Bernoulli 7(4), 2001, 669-697

Testing additivity by kernel-based methods
— what 1s a reasonable test?
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In the common nonparametric regression model with high-dimensional predictor, several tests for the
hypothesis of an additive regression are investigated. The corresponding test statistics are based either
on the differences between a fit under the assumption of additivity and a fit in the general model, or
on residuals under the assumption of additivity. For all tests asymptotic normality is established under
the null hypothesis of additivity and under fixed alternatives with different rates of convergence
corresponding to both cases. These results are used for a comparison of the different methods. It is
demonstrated that a statistic based on an empirical L>-distance of the Nadaraya—Watson and the
marginal integration estimator yields the (asymptotically) most efficient procedure, if these are
compared with respect to the asymptotic behaviour under fixed and local alternatives. The finite-
sample properties of the proposed procedures are investigated by means of a simulation study, which
qualitatively confirms the asymptotic results.
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1. Introduction

Consider the common nonparametric regression model
Y = m(X)+ o(X)e, (1.1)

where X = (X1, ..., X4)' is a d-dimensional random variable, Y is the real-valued response,
€ denotes the real-valued error (independent of X)) with mean 0O and variance 1, and m, o are
unknown (smooth) functions. Much effort has been devoted to the problem of estimating the
regression function m. While for a one-dimensional predictor nonparametric methods such as
kernel and local polynomial estimators have become increasingly popular, the regression in
the case of a high-dimensional predictor cannot be estimated efficiently because of the so-
called curse of dimensionality.

For this reason many methods of dimensionality reduction have been proposed in the
literature (see, for example, Friedman and Stuetzle 1981; Li 1991). Buja ef al. (1989) and
Hastie and Tibshirani (1990) promoted the additive regression model

d
Hy: m(x) = C+ Y kalxa), (1.2)
a=1
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where ki, ..., k; are unknown smooth functions normalized by E[k,(X,)] =0 and x =
(x1, ..., x4)T. A theoretical motivation for this model is that under the assumption of
additivity the regression can be estimated with the same rate of estimation error as in the
univariate case (see Stone 1985). Buja et al. (1989) proposed backfitting, where the idea is to
project the data on the space of additive functions. Basically, this method estimates the
orthogonal projection of the regression function m(-) onto the subspace of additive functions
in the Hilbert space induced by the density of the predictor X. The asymptotic properties of a
related backfitting procedure have recently been analysed by Opsomer and Ruppert (1997)
and Mammen et al. (1999). Because of the implicit definition of these estimates, several
authors have proposed a direct method based on marginal integration (see, for example,
Tjostheim and Auestad 1994; Tjestheim 1994; Linton and Nielsen 1995). This method does
not require the iterative solution of a system of nonlinear equations and yields an alternative
projection onto the subspace of additive functions which is not necessarily orthogonal.
Several authors have proposed modifications of the marginal integration estimator, (see, for
example, Fan et al., 1998; Linton 1997; 2000; Hengartner 1996; Severance-Lossin and
Sperlich 1999). For a more detailed discussion of the difference between the backfitting and
the marginal integration estimator, we refer to the work of Nielsen and Linton (1998) or
Sperlich, Linton and Hérdle (1999). A rather different approach to estimating an additive
regression function can be obtained by Fourier series estimation and is discussed by Andrews
and Whang (1990). This method was used by Eubank et al. (1995) for the construction of a
test of additivity if the data are observable on a grid.

Because the additive structure is important in terms of interpretability and its ability to
deliver fast rates of convergence in the problem of estimating the regression, the additive
model (1.2) should be accompanied by an adequate model check. Although early work
dates back to Tukey (1949), it is only recently that the problem of testing additivity has
been of real interest (see for example, Hastie and Tibshirani 1990; Barry 1993; Eubank
et al. 1995; Sperlich, Tjostheim and Yang 1999; Gozalo and Linton 2001). Various authors
argue that, even if the null hypothesis (1.2) is accepted with a rather large p-value, there
need not be any empirical evidence for the additive model (see Berger and Delampady
1987; Staudte and Sheather 1990). These authors point out that it is often preferable to
reformulate the hypothesis (1.2) as

Hy,: M*>n, Hy : M*><m, (1.3)

where M? is a measure of additivity and # is a given sufficiently small constant such that the
experimenter agrees to analyse the data under the assumption of additivity whenever M? < 7.
From a mathematical point of view this approach requires the determination of the
distribution of an appropriate estimator for M? not only under the classical null hypothesis
(1.2) (M? = 0) but also at any point of the alternative (M2 > 0).

In this paper we investigate several tests for the hypothesis of additivity which are based
on kernel methods. For the sake of simplicity we will mainly concentrate on a U statistic
formed from the residuals of a marginal integration fit — see also Zheng (1996), who used a
similar idea for testing a parametric form of the regression. We prove asymptotic normality
of the corresponding test statistic under the null hypothesis of additivity and fixed
alternatives with different rates of convergence corresponding to both cases. The results are
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then extended to several related concepts of testing model assumptions proposed in the
literature (see Gonzalez-Manteiga and Cao 1993; Dette 1999; Gozalo and Linton 2001).
The main difference between our approach and the work of the last-named authors is that
we are able to find the asymptotic properties of the tests under any fixed alternative of non-
additivity. By way of an application, we identify a most efficient procedure in the class of
tests based on the kernel method by looking at the asymptotic distribution under any fixed
alternative. In Section 2 we give a motivation of the test statistic, while the main results are
given in Section 3, which includes the corresponding results for several related tests.
Section 4 contains a comprehensive comparison of the finite-sample performance of the
different test statistics by means of a simulation study, which essentially reflects our
asymptotic findings for moderate sample sizes. The proofs of our results, which are in the
main rather cumbersome, are deferred to the Appendix.

