ds. As is well known, if

0 < Øâ(s) < çâ(s), 8s . 0; lim
â!1

çâ(s) � ç(s), 8s . 0; çâ, ç 2 L1((0, t]);

362 J.R. LeoÂn and G. Perera



lim
â!1

� t

0

çâ(s) ds �
� t

0

ç(s) ds; lim
â!1

Øâ(s) � Ø(s) 8s . 0,

then

lim
â!1

� t

0

Øâ(s) ds �
� t

0

Ø(s) ds

Therefore, to prove (2.1), it suf®cies to ®nd çâ, ç as above.

But, using Cauchy±Schwarz and (2.3), we have

0 < Øâ(s) <

(t ÿ s) exp
ÿu2

1� râ(s)

 !
4âw2

������������������������
1ÿ (râ(s))2

p var(îâs )� u2( _râ(s))2

(1� râ(s))2

" #
(2:5)

Elementary computation shows that Øâ(s) < ôâ(s)� vâ(s), with

ôâ(s) � K2

1� râ(s)�������������������
1ÿ râ(s)

p ÿ ( _râ(s))2

[1ÿ râ(s)]3=2âw2

( )
, vâ(s) � K3( _râ(s))2

â
�������������������
1ÿ râ(s)

p :

Take çâ � ôâ � vâ and de®ne ô(s) � (1� r(s))=
�����������������
1ÿ p(s)
p

, since r(s) � eÿw2 s; some

elementary calculus (where we use the equality �râ � ÿâ(w2râ � _râ)) shows that

lim
âÿ1

ôâ � ô a:e:, ôâ, ô integrable; lim
â!1

� t

0

ôâ(s) ds �
� t

0

ô(s) ds

and

lim
â!1

vâ � 0 a:e:, vâ integrable; lim
â!1

� t

0

vâ(s) ds � 0,

and (2.1) follows.

In order to prove (2.2), it is easy to see, from the Banach-Kac formulae, that�����������
ð

2âù2

r
EfN X â

t (u)LX
t (u)g �

� t

0

ìâ(s) ds,

where ìâ(s) � ��������������������
(ð=2âù2)

p
Efj _X â

s j=X â
s � X s � ug; limâ!1 ìâ(s) � ø(s), for all s . 0, and

hence, by Fatou's lemma, Ef(LX
t (u))2g < lim infâ!1

��������������������
(ð=2âù2)

p
EfN X â

t (u)LX
t (u)g. The

opposite inequality is obtained from the Cauchy±Schwarz inequality and (2.1). h

3. Weak convergence results

We will begin with two elementary remarks that play an essential role in the proof of

Theorem 2.

First, let M be a standard Brownian motion and U M (a) the Ornstein±Uhlenbeck process of

parameter a generated by M. Consider Z M (a), a stationary Ornstein±Uhlenbeck process

of parameter a generated by M, de®ned by
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Z M
t (a) � exp(ÿat)Z0 �

�����
2a
p

U M
t (a),

where Z0 is any N (0, 1) random variable independent of M . A straightforward computation

shows that

Mt(a) � Z M
t (a)ÿ Z0�����

2a
p �

���
a

2

r � t

0

Z M
s (a) ds:

we will refer to this equation as the OU inversion formula.

The second remark is a formula that enables us to integrate a function with respect to the

number of crossings. Let I be a bounded interval, g a C1(I) function, f continuous and

bounded in R, and denote by N
g
I (u) the number of roots of the equation g(t) � u, t 2 I .

Then �1
ÿ1

f (u)N
g
I (u) du �

�
I

f (g(t))jg9(t)j dt

(see Nualart and Wschebor (1991, p. 88).

De®ne

V (â) �
���
â

p �1
ÿ1

f (u)

�����������
ð

2âù2

r
N

X (â)
t (u)ÿ LX

t (u)

 !
du:

By using the previous formula, we get the decomposition

V (â) �
���
â

p � t

0

f (X â
s )g(Y â

s ) ds�
���
â

p � t

0

[ f (X â
s )ÿ f (X s)] ds :� J (â)� R(â), (3:1)

where

J (â) �
���
â

p � t

0

f (X â
s )g(Y â

s ) ds, R(â) �
���
â

p � t

0

[ f (X â
s )ÿ f (X s)] ds

and

g(x) �
���
ð

2

r
jxj ÿ 1:

We will show below that R(â)! 0 in L2(Ù) when â goes to in®nity. Hence, to obtain the

asymptotic distribution of V (â), it is enough to consider only J (â).

We must ®rst study the limit of var(J (â)), but since E(J (â)) � 0, we obtain

lim
â!1

var(J (â)) � lim
â!1

E
���
â

p � t

0

f (X â
s )g(Y â

s ) ds

� �2

;

we will study this limit for a more general function g.