2. Marginal integration revisited

Our main reason for using the marginal integration estimator for the construction of our test
procedures is its direct definition, which allows an asymptotic treatment using central limit
theorems for degenerate U statistics (see Zheng 1996; Hall 1984). A similar approach based
on the backfitting estimator seems to be intractable, because our method would not require
the asymptotic properties of the estimators of the additive regression function as recently
derived by Opsomer and Ruppert (1997) and Mammen et al (1999) but an explicit
representation of the residuals from a fit by the backfitting estimate. On the other hand, Dette
and Munk (1998) pointed out several drawbacks in the application of Fourier series
estimation for checking model assumptions (see Section 5.2 of that paper) and we did not use
series estimation for the construction of the test.

Let f denote the density of the explanatory variable X = (Xi, ..., X;)" with marginal
densities f, of X, a =1, ..., d. For a d-dimensional vector x = (xi, ..., xg), let x, be the
(d — 1)-dimensional vector obtained by removing the ath coordinate from x, that is,
Xg = (X1, oy Xge1, Xas1s - -+ Xg). If Lidd denotes the subspace of addititive functions in the
Hilbert space L?(f), we consider the projection P, from L?(f) onto Lgdd defined by

d
mo(x) = (Pom)(x) = ) _ ma(xa) = (d = e, @1
a=1
where

Ma(xe) = Jm(xa, x)fra)dg = Jm(xl, s ety X Tarts s 5 i) (22)

c= Jm(t) £()dt. (2.3)

Here we have used the notation
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ulta) = Jf(zl, s tats fas fasts o ta)dta

and write in (2.2), with some abuse of terminology, x = (x,, X,) to highlight the particular
coordinate x,. The representation (2.1) can be rewritten as

d
mo(x) = C+ Y _ kalxa),
a=1

where

d
C=c+ Z{Jm(taa ta)fa(ta) fu(ta)dtadty, — c}
a=1
and
ka(xa) = m(z(xa) - Jm(t(xa tg)fa(t(z)fg(tg)dtadtﬁﬂ

which corresponds to the normalization given in Section 1. Note that Py is not necessarily an
orthogonal projection with respect to the Hilbert space L?( f), where f is the joint density of
X. However, one can easily verify that it is an orthogonal projection in the case of
independent predictors.

Unless otherwise stated, let K;(+), i = 1, 2, denote one- and (d — 1)-dimensional Lipschitz
continuous kernels of order 2 and ¢ = d respectively, with compact support, and define, for
a bandwidth #; >0, , € R, r, € R,

1 t 1 t
Kl,hl(tl):h_Kl (h_ll)’ Kz,hz(fl)Z—K2<h—22>- (2.4)

-1
1 h

For an independent and identically distributed sample (X;, ¥;)i_,, Xi = (X, ..., X )T, we
consider the empirical counterparts of the components of mgy in (2.1):

1 K&K Xia — x0) K Xie — X
() :_22 1, ( jo ~ ) K21, ( ja kg) Y, 2.5)
Ly SO (xq, Xka)
LI
é= ;Z Y;, (2.6)
Jj=1
where
~ 1 <&
f(a)(xaa xg) = ;Z Kl,hl(Xia - xa)KZ,hz(ng - xg) (27)
i=1

is an estimator of the joint density of X. Note that

. 1 Z" .
ma(xa) = ; m(a)(xaa ng);
J=1
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where

1 n
;Z K (X jo — Xa) Koy (X jo — Xa) Y

~ =1
D (X Xg) = J

O (xg, x4) @9

is the Nadaraya—Watson estimator at the point (x,, X,); see Nadaraya (1965) or Watson
(1964). The marginal integration estimator of my = Pym is now defined by

d
rig(x) = Y tha(xa) = (d = 1)é, 2.9)
a=1
and the corresponding residuals are denoted by é; = Y; — ritg(X;), j=1, ..., n. As a first

test statistic we consider the U statistic

1 L
Ton = =D ; Lo(X; — X))éié;m(X)m(X)), (2.10)

where L is a d-dimensional symmetric kernel of order 2 with compact support, Lg(-)
=(1/g%)L <(-/2), g>0, an additional bandwidth and 7 a given continuous weight function.
We note that this type of statistic was originally introduced by Zheng (1996) in the problem
of testing linearity of the regression, and independently discussed by Gozalo and Linton
(2001) in the problem of testing additivity in a more general context. A theoretical
justification for the application of this statistic to testing additivity will be given in Section 3.
For a heuristic argument at this point we replace the residuals é; by A(X;) = m(X;) — my(X;)
in Ty, and obtain from results of Hall (1984) or Zheng (1996) that in this case the
corresponding statistic

1

Von =———3  Lg(Xi — X)AX)AX)H(X)m(X) (2.11)
n(n—1) Py
converges with limit
E[Ven] = Jlg(x — NAXWAW) S (xX)f (y)(x)m(y)dxdy (2.12)

- J[m(x) P 2@+ o(1).

For this reason a test of the classical hypothesis of additivity can be obtained by rejecting
(1.2) for large values of Tj .

There are several alternative ways of defining an appropriate statistic for the problem of
testing additivity:
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T = D0 — o)
1 n
P = D @A) — A0 213)

1<, - 5
Ton =3, 216 = dila(Xi).