We will use some basic properties of Gaussian chaos: de®ne the Hermite polynomials

(Hn : n 2 N) by
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exp txÿ t2

2

� �
�
X1
n�0

Hn(x)
t n

n!
:

These polynomials form an orthogonal system for the standard Gaussian measure ì.

Therefore, if h 2 L2(ì) we will expand h(x) �P1n�0 ĥn Hn(x) and we have khk2
L2( ì) �P1

n�0 ĥ2
n n!.

Mehler's formula states that if (X , Y ) is a Gaussian random vector having correlation r,

and if h, k 2 L2(ì), then

E[h(X )k(Y )] �
X1
n�0

ĥn k̂n n!rn:

We will ®rst state an auxiliary result.

Lemma 1. For any s . 0, we have (X 0, Y0, X
â
s=â, Y

â
s=â)!L (X 0, Y0, X0, Ys), and the limit is a

Gaussian vector with E(X0Ys) � 0, E(Y0Ys) � eÿs.

Proof. Observe that (X 0, Y0, X
â
s=â, Y

â
s=â) is a Gaussian vector, and compute covariances

using the fact that, for 0 < u < s,

E(X â
u X â

s ) � râ(sÿ u), E(X â
uY â

s ) � _râ(sÿ u), E(Y â
u X â

s ) � ÿ _râ(sÿ u), E(Y â
uY â

s ) � ÿ�râ(sÿ u):

h

We shall now compute the asymptotic variance.

Proposition 1. Let h : R! R be a continuous even function such that E[h(î)2] ,�1, where

î is a standard Gaussian variable. Then

lim
â!1

E
���
â

p � t

0

f (X â
s )h(Y â

s ) ds

� �2

� ó 2 tE[ f 2(X0)],

where ó 2 � 2
�1

0
Efh(Y0)h(Ys)g ds and Y is a stationary Ornstein±Uhlenbeck process of

parameter 1.

Proof. Using the fact that (X â
s , Y â

s ) is stationary and that if j is an even real function, then� t

0

� t

0
j(uÿ s) du ds � 2

� t

0
(t ÿ s)j(s) ds, we obtain

E
���
â

p � t

0

f (X â
s )h(Y â

s ) ds

� �2

� 2â

� t

0

(t ÿ s)Ef f (X0) f (X â
s )h(Y0)h(Y â

s )g ds :� K(â):

We can split our domain of integration into [0, M=â] and [M=â, t], obtaining
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K(â) � 2â

�M=â

0

(t ÿ s)Ef f (X 0) f (X â
s )h(Y0)h(Y â

s )g ds

� 2â

� t

M=â
(t ÿ s)Ef f (X0) f (X fâs )h(Y0)h(Y â

s )g ds

:� K1(â)� K2(â):

Taken u=â � s in K1(â), we obtain

K1(â) � 2

�M

0

t ÿ s

â

� �
Ef f (X 0)h(Y0) f (X

â
s=â)h(Y

â
s=â)g ds:

But

jEf f (X 0)h(Y0) f (X â
s )h(Y â

s )gj < (Ef f 2(X 0)h2(Y0)g)1=2(Ef f 2(X â
s )h2(Y â

s )g)1=2

� E( f 2(X 0))E(h2(Y0)) < C:

Since the integrand is bounded, we can apply Lemma 1 and the dominated convergence

theorem to obtain

lim
â!1

K1(â) � 2tEf f 2(X 0)g
�M

0

Efh(Y0)h(Ys)g ds: (3:2)

Given å. 0, we will choose M in such a way that

C�eÿM , å, (3:3)

where C� � Ef f 2(X0)gP1l�1 ĥ(2l )2(2l )! (observe that since h is even, ĥ(2l � 1) � 0 8l ).

Thus, by Mehler's formula, we have

jEf f 2(X0)g
�1

M

Efh(Y0)h(Ys) dsj < Ef f 2(X0)g
�1

M

X1
l�1

ĥ2
2 l(2l )!(EfY0Ysg)2 l ds

< Ef f 2(X0)g
X1
l�1

ĥ2
2 l(2l )!eÿM � C�eÿM , å:

For K2(â), we apply Lemma 2 (see the Appendix) and obtain

lim
M!1

lim sup
â!1

jK2(â)j � 0 (3:4)

From (3.2), (3.3) and (3.4) we obtain

lim sup
â!1

����â� t

0

Ef f (X0)h(Y0) f (X â
s )h(Y â

sg dsÿ 2tEf f (X 0)2g
�1

0

Efh(Y0)h(Ys)g ds

���� < å:

Since å. 0 is arbitrary, the proposition follows. h

We turn now to the main result of this section.
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Theorem 2. If f is a real function with bounded and continuous second derivative, then

lim
â!1

���
â

p �1
ÿ1

f (u)

�����������
ð

2âù2

r
N X â

t (u)ÿ LX
t (u)

( )
du � ó

� t

0

f (Xs) dBs,

where B is a standard Brownian motion independent of W, ó 2 � 2
�1

0
Efg(Y0)g(Yu)g du with

g(x) � �����������
(ð=2)

p jxj ÿ 1, and Y a stationary Ornstein±Uhlenbeck process of parameter 1.

Proof. We will divide the proof into several steps:

Step 1. limâ!1 R(â) � 0 (in L2), where R(â) � ���
â

p � t

0
[ f (X â

s )ÿ f (Xs)] ds.

Step 2. limâ!1 EfJ (â)2g � ó 2 tEf f 2(X0)g, where J (â) � ���
â

p � t

0
f (X â

s )g(Y â
s ) ds.

Step 3. There is a stationary Ornstein±Uhlenbeck process of parameter 1, Zâ, such that:

lim
â!1

���
â

p � t

0

g(Y â
s )ÿ g Z

â

ÿëâ
1

s

� �
ds

n o
� 0 8t (in L2(Ù)):

Step 4. The random process C(â) y, t � (Wy,
���
â

p � t

0
g(Z

â

ÿëâ
1

s
) ds) converges weakly to

(Wy, ó Bt) (as a continuous process in y, f.d. with respect to t) when â goes to in®nity.

Step 5. If

V (â) �
���
â

p � t

0

f (X â
s )g(Y â

s ) ds

and

Vn(â) �
���
â

p X[nt]

n�1

f X
â
iÿ1

n

� �� i
n

iÿ1
n

g(Y â
s ) ds,

then

lim sup
n!1

lim sup
â!1

kV (â)ÿ Vn(â)k2
2 � 0:

Assume that all these steps have been proved. Then, by step 4 and the fact that X â

converges a.s. uniformly over compact intervals to X , we deduce that, for ®xed n, when

â!1, Vn(â) converges in distribution to Vn, where

Vn � ó
X[nt]

i�1

f X iÿ1
n

ÿ �
Bi

n
ÿ Biÿ1

n

ÿ �
:

A straightforward computation shows that, when n goes to in®nity, Vn converges in

distribution to ó
� t

0
f (X s) dBs. Then, step 5 implies in turn that V (â) converges in

distribution, for â tending to in®nity, to ó
� t

0
f (Xs) dBs. Therefore, by decomposition (3.1)

and step 1, the theorem is proved.

We have seen that it suf®ces to show steps 1 to 5. We will present now their proofs.

Proof of step 1. By Taylor's formula, we have
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���
â

p
( f (X â

s ÿ f (X s)) � f 9(Xs)
���
â

p
(X â

s ÿ Xs)� f 0(îs(â))

2

[
���
â

p
(X â

s ÿ X s))]
2���

â
p ;

then

EfR2(â)g< 2 E

� t

0

f 9(X s)
���
â

p
(X â

s ÿ Xs)ds

� �2
" #( )

�2
1

â
E

� t

0

f 0(îs(â))

2

���
â

p
(X â

s ÿ Xs)
2 ds

� �2
( )

:

Using Jensen's inequality and the fact that f 0 is bounded, we obtain that the second term

is O(1=â).

For the ®rst, we have

E

� t

0

f 9(Xs)
���
â

p
(X â

s ÿ X s) ds

� �2
( )

�
� t

0

� t

0

Ef f 9(X s) f 9(X r)
���
â

p
(X â

s ÿ Xs)
���
â

p
(X â

r ÿ Xr) ds drg

:�
� t

0

� t

0

ìâ(s, r) ds dr:

By HoÈlder jìâ(s, r)j < (E( f 9(X0)4)vâ
s vâ

rE(î4))1=2, where vâ
s � 2â(1ÿ E(X â

s Xs)) and î is

standard Gaussian; a direct computation shows that vâ
s ! ù2 � ù2eÿ2ù2 s when â!1,

uniformly in s. Indeed, it is easy to show that

vâ
s � exp(ÿù2s)

ÿëâ2 exp(ëâ1 s)� ëâ1 exp(ëâ2 s)

ëâ1 ÿ ëâ2

� 2ù2â

ëâ1 ÿ ëâ2

1ÿ exp((ëâ1 ÿ ù2)s)

ù2 ÿ ëâ1
� 1ÿ exp((ëâ2 ÿ ù2)s)

ù2 ÿ ëâ2

 !
:

This can be obtained as follows: ®rst, use

X s � exp(ÿù2s)X0 �
��������
2ù2
p

U W
s (ù2);

second, using the equation of the harmonic oscillator and elementary computations, compute

the deterministic functions Aâ
s , Bâ

s , Câ
s such that

X â
s � Aâ

s X0 � Bâ
s Y0 � Câ

s (U W
s (ÿëâ1)ÿ U W

s (ÿëâ2))

and obtain the result by using the independence of X0, Y0, W and the fact that

E(U W
s (a)U W

s (b)) � 1ÿ exp(ÿ(a� b)s)

a� b
:

Hence

jìâ(s, r)j < C:

On the other hand, the vector

W â(s, r) :� (X s, X r,
���
â

p
(X â

s ÿ X s),
���
â

p
(X â

r ÿ X r))
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tends weakly to the Gaussian vector (X s, X r, Ds, Dr). It follows that, when â!1,

ìâ(s, r)! ì(s, r) � E( f 9(Xs) f 9(Xr)Ds Dr):

Using dominated convergence, we obtain, when â!1,� t

0

� t

0

ìâ(s, r) ds dr!
� t

0

� t

0

ì(s, r) ds dr:

It is easy to show that

lim
â!1

EfX l

���
â

p
(X â

s ÿ X s)g � 0, 8l, s 2 [0, t],

so that

lim
â!1

Ef
���
â

p
(X â

s ÿ X s)
���
â

p
(X â

r ÿ X r)g � 0, 8s 6� r 2 [0, t]:

Hence
� t

0

� t

0
ì(s, r) ds dr � 0 and step 1 follows.

Proof of step 2. Proposition 1 applied to the function g gives, when â!1,

EfJ (â)2g ! ó 2 tEf f 2(X 0)g,
where ó 2 � 2

� t

0
Efg(Y0)g(Yu)g du.

Proof of step 3. Straightforward computations show that the following explicit representation

holds:

Y â
s �

������
2â

p
(ëâ2 ÿ ëâ1)

ëâ2 U W
s (ÿëâ2)� ù���

2
p [exp(ëâ1 s)ÿ exp(ëâ2 s)]X 0

� �

�
������
2â

p
(ëâ2 ÿ ëâ1)

[ÿëâ1 U W
s (ÿëâ1)]� [ëâ2 exp(ëâ2 s)ÿ ëâ1 exp(ëâ1 s)]

[ëâ2 ÿ ëâ1]
Y0:

De®ne a new Brownian motion W â by

W
â
t �

���������
ÿëâ1

q
W t

ÿëâ
1

� �
and set

Zâ
s �

�����������
ÿ2ëâ1

q
U W

s

ÿëâ
1

� �(ÿëâ1)� exp(ÿs)Y0 �
���
2
p

U W â

s (1)� exp(ÿs)Y0:

(For the last identity use U M
s (a) � Ms ÿ a exp(ÿas)

� s

0
exp(au)Mu du). Now observe that:���� ���

â
p � t

0

g(Y â
s ) dsÿ

���
â

p � t

0

g
ëâ2 ÿ ëâ1

â

" #
Y â

s

 !
ds

���� < jëâ2 j
������
2ð

â

s � t

0

jY â
s j ds:

But, using Jensen's inequality, when â!1,
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E
1���
â

p � t

0

jY â
s j ds

 !2

<
t

â

� t

0

E(Y â
s )2 � t2

â
! 0:

Then it will suf®ce to show that

���
â

p � t

0

g
[ëâ2 ÿ ëâ1]

â
Y â

s

 !
ÿ g Z

â

ÿëâ
1

s

� � !
ds! 0 (in L2(Ù))

to obtain the step.

Let us de®ne

Tâ
s �

��������������
2(ÿëâ2)

q
U W

s

ÿëâ
2

� �(ÿëâ2)� exp(ÿs)X 0:

Hence we can write

ëâ2 ÿ ëâ1
â

" #
Y â

s �
1���
â

p ÿ
���������
ÿëâ2

q
T
â

ÿëâ
2

s
� Z

â

ÿëâ
1

s

���������
ÿëâ1

q� �
�

���������
ÿëâ2

q
ÿ ù���
â

p eë
â
2

s X 0

� X 0

ùeë
â
1

s���
â

p � Y0

1���
â

p ÿ
���������
ÿëâ1

q
ÿ ëâ1���

â
p !

eë
â
1

s � Y0

ëâ2eë
â
2

s

â

:� ~Y â
s � Aâ(s)� Bâ(s)� Câ(s)� Dâ(s),

where

Aâ(s) �
���������
ÿëâ2

q
ÿ ù���
â

p eë
â
2

s X 0, Bâ(s) � X 0

ùeë
â
1

s���
â

p ,

Câ(s) � Y0

1���
â

p ÿ
���������
ÿëâ1

q
ÿ ëâ1���

â
p !