Here m is the Nadaraya—Watson estimator with kernel L, and d i = Y; — m(X;) denotes the
corresponding residual. The estimate T, compares a completely nonparametric fit with the
marginal integration estimate and extends concepts of Gonzalez-Manteiga and Cao (1993)
and Héirdle and Mammen (1993) to the problem of testing additivity. 73, is essentially a
(weighted) difference of estimators for the integrated variance function in the additive and
non-restricted model. This concept was firstly proposed by Dette (1999) in the context of
testing parametric structures of the regression function; see also Azzalini and Bowman (1993)
for a similar statistic based on residuals. Finally, the statistic 75, was introduced by Gozalo
and Linton (2001), motivated by Lagrange multiplier tests of classical statistics.

In the following section we investigate the asymptotic behaviour of these statistics under the
hypothesis (1.2) and fixed alternatives. We note that the asymptotic results under the null
hypothesis of additivity have been independently found in a slightly more general context by
Gozalo and Linton (2001) using different techniques in the proofs. It is the main purpose of the
present paper to show that the asymptotic behaviour of the statistics 7 ,, j =0, ..., 3, under
fixed alternatives is rather different and to demonstrate potential applications of such results.

Remark 2.1. Several authors have proposed modifications of the marginal integration
estimator; see the discussion of variance minimization in Fan ef al. (1998), the definition of
the efficient estimator in Linton (1997; 2000) or the application of local polynomials to bias
reduction in Severance-Lossin and Sperlich (1999). It is worthwhile mentioning that the
results in Theorem 3.2 and Theorem 3.5 remain valid with slight modifications of the
asymptotic bias and variance terms. This follows by a careful inspection of the proof in the
appendix, albeit with a substantial increase in algebraic complexity.

3. Main results and a comparison

We start with a detailed discussion of the asymptotic behaviour of the statistic 7 , and its
consequences for the problem of testing additivity. Then the corresponding results for the
statistics 7', 12,5, T3,» Will be briefly stated and the different methods compared. In order to
state and prove our main results we need a few regularity assumptions.

Assumption 1. The explanatory variable X has a density f supported on Q = [0, 119. f is
bounded from below by a positive constant ¢ >0 and has continuous partial derivatives of
order q = d.
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Assumption 2. m € C}(Q), where C}(Q) denotes the class of bounded functions (defined on
Q) with continuous partial derivatives of order q.

Assumption 3. 0 € Cy(Q), where Cp(Q) denotes the class of bounded continuous functions

(defined on Q).

Assumption 4. The distribution of the error has finite fourth moment, E[e*] < oco.

Assumption 5. As n — oo, the bandwidths g, hy, hy >0 satisfy

_ logn
hy ~n '3, hi = o(h?), T = o(h}), g% = o(h}), ng? — co.

Note that the optimal order for a twice continuously differentiable regression function

hy ~ n~'/ in Assumption 5 requires ¢ >d — 1 in order to satisfy
logn
hi =o(h}) and —— = o(h
2 = o(hy) iy T (h7)

simultaneuously. Our first result specifies the asymptotic distribution of the statistic Tg ,
under the null hypothesis of additivity.

Theorem 3.1. If Assumptions 1-5 and the hypothesis of additivity are satisfied, then the
statistic Ty, defined in (2.10) is asymptotically normally distributed, that is,

ng?/* Ty, = N(0,22), 3.1)
where the asymptotic variance is given by
g = 2JL2(x)de04(x)7[4(x) /2 (x)dx (3.2)
and L is the d-dimensional kernel used in the definition of T .

Note that Theorem 3.1 has been found independently by Gozalo and Linton (2001) and
provides a test for the hypothesis of additivity by rejecting H, for large values of Ty ,, that
is,

ng To. > u1_ahon, 3.1)

where u;_, denotes the 1 — a quantile of the standard normal distribution and io,,, is an
appropriate estimator of the limiting variance (3.2). A simple estimator could be obtained by
similar arguments to those given in Zheng (1996):

“ 2 JOIN
b0 = o 2 2 LA — X)EET ()X,

1 i)

n
i=
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Our next result discusses the asymptotic behaviour of the statistic 7, , under a fixed
alternative and proves — as a by-product — consistency of the test (3.3). On the other hand,
it also provides the interesting possibility of an alternative formulation of the classical
hypothesis of additivity, which will be described at the end of this section.

Theorem 3.2. If Assumptions 1-5 are satisfied and the regression is not additive, A =
m— Pym #£ 0, then

Vi{ o — E[Tou]} = N0, 13). (3:4)
Here
E[To,] = E(A’Z° f(X1)) — 2E[AT £ (X)) - B(X))] - b + o(h}) + O(gP), (3.5)
with b(x) = S0 bu(x4), in which

1?°m 10f Om

ba(xy) = cz(K1)J (5@ + ]a_xaaxa

>(xa, to_z)fo_z(tq)dto_u (3.6)

where ¢;(K;) = ft%Kl(z‘l)dtl. The asymptotic variance is given by
uy = 4E[0*(X){P/(AT 1)(X1)}’] (3.7)
d
+ 4 var (AZJer)(X]) —E <An2f(X2){Z m(X2q, X1a) — (d — l)m(Xl)} X1> ,
a=1

where Pym = m — Py m, in which the mapping Py is defined by

d
Piao = Y5 [ e — @ - v e G8)

Remark 3.3. Note that the mapping P; defined in (3.8) is not a projection on the space of
additive functions. In the case of independent predictors one can easily show that Pj = P,.
Moreover, if additionally the weight function is given by 7 = 1/4/7, the asymptotic variance
in (3.7) simplifies to

13 = 4E[0*(X)A%(X))] + 4 var[A2(X))],

where A = m — my.

Remark 3.4. A careful analysis of the proof of Theorem 3.2 shows that for a sufficiently
smooth regression and kernels L and K;, i = 1,2, of sufficiently high order we have

E[To] = E[ACX) G /)OX)] + o0 (ﬁ)
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where the term M? := E[A%(X;)(@>f)(X1)] on the right-hand side serves as a measure of
additivity. In this case Theorem 3.2 provides an interesting advantage to many of the
commonly applied goodness-of-fit tests which will be explained in the following. It is well
known that for model checks the type II error of a test is more important than the type I
error, because, in the case of acceptance of the null hypothesis, the subsequent data analysis
is adapted to the assumed model. From Theorem 3.2 we obtain as an approximation for the
probability of the type II error of the test (3.3),

I M? —a A
P(rejection) ~ @ | /n o — Mze 0
Ho ng9 o

where u)_, is the 1 — a quantile of the standard normal distribution. On the other hand, the
result can also be used for testing precise hypotheses (see Berger and Delampady 1987) of
the form (1.3). Finally, we note that Theorem 3.2 could also be used for the construction of
confidence intervals for the measure of additivity M2

Theorem 3.5. Suppose that Assumptions 1-5 are satisfied and that T, T, T3, are as
defined in (2.13).

(i) Under the hypothesis of additivity we have

i .
ng{T;, = En[Tj,]} = N, 25),  j=1,...,3,

where

By = Ey,[T14] = %{d JLZ(x)deoz(x)n(x)dx +o0 (é) ,

By = Eyy[T20] = é L(O)Joz(x)n(x)dx +o0 (&)

Bs = Ep[Ti,] = %gd (2L(0) - JLz(x)dx) Joz(x)n(x)dx +o (éd)
and

A2 =2|o* ()@ (x)dx [ (L * L)*(x)dx,
13 =2|o* ()P (x)dx | L2(x)dx,

A3 =2|o* ()7 (x)dx [ 2L — (L * L))*(x)dx,

in which f x g denotes the convolution of the functions f and g.
(ii) If the regression is not additive, A = m — my # 0, then
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Vi{Tjn — B [Tial} >N, 12, j=1,...,3,
where
Eu[T1n] = B1 +vo — 2v| + 23,
Eu[Ton] = Ba+vo —2vi + v,
Eu[T3,] = B3 +vo — 2vy,
vo = E[(A*m)(X1)],
vi = E[(Am)(X)b(X))] - ; + o(hY),

vy = E[(AT)(X))baw(X))] - €% + o(&P),

b is defined in Theorem 3.2, byw is the bias of the Nadaraya—Watson estimate, the
asymptotic variances are given by

u; = 4E[0*(XD{ (AT (X))}

a=1

d
+ var (Azﬂ)(Xl) —2E (Aﬂ(Xz){Z m(Xza, Xlg) — (d — 1)m(X1)}|X1> ,

j=1,...,3 and the mapping P, is defined in Theorem 3.2.

In the remaining part of this section we will use Theorems 3.2 and 3.5 to compare the
tests of additivity induced by the statistics 7;,, j =0, ..., 3. For the sake of a transparent
presentation we assume for this comparison a sufficient smoothness for the regression and
sufficiently large order for the kernel, such that the asymptotic bias of 7, under a fixed
alternative is given by

1
EHl[T,,n]:M§+Bj+0<—), J=0,...,3,

\/ﬁ
where By = 0, By, By, Bs are defined in Theorem 3.5, and
M = B[N (X)) £)(X)],
M3 = E[A*(X)7(X))], j=1,...,3.

In this case the probability of rejection is approximately given by

1 vy
P(rejection) ~ @ (; {\/ﬁMi e j}), j=0,...,3, (3.9)
J

v/ ng?

where u;, A; are as defined in Theorems 3.1, 3.2 and 3.5. From this representation we see
that, in general, there is no clear recommendation for one of the statistics 77 ,. The
appropriate choice of a test depends sensitively on the relation between the variance function
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o, weight function s, regression m and alternative A. A fair comparison seems to be possible
by adjusting with respect to the measure of additivity. This can be done by replacing the
weight function 77 in Ty, by 7/\/f (in practice, an estimator of f has to be used), which
gives

M} = E[A*(X)m(X)],  j=0,...,3,
and (by the definition of ﬂ% in Theorems 3.2 and 3.5)
B>, j=1,...,3 (3.10)

Looking at the dominating term in (3.9), we thus obtain that (asymptotically) tests based on
the statistics 7;,, j =1, ..., 3, will be more powerful than the test based on the statistic
To,». We note, however, that for realistic sample sizes this improvement will only be
substantial if the variance function is ‘small’ compared to the deviation A of the additive
approximation from the model. For a comparison of the remaining statistics, observe that for
the corresponding tests the terms with factor \/z in (3.9) are identical and, consequently, a
most efficient procedure is obtained by minimizing the variance /1? of the asymptotic
distribution under the null hypothesis of additivity. This comparison coincides with the
concept of considering local alternatives which converge to the null hypothesis at a rate
(ng?/?)~1/2, The following lemma shows that the statistics 7y, and T, should be prefered to
T3,, with respect to this criterion. This result was also conjectured by Gozalo and Linton
(2001) without proof. A rigorous derivation will be given at the end of the Appendix.