eë
â
1

s, Dâ(s) � Y0

ëâ2eë
â
2

s

â
:

Thus,

���
â

p ����� t

0

g
[ëâ2 ÿ ëâ1)

â
Y â

s

 !
ÿ g( ~Y â

s )

 !
ds

���� <

���
ð

2

r ���
â

p � t

0

jAâ(s)j ds�
���
â

p � t

0

jBâ(s)j ds�
���
â

p � t

0

jCâ(s)j ds�
���
â

p � t

0

jDâ(s)j ds

� �
;

therefore it suf®ces to prove that

(i)
���
â

p � t

0
g( ~Y â

s )ÿ g Z
â

ÿëâ
1

s

� �� �
ds! 0,

(ii)
���
â

p � t

0
jAâ(s)j ds! 0,

���
â

p � t

0
jBâ(s)j ds! 0,���

â
p � t

0
jCâ(s)j ds! 0,

���
â

p � t

0
jDâ(s)j ds! 0 (in L2(Ù)).
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(ii) is an easy consequence of the de®nition of the terms. To prove (i), observe that

Zâ
s �

���
2
p

U W â

s (1)� exp(ÿs)Y0

and

Tâ
s �

���
2
p

U
~W â

s (1)� exp(ÿs)X 0

are stationary Ornstein±Uhlenbeck processes of parameter 1, the former associated with

W
â
t �

���������
ÿëâ1

q
W

( t=ÿëâ
1
)

and the latter associated with ~W â
t �

���������
ÿëâ2

q
W

( t=ÿëâ
2
)
.

We also have

E Z
â

ÿëâs

1

T
â

ÿëâ
2
(s�h)

� �
� 2

â
eë

â
2

h(expf(â(h ^ 0)g ÿ expfÿâsg):

Finally, it is obvious that:

ëâ1 � ÿâ� ù2 � O
1

â

� �
, ëâ2 � ÿù2 � O

1

â

� �
:

An elementary computation shows that Lemma 3 (see the Appendix) applies, which proves

that (i) holds.

Proof of step 4. After a change of variables, we obtain

C(â) y, t � Wy,

���
â

p
ÿëâ1

�ÿëâ
1

t

0

g(Zâ
s ) ds

 !
;

applying the OU inversion formula, we can write W
â
t � (Z

â
t ÿ Y0)� � t

0
Zâ

s ds=
���
2
p

and

hence,

Wt � 1�����������
ÿ2ëâ1

q (Zÿëâ
1

t
ÿ Y0)� 1�����������

ÿ2ëâ1

q �ÿëâ
1

t

0

Zâ
s ds:

The ®rst term in the last expression tends to zero in L2 as â goes to in®nity; therefore,

C(â) y, t has the same asymptotic distribution as

D(â) y, t � 1���������
ÿëâ1

q 1���
2
p
�ÿëâ

1
y

0

Zâ
s ds,

�ÿëâ
1

t

0

g(Zâ
s ) ds

 !
:

But D(â) y, t has the same law as

1���
â

p 1���
2
p
�ÿëâ

1
y

0

Z1
s ds,

�ÿëâ
1

t

0

g(Z1
s) ds

 !
which converges weakly (as a continuous process in y, f.d. in t) to (Wy, ó Bt) because the

process Z1 is geometrically r-mixing (see Doukhan 1994, p. 115) and the step is proved.
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Proof of step 5. Write

kV (â)ÿ Vn(â)k2
2 � EfV (â)2g � EfVn(â)2g ÿ 2EfV (â)Vn(â)g:

The ®rst term on the right-hand side converges to ó 2 tEf f (X 0)2g as a consequence of

proposition 1. For the second term, we have

EfVn(â)2g � â
X[nt]

i�1

X[nt]

j�1

Ef f X
â
iÿ1

n

� �
f X

â
jÿ1
n

� �� i
n

iÿ1
n

g(Y â
s ) ds

� j

n

jÿ1
n

g(Y
â
s9) ds9:

Fix n and t: step 4 implies that

f X
â
iÿ1

n

� �
, f X

â
jÿ1
n

� �
,

���
â

p � i
n

iÿ1
n

g(Y â
s ) ds,

���
â

p � j

n

jÿ1
n

g(Y
â
s9) ds9

 !
converges in law, as â goes to in®nity, to

f X iÿ1
n

ÿ �
, f X jÿ1

n

� �
, ó Bi

n
ÿ Biÿ1

n

ÿ �
, ó B j

n
ÿ B jÿ1

n

� �� �
:

On the other hand, by HoÈlder,

f X
â
iÿ1

n

� �
f X

â
jÿ1
n

� �� i
n

iÿ1
n

g(Y â
s ) ds

� j

n

jÿ1
n

g(Y
â
s9) ds

is bounded in L2(Ù), hence it is uniformly integrable and we conclude that, for â going to

in®nity, EfVn(â)2g converges to

ó 2
X[nt]

i�1

E f 2 X iÿ1
n

ÿ �n o 1

n
� ó 2 tEf f (X0)2g:

Finally, Lemma 4 (see the Appendix) shows that EfV (â)Vn(â)g converges to

ó 2 tEf f (X 0)2g if â and n converge to in®nity (in that order), which concludes the proof.

h

Appendix

Lemma 2. With the notation of Proposition 1, de®ne:

K2(â) :� 2â

� t

M=â
(t ÿ s)Ef f (X 0) f (X â

s )h(Y0)h(Y â
s )g:

Then

lim
M!1

lim sup
â!1

jK2(â)j � 0:

Proof. Let us start by introducing some notation. Write
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æâ �
��������������
1ÿ ù2

â

s
� 1ÿ ù2

2â
:

Then, using the fact that X
â
0 � X 0, Y

â
0 � Y0, we obtain, for all s > 0,

EfX 0 X â
sg � râ(s) � 1

2æâ
(1� æâ)eÿ

â
2
(1ÿæâ)s ÿ (1ÿ æâ)eÿ

â
2
(1�æâ)s

n o
EfX0Y â

sg � râ1(s) � ù���
â

p
æâ

eÿ
â
2
(1�æâ)s ÿ eÿ

â
2
(1ÿæâ)s

� 	
EfY0Y â

sg � râ2(s) � 1

2æâ
(1� æâ)eÿ

â
2
(1�æâ)s ÿ (1ÿ æâ)eÿ

â
2
(1ÿæâ)s

n o
:

We can decompose

X 0 � Z0(â)� A1(â)Y0 � A2(â)Y â
s

X â
s � Z1(â)� B1(â)Y0 � B2(â)Y â

s ,

with (Z0(â), Z1(â)) independent of (Y0, Y â
s ). The coef®cients are given by

A1(â) � ÿr
â
2(s)râ1(s)

1ÿ (râ2(s))2
, A2(â) � râ1(s)

1ÿ (râ2(s))2

B1(â) � ÿA2(â), B2(â) � ÿA1(â);

it is easy to verify that if M . log 2, s . 2M=â, we have

Ai(â) � O(1=
���
â

p
), Bi(â) � O(1=

���
â

p
), i � 1, 2: (A:1)

We also obtain

lim
â!1

���
â

p
A1(â) � 0, lim

â!1

���
â

p
A2(â) � ÿùeÿù

2 s,

lim
â!1

���
â

p
B1(â) � ùeÿù

2 s, lim
â!1

B2(â) � 0:

Thus, we have that

Ef(Z1(â)ÿ X â
s )2g � O

1

â

� �
, Ef(Z0(â)ÿ X0)2g � O

1

â

� �
,

Ef(Z1(â))2g � O(1), Ef(Z0(â))2g � O(1):

Observe that if è0(â) is between X 0 and Z0(â), and è1(â) is between X â
s and Z1(â), then

Ef(è0(â)ÿ X 0)2g � O
1

â

� �
, Ef(è1(â)ÿ X â

s )2g � O
1

â

� �
:

Using the Taylor series

f (X 0) � f (Z0(â))� f 9(Z0(â))(A1(â)Y0 � A2(â)Y â
s )� 1

2
f 0(è0(â))(A1(â)Y0 � A2(â)Y â

s )2
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f (X â
s ) � f (Z1(â))� f 9(Z1(â))(B1(â)Y0 � B2(â)Y â

s )� 1
2

f 0(è1(â))(B1(â)Y0 � B2(â)Y â
s )2,

we can decompose

2â

� t

2 M
â

(t ÿ s)Ef f (X0) f (X â
s )h(Y0)h(Y â

s )g ds

as the sum of nine terms of six different types:

Type 1. We have two terms of the type

2â

� t

2 M
â

(tÿ s)Ef f (Z1(â)) f 9(Z0(â))gfA1(â)E(Y0 h(Y0)h(Y â
s ))� A2(â)E(Y â

s h(Y0)h(Y â
s ))gds � 0,

because (by symmetry), if (u, v) is a centred Gaussian vector, then E(Uh(U )h(V )) � 0.