Lemma 3.6. If K is an arbitrary density, we have
J(K % K)?(x)dx < JKz(x)dx < J(2K — K % K)*(x)dx (3.11)

or, equivalently,

2 2 2
A<= <15

We finally note that the arguments in favour of 77, and 7,, are only based on the
discussion of the asymptotic variances, which is correct from an asymptotic point of view.
For realistic sample sizes, however, the bias has to be taken into account. Here we observe
exactly the opposite behaviour, namely that the statistic 7, is preferable because its
standardized version has no bias converging to infinity. The simulation results presented in
Section 4 indicate that the asymptotic arguments in favour of 7 ,, 7> , are valid for sample
sizes N = 100 and ‘small’ variances of the error distribution.

Remark 3.7. Note that Gozalo and Linton (2001) study the asymptotic distribution of the
statistics T ,, j=0,...,3, under the null hypothesis of additivity in the context of
generalized nonparametric regression models including discrete covariates. The results of the
present paper can also be extended to this more general situation at the cost of some
additional notation. For the sake of a simple notation we have not formulated the results in
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full detail, but indicate the generalization of Theorems 3.1 and 3.2 in the situation of a known

link function as considered in Linton and Héirdle (1996). In the nonparametric regression
model

E[Y|X = x] = m(x),

we are interested in testing the hypothesis

d
HY: Gm(x) = C+Y  ka(xa),

a=1

where G is a given link function. The definition of the marginal integration estimator of m is
straightforward (see, for example, Linton and Hirdle 1996). To be precise, let

1
o (%) = ;; G (xas Xia))
denote the estimator of
| Gt 3ottt
where #m® is defined in (2.8). Furthermore, let
SIS GO K Xie)
dinis N

denote an estimator of [ G(m(x))f(x)dx. Defining

o>

d
rig(x) = Y iia(xa) — (d — 1)é,
a=1

the marginal integration estimator of the regression function m is obtained as
m(x) = F(ro(x)), (3.12)

where F = G~ is the inverse of the link function. The statistic T 0.» 1s now exactly defined as
in (2.10) (with residuals obtained from (3.12)), and under the hypothesis HOG and certain
regularity assumptions for the link function (see, for example, Linton and Hirdle 1996;
Gozalo and Linton 2001) Theorem 3.1 remains valid. On the other hand, under a fixed
alternative \/n(Ty,, — E[T0,,]) is asymptotically normal, with asymptotic variance given by

13 = 4E[0(X,)) PY(AT?)(X1)]

+ 4var

a=1

d
(A7)’ (X)f (X)) — E ((Aﬂzf)(Xz){Z G(m(X2a, X14)) = (d — )G(m(X, ))} B¢ )] ,

where ¢2(x) = var[Y|X = x] denotes the conditional variance of the response, A = m —
Fmy, my = Pyo Gom, Py is the projection defined in (2.1), Pe=7— POG and the mapping
P§ is defined by
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< Sa(xXa)
PG -G’ a\rae
(P§ )(x) (m(x»{; o

The proof of this result follows essentially the steps given in the Appendix, observing that for
a smooth link function the residuals are given by

Yi — (X)) = Yi — m(X;) + m(X;) — F(mo(X;)) — { F(rio(X;)) — F(mo(X:)}

J(gf)(xa, ta)F'(mo(xa, 1q))dty — (d — I)J(gf)(t)F’(mO(f))dt}-

~ Y — m(X;) + ACX;) — F'(mo(X){rio(X;) — mo(X;)}.

Therefore in the analysis of the statistic Ty, the terms Vi ,, Van, Ve, (see the proof in the
Appendix) are treated exactly in the same way as for G(x) = x. For the remaining terms one
uses a careful analysis of the proof in the appendix and a further Taylor expansion of
mo(X;) — mo(X;) which yields the additional terms G’(m(X;)) in the asymptotic variance.

4. A finite-sample comparison

In order to investigate qualitatively the finite-sample performance of the different procedures
we have conducted a small simulation study. Consider the bivariate regression model

Yi:m(Xilin2)+G£ia i:17"'5n>
where the (X;1, Xi2), i =1, ..., n, are assumed to be independent and uniformly distributed
on the unit square [0, 1]>; the &, i=1,..., n, are independent, standard normally

distributed, and independent of the (X;, Xp), i=1, ..., n; and o = 0.1. For the kernel
in all estimators we use the Epanechnikov kernel

K(t) =31 = ) Ii_1.19(0),

and a product of two kernels of this type as a two-dimensional kernel. In similar problems it
has been observed by several authors (for example, Azzalini and Bowman 1993; Hjellvik and
Tjestheim 1995; Alcala er al. 1999) that the asymptotic normal distribution under the null
hypothesis does not provide a satisfactory approximation for the distribution of the statistics
Tjn, j=0,...,3. For these reasons most authors propose the application of the wild
bootstrap in this context (see, for example, Hirdle and Mammen 1993; Hjellvik and
Tjostheim 1995). It is worthwhile mentioning that the approximation by the limiting
distribution under a fixed alternative is comparable with the classical central limit theorem
(see the proof of Theorem 3.2 in the Appendix) and is therefore more accurate compared to
the approximation under the null hypothesis. Nevertheless, the asymptotic distribution in this
case depends on certain features of the data-generating process, which are difficult to
estimate except in rare circumstances. For this reason we also recommend the application of
the wild bootstrap for testing precise hypotheses of the form (1.3). Note that the calculation
of the test statistics 7;,, j =1, ..., 3, requires the specification of the bandwidths /; and 4,
for estimation the regression function under the null hypothesis (the marginal integration
estimate iy defined in (2.9)) and the bandwidth /% appearing in the Nadaraya—Watson
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estimator 7. This choice is based on a cross-validation procedure in a preliminary simulation
under the null hypothesis of an addititve model m(x;, x;) = x; + x, using the bandwidths

h] :hz :’}/17171/5, h:Vn71/6.