Type 2. There is one term of the type

2â

� t

2 M
â

(t ÿ s)Ef f 9(Z0(â)) f 9(Z1(â))gEf(A1(â)Y0

� A2(â)Y â
s )(B1(â)Y0 � B2(â)Y â

s )h(Y0)h(Y â
s )g ds;

the integrand is bounded by (A.1), and it converges with â to

(t ÿ s)Ef f 9(X 0) f 9(Xs)(ù eÿù
2 s)h(Y0)gEfÿù eÿù

2 sVh(V )g � 0

(because (X 0, Xs, Y0, V ) is Gaussian and V is independent of (X 0, Xs, Y0)); hence, by

dominated convergence, this term goes to zero.

Type 3. There are two terms of the type

2â

� t

2 M
â

(t ÿ s)Ef f 9(Z1(â))(B1(â)Y0 � B2(â)Y â
s )1

2
f 0(è0(â))(A1(â)Y0

� A2(â)Y â
s )2 h(Y0)h(Y â

s )g ds � O
1���
â

p !
;

these two terms go to zero.

Type 4. We obtain two terms of the type

2â

� t

2 M
â

(t ÿ s)Ef f (Z1(â))1
2
f 0(è0(â))(A1(â)Y0 � A2(â)Y â

s )2 h(Y0)h(Y â
s )g ds;

by (A.1) and dominated convergence it is easy to see that this integral converges with â to

2

� t

0

(t ÿ s)Ef f (X s)
1
2

f 0(X 0)h(Y0)gEfÿù2eÿù
2 sVh(V )g ds � 0,

therefore these two terms go to zero.
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Type 5. We also have one term of the type� t

2 M
â

(t ÿ s)Ef1
2

f 0(è1(â))(B1(â)Y0 � B2(â)Y â
s )21

2
f 0(è0(â))(A1(â)Y0

� A2(â)Y â
s )2 h(Y0)h(Y â

s )g ds � O
1���
â

p !
;

this term is also negligible.

Type 6. The remaining term is� t

2 M
â

2

â
(t ÿ s)Ef f (Z0(â)) f (Z1(â))h(Y0)h(Y â

s )g ds :� Iâ:

We conclude that

lim sup
â!1

jK2(â)j � lim sup
â!1

j2âIâj;

using the independence and HoÈlder we deduce that

Iâ < Ctâ

� t

2 M
â

jEfh(Y0)h(Y â
s )gjds:

Therefore, it suf®ces to show that

lim
M!1

lim sup
â!1

� t

2 M
â

jEfh(Y0)h(Y â
s )gj ds � 0:

By Mehler's formula

jEfh(Y0)h(Y â
s )gj <

X1
n�1

ĥ2
2n(2n)!(râ2(s))2n <

X1
n�1

ĥ2
2n(2n)!

 !
(râ2(s))2:

Hence, it suf®ces to prove that

lim
M!1

lim sup
â!1

2â

� t

2 M
â

(râ2(s))2 ds � 0;

but this is an easy consequence of the de®nition of râ2(s). h

Lemma 3. Let a, b, c, d denote real functions. Let æâ � (æâs > 0) and îâ � (îâ
s > 0) be two

stationary Ornstein±Uhlenbeck processes of parameter 1, such that:

E(æâs�hæ
â
âs

) � c(â) exp(ÿh)(expfd(â)â(h ^ 0)g ÿ expfd(â)âsg): (A:2)

De®ne

ôâs � a(â)æâs � b(â)îâ
âs
:
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Assume that, for â going to in®nity,

a(â) � O
1���
â

p !
, b(â) � 1� O

1���
â

p !
,

c(â) � c� O
1

â

� �
, d(â) � 1ÿ á

â
� O

1

â2

� �
,

where a, c . 0.

Then ���
â

p � t

0

(g(ôâs )ÿ g(îâ
âs

)) ds! 0 in L2(Ù):

Proof. We have

E
���
â

p � t

0

(g(ôâs )ÿ g(îâ
âs

)) ds

� �2
" #

� ð

2

� t

0

� t

0

â[(Efjôâskôâx jg ÿ Efjîâ
âs
kôâx jg

ÿ Efjîâ
âx
kôâs jg � E(jîâ

âs
kîâ

âx
j)] ds dx:

To compute this integral we use the elementary fact that if

(X , Y ) � N 0,
1 r
r 1

� �� �
then

E(jXkY j) � 2

�������������
1ÿ r2

p
ð

� 2jrj
ð

arcsin jrj � F(r):

Taking into account that æâ, îâ are stationary Ornstein±Uhlenbeck processes of parameter 1,

and using (A.2), we obtain:

cov(ôâs , ôâx)� a(â)2 exp(ÿjxÿ sj)� b(â)2 exp(ÿâjxÿ sj)� a(â)b(â)(Râ(s, xÿ s)� Râ(x, sÿ x)),

where

Râ(s, h) :� E(îâ
âs
æâs�h) � c(â) exp(ÿh)(expfd(â)â(h ^ 0)g ÿ expfd(â)âsg):