This minimization yields y; = 0.4, ¥ = 0.44, which was used throughout this study. The
statistic 7y, requires the specification of a further bandwidth g, which was chosen as
0.2 n~2/5. The weight function 7 is used to exclude boundary effects and is given by

7(x1, %) = (1 — 28) 2151 _op(x1, X2),

where 0 = 0.05. For the resampling we used the wild bootstrap (see Wu 1986; Héardle and
Mammen 1993), where

Y

1

(X, Xpn)+ &,

ef = w1 = V52 + (1 —u)(1 —V5)/2)e;,

e; is defined in Section 2 and the u;, i = 1, ..., n, are independent and identically distributed
random variables with Bernoulli(p) distribution independent of the original sample with
p = (5++/5)/10. The hypothesis of additivity is rejected if 7}, = t}';n where tt,n,l—a
denotes the critical value obtained from the bootstrap distribution,

P*(Tj;n = fl.:,n,l—a) =l-aq k=0,1,2,3,

—ao

where P* denotes the conditional distribution given the sample (Y;, X;), i =1, ..., n. The
number of bootstrap replications for the estimation of ¢} ,,_, was chosen as B = 500. We
have simulated the rejection probabilities of these tests for different models on the basis of
500 replications of each experiment. We considered the models

m(xy, X2) = x1 + X + ax|xz, (4.1a)
m(x1, ) = (x1 + )", (4.1b)
m(xy, xp) = sin(cm(x; + x7)), (4.1¢)

where the parameters a, b and c specify the deviation from the null hypothesis of additivity.
The corresponding results are depicted in Tables 4.1-4.3 for sample sizes n = 100 and
n = 200.

We observe a reasonable approximation of the level by all test procedures, with only
slight advantages for the statistic 73 ,. A comparison of the power shows larger differences
and a similar picture in all considered cases. The test based on Ty, — Zheng’s (1996)
approach — yields substantial smaller rejection probabilities in all cases considered in our
simulation study, which confirms our asymptotic findings of Section 3 (note that the
variance is small and that we used a uniform distribution corresponding to the case
considered in the comparison (3.10)). A comparison of the remaining statistics shows that
the test based on T3, has lower power than the procedures based on T, and 7, ,, in
accordance with our asymptotic findings in Lemma 3.6. Finally, we note that the power
behaviour of the tests based on 77, and T, is very similar, which is also in agreement
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Table 4.1. Simulated rejection probabilities of the wild bootstrap tests based on the statistics
Tin(i=0,1,2,3) in model (4.1a) for the 5% and 10% level and various alternatives. The variance is
constant and given by o2 = 0.01, and the choice « = 0 corresponds to the additive model

TO,n Tl,n T2,n T3,n
n a 5% 10% 5% 10% 5% 10% 5% 10%
0 0.046 0.166 0.064 0.128 0.052 0.110 0.054 0.118
100 1 0.278 0.494 0.866 0.920 0.816 0.904 0.698 0.788
2 0.494 0.780 0.976 0.984 0.976 0.990 0.948 0.974
0 0.046 0.122 0.040 0.070 0.042 0.094 0.054 0.104
200 1 0.438 0.658 0.998 0.998 0.996 0.998 0.986 0.990
2 0.896 0.986 1.000 1.000 1.000 1.000 1.000 1.000

Table 4.2. Simulated rejection probabilities of the wild bootstrap tests based on the statistics
Tin(i=0,1,2,3) in model (4.1b) for the 5% and 10% level and various alternatives. The variance is
constant and given by o = 0.01

TO,n Tl,n T2,n T3,n

n b 5% 10% 5% 10% 5% 10% 5% 10%

1/2 0.072 0.168 0.238 0.324 0.168 0.266 0.144 0.210
100 1/3 0.074 0.170 0.238 0.334 0.182 0.282 0.146 0.228
1/4 0.058 0.168 0.196 0.300 0.166 0.250 0.132 0.226

1/2  0.100 0.180 0.494 0.618 0.374 0.522 0.304 0.394
200 1/3 0.068 0.152 0.440 0.556 0.324 0.448 0.236 0.356
1/4 0.060 0.160 0.362 0.484 0.250 0.398 0.188 0.292

Table 4.3. Simulated rejection probabilities of the wild bootstrap tests based on the statistics
Tin(i=0,1,2,3) in the model (4.1c) for the 5% and 10% level and various alternatives. The
variance is constant and given by o2 = 0.01

TO,n Tl,n T2,n T3,n

n c 5% 10% 5% 10% 5% 10% 5% 10%

1/2  0.680 0.876 1.000 1.000 0.996 1.000 0.990 0.996
100 1 0.920 0.988 0.994 0.998 0.996 0.998 0.996 0.998
2 0.982 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1/2 0972 0.990 1.000 1.000 1.000 1.000 1.000 1.000
200 1 0.994 1.000 1.000 1.000 1.000 1.000 1.000 1.000
2 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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with Lemma 3.6. Observing the more precise approximation of the level by the test based
on T ,, we recommend the use of this approach for the problem of testing additivity.

Appendix A. Proofs

For the sake of a transparent notation we consider the case d = 2. In addition, we use
m(x) = 1 as our weight function; the general case is treated exactly in the same way. Because
all results are essentially proved similarly, we restrict ourselves to a proof of the asymptotic
behaviour of the statistic 7 , (that is, Theorem 3.1 and 3.2).

A.1. Proof of Theorem 3.1

Observing that under the hypothesis of additivity my = Pym = m, we obtain from (1.1) the
decomposition é; = o(X))e; — (X)), 6(x) = rirg(x) — mo(x) and

Tow = Vin—2Van+ Van, (A.1)
where
Vip = ﬁ; Lo(Xi — X))o (X))o (X))ee;, (A.2)
Van = n(nl_l); Lo(Xi — X))o (X)e0(X)), (A3)
Vin = ﬁ ; Lo(Xi — X))0(X)O(X)). (A.4)

The first term can be treated as in Zheng (1996) using the results of Hall (1984), and we
obtain

ngVi, — N(O, A3), (A.5)

where the variance /1(2) is defined in (3.2). The estimation of the remaining terms is more
delicate.
With the notation d(x) = d;(x1) + d2(x) — g, Where

0,(x,) = mty(xy) — my(xy), r=12,

1 n
d==> Yi—c (A.6)
ni3
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we derive the decomposition

1 2 0
= VY-V,

where
PO = LSS L Xo(e 0K, r=1.2,
n(n ) e T
and
V= ZZLg(X X))o (Xi)e; - do.
n(n i P

First, we will show that

1
v = OP<nh> r=1,2.

Obviously it suffices just to treat the case » = 1. Recalling definition (2.5), we rewrite 7 (x)
as

. 1< n
m1(X1):?ZZW(kl,)(x1)~ Y[,
k=1 I=1

where
Kin (X — x1)Kp 5, (X — Xi2)
S D(x1, Xi2)

sz)( 1) = (A7)

and f (M is defined in (2.7). Observing that

1 <& loglo
my(xy) = ;Z m(x1, Xi2) + 0<\ /%) P-as.

k=1

(by the law of the iterated logarithm) we obtain

l n n
o) =52 D W) o (Xike

n n l l
o DD W) - (X, Xi) = mxi, Xia)) + 0(«%) (A8)

(noting that (1/n)27:1w(1)(x1) =1) and
Vi =5+ V8 + op(1)),

where
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1 n
GV = 3 Y LK — Xo(Xewi (X 1) - 0 (X)es,
ni(n—1), & =
1 n
Ve = n(n—1) Z Z Lo(X; — X))o (Xewl) (X 1) - (m(Xn, Xi) — m(X 51, Xi2)).
=1

Computing the expectation of the first term, we obtain

(7D 1)2 2 2 BLL(X; = X iy ()
Jj#L k=1

Now, by definition (A.7),

Kon(Xnn— Xi
EWY (X)X, X)) = K1y (Xi — X1)E <2(—22) |X; X/)

FOX 1, Xi2)
Ko p(Xio — Xi2)
f(X 1, Xi2)

where the second equality is obtained by the strong uniform consistency of the kernel density
estimate f(1; see, for example, Silverman (1978). For k # i, j, Taylor expansion gives

KonXip = Xia) o\ L _S2(Xe) .
( SXj, Xi2) XI’XJ) SX, X zz)+0(h2)’

and the boundedness of the density and the kernels K; and K, yields

1 1
EVy=0(—)+0( 55—
( 2n) I’lhl + n2h1h2 ’

where the O terms correspond to the cases k # i, j and k =i (or k = j), respectively.
Next we compute the variance of V(l D by discussing the individual terms in the sum

= Kin (X — le)E< |.Xi, Xj>(1 +o(1)),

({0 = o 1)22 > Z D Lo(X; — X))o (Xewly) (X )o (X e,

ii'=1 j#i,j #i’ kk'=11L1'=1
1
X Lo(Xy — X ) (Xo)erw') (X )o (X )er.

The terms in this sum have expectation zero exept for the case when i’ =iand I'=1[;i' =/
andi=/;i=/landi'=/0";0ori'=i=1=1

Consider the first case, i’ =i and /' = /. Conditioning on X;, X; and taking the
expectation of the corresponding terms yields

né(n Z > ZE[E(Lg(X X)Wl (X 01X X0 (X)a (X)) + o(1),

i,1=1 j#i,j'#i' k,k'=1

which is of order O(1/ nzhf) by the same reasoning as above. The other cases are treated
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in the same way, showing that var(V(1 ])) =01/n? h%). It follows by Chebyshev’s inequality
that

1
v — op( —). A9
2n P nh1 ( )

For the second term in the decomposition of Vgln) we obviously have
E(V ) = 0.

In order to find the corresponding variance we note that

Z > Z D Lo(Xi — X)o(XeiLg(Xy — X))o (Xi)er

ii'=1 j#i,j'#i' kk'=1LI'=1

(1.2)y2
(V52 =

X Wkl (X]])(m(X;], X]g) - m(le, sz))wk l’(XI 1)(m(X1 1s X]z) - m(X] 1s Xk 2))
(A.10)

If i’ =i, and all other indices are pairwise different, we have, for the expectation of the
corresponding terms in the sum (A.10),

E[02(X)E(Lg(X; — X)EWR (X )(m(X 1, X)) — m(X j1, X)X, X)[X)2]. (A11)

Using the strong uniform consistency of f again and the assumption (logn)/nhih; = o(h%),
we obtain, by a lengthy argument,

E(W(kll)(le)(m(le Xp) — m(X 1, X)X, X))

_ E(Kl,hl(Xll — Xj)Kon,(Xn — Xi2)
J(Xj1, Xi2)

(m(X 11, Xp) — m(X 1, Xk2))|Xj>(1 + o(1)),

which is asymptotically equal to

{E(Kl,hl(Xll - X;0)/f2(Xn)
S(X 1, Xp)