In particular,

v2
â(s) :� var(ôâs ) � a(â)2 � b(â)2 � 2a(â)b(â)(1ÿ exp(ÿd(â)âs)):

Therefore, we have

Efjîâ
âs
kîâ

âx
jg � F(Ã1

â(s, x)), Efjîâ
âs
kôâx jg � vâ(x)F(Ã3

â(s, x)),

Efjîâ
âx
kôâs jg � vâ(s)F(Ã4

â(s, x)), Efjôâskôâx jg � vâ(s)vâ(x)F(Ã2
â(s, x)),

where
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Ã1
â(s, x) :� exp(ÿâjxÿ sj),

Ã2
â(s, x) :� a(â)2 exp(ÿjxÿ sj)� b(â)2 exp(ÿâjxÿ sj)� a(â)b(â)(Râ(s, xÿ s)� Râ(x, sÿ x))

vâ(s)vâ(x)
,

Ã3
â(s, x) :� a(â)Râ(s, xÿ s)� b(â) exp(ÿâjxÿ sj)

vâ(x)
,

Ã4
â(s, x) :� Ã3

â(x, s):

We split the integral according to whether s < x or not. We will only consider the case

s < x because the other is completely similar. Calling the integrand jâ(s, x), we obtain

I(â) :�
�

s<x

jâ(s, x) ds dx �
� t

0

� s�å=â

s

jâ(s, x) ds dx�
� t

0

� t

s�å=â
jâ(s, x) ds dx

:� Iâ(1)� Iâ(2):

Since the function F is bounded by unity, we obtain

jIâ(1)j < Ctå:

Fix å. 0; it suf®ces to show that Iâ(2)! 0 when â! �1.

An elementary calculation shows that for x > s� å=â, we have

max
1<n<4

sup
f(s,x): t>s>

å
â,x>0g

Ãn
â(s, x) < Ã(å) , 1 8â > â0:

Therefore we use the second-order Taylor's expansion of F,

F(r) � ð

2
� M(r)r2,

where M(r) is uniformly bounded by M for jrj < Ã(å).

Thus, we have

jâ(s, x) < Mf(Ã1
â(s, x))2 � vâ(x)(Ã3

â(s, x))2 � vâ(s)(Ã3
â(x, s))2 � vâ(s)vâ(x)(Ã2

â(s, x))2g:
It follows that:

(a) jâ is uiformly bounded for s > x� å=â and â big enough

(b) jâ(s, x) converges to zero when â goes to in®nity, for s , x.

An application of dominated convergence concludes the proof. h

Lemma 4. With the notation of Theorem 2, de®ne

V (â) �
���
â

p � t

0

f (X â
s )g(Y â

s ) ds

and its discretization
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Vn(â) �
���
â

p X[nt]

n�1

f X
â
iÿ1

n

� �� i
n

iÿ1
n

g(Y â
s ) ds:

Then

lim
n!1 lim

â!1
EfV (â)Vn(â)g � ó 2 tEf f (X 0)2g:

Proof. Given m a positive integer and h 2 L2(ì) a continuous real function, de®ne

hm(x) �
Xl�m

l�1

ĥ(l)Hl(x):

Consider

V M ,m(â) �
���
â

p � t

0

fm(X â
s )gM (Y â

s ) ds,

V M ,m
n (â) �

���
â

p X[nt]

n�1

fm X
â
iÿ1

n

� �� i
n

iÿ1
n

gM (Y â
s ) ds:

Since

EfjV (â)Vn(â)ÿ V M ,m(â)V M ,m
n (â)jg < (E[(Vn(â)ÿ V M ,m

n (â))2]E[V (â)2])
1
2

� (E[(V (â)ÿ V M ,m(â))2]E[V M ,m
n (â)2])

1
2,

it suf®ces to show that

(i) lim
M ,m!1

lim
n!1 lim

â!1
E[(Vn(â)ÿ V M ,m

n (â))2] � 0;

(ii) lim
M ,m!1

lim
â!1

E[(V (â)ÿ V M ,m(â))2] � 0;

(iii) lim sup
M ,m!1

lim sup
n!1

lim sup
â!1

E[(V M ,m
n (â)2] ,1,

(iv) lim
M ,m!1

lim
n!1 lim

â!1
EfV M ,m(â)V M ,m

n (â)g � ó 2 tEf f (X0)2g:
This follows from an application of the diagram formula (see Breuer and Major 1983) and

the orthogonality conditions for the random variables (X0(â), Y0(â), X â
s , Y â

s ); for the details,

we refer to Lemmas 14 and 15 of Berzin et al. (1998). h
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