= O(h}) + O(h)),

(m(Xn, Xp)— m(Xj1, XIZ))Xj) + O(hg)}(l + o(1))

the O terms being independent of X;. So the term (A.11) is of order

h+ hﬁq) 1
O( n B O(nZhl)’

this equality being a consequence of Assumption 5. The terms in the sum (A.10) with i’ =i
and /" = [ (all other indices pairwise different) have expectation
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1 2
EE[O (XDE(Lg(X: — X))
X B (X ) (m(X 11, Xi) — m(Xj1, X)X, X;, X0)|Xi, X0)]
1
= EE [Uz(Xi)E <Lg(Xi - X))

S2(Xp)

m(’"(z\’n, Xp) —m(X;1, Xp)) + 0(1)> |Xi, Xz) 2}
Jjls

X Kypm(Xn — X_/1)<

1

again by boundedness. By a similar argument for the remaining terms in the sum (A.10) we
obtain the result

1
2 — 0p — A2
2n P nh] ( )

Combining (A.9) and (A.12), we obtain

1
v =o
2n P(nh )

Clearly, the same holds for ngn). Finally, it is not hard to show that V(zorf = Op(1/n), and a
combination of these results gives
1
Vopn = Op| — |.

It follows from Assumption 5 that

1
Vo, = op <—> (A.13)
ng
Since calculations for the statistic
Vi = Z D Ly(X; — X)O(X)O(X,)
n(n -1 T

are similar to those we have already done, we only state the estimates for its expectation and
variance, which are

E(V3,) = 0( + e+ 2) (A.14)
1

4 2q 1
var(Vs,) = 0(M+ ) (A.15)

nh; n2h?
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From (A.14) and (A.15) and Assumption 5 we obtain

1
Vaw = or () (A16)
ng
and the assertion of Theorem 3.1 follows from (A.1), (A.5), (A.13) and (A.16).

A.2. Proof of Theorem 3.2

If the regression is not additive we obtain a different decomposition of the residuals, that is,
¢j=Y; — mo(X;) = 0(X))e; + AX)) — 0(X)),
where 0 = my — mg, A = m — Pym = m — my. Therefore the corresponding decomposition
of Ty, in (A.1) involves three additional terms,
To.n="Vin—=2Von + Vin +2Van — 2Vsp + Ve, (A.17)

where Vi,, Va,, V3, are as defined in (A.2), (A.3), (A.4), respectively, and the remaining
terms are given by

Van = _1);Lg<X X)AX)o (X, (A.18)
Vsn = ,,(n,l)ZLg(X X)DAX)I(X), (A.19)
Von = mzL (Xi = XDAXDAX;). (A.20)

From the proof of Theorem 3.1 and Assumption 5 (in the case d = 2) we have

NHRNE)
Van = 0p (nig> = op <%), (A.21)
Vin = op (%g) = op <%>

and it remains to discuss the asymptotic behaviour of the terms Vy,, Vs, Vey.

For the latter random variable we apply Lemma 3.1 in Zheng (1996) to the kernel
H(x, y) = Lg(x — y)A(X)A(y). A straightforward calculation and Assumption 5 (in the case
d =2) give

ELH2(X,, Xo)] 0(?) — o(n),
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which implies that

Ven = E[H(X1, X2) + %Z{E(H(Xia X)|Xi) — E[H(X;, X))1} + op (L>
p

Vn
Note that by Taylor expansion the first term in this expansion is given by
E[H (X1, X2)] = E[(A*/)(X1)] + ().

In order to treat V4, we introduce the notation

1 n
Zi=——3" Ly(Xi — XDAX),
n(n _ 1) ; g J J
J#i
and obtain by straightforward algebra
1
E[(Z; — E[Z]|X,])*] = o(;)

uniformly with respect to i. This shows that

Van = ga(Xi)fiE[Zi\Xi] + ;U(Xi)gi(zi — E[Zi|X:])

" 1
= ;‘ o (X)eE[Zi| X;] + op (7%)

1 .
- ; T (XA Xp)ei + op (ﬁ) ’

(A.22)

(A.23)

(A.24)

where the third estimate follows from a standard calculation of the conditional expectation

E[Zi|Xi].

The estimation of the remaining term Vs, is more delicate. As we did in the analysis of

the term V5, in the proof of Theorem 3.1, we first decompose Vs, into

1 2 0
Vin =V + V8 - V)

Sn>

where

l n
Ve = pr o STST Lo — X)AMX)00,

i=1 j#i

(n _

1 n
= Ty 2 2 LK = XDACOOX), r=1,2,

=1 j#i

and the functions &y, 0, 0, are defined in (A.6).
With this notation we obtain for V(Sln),
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V(Sl) _ V(I Dy V(l 2y
n

Sn >

where

1 n
Vi = ) 2o 2 e~ XA (Yo (Ker

i, Lk=1 j#i
1
ViD= BT ';1 ; Lo(X; — XPAXDW (X i) (m(X 1, Xip) — m(X i1, Xj2)),
LK, =1 jF1
V(51,;3) == I)ZgL o(Xi — X)A(X)( ; m(Xp, X)) — m1(X,-1)>
J#i =

and w') is defined in (A.7).
The term V(SI,;]) can be rewritten as

=LY e

where
W= nz(n — 1)< Z > Z Le(X; = XPAX)W (X).
L Jj#i k=1
Now a Taylor expansion and (A.7) give, for i, j, k # I,
E(W11X1) = E(Lg(X; = XDAX )Wl (Xa) X)(1 + op(1)

Kin(Xn —Xin)Kop(Xp —
J(Xit, Xi2)

=E (Lg(xi — X)AX)) Li2) |X /) (1 +op(1))

__Sr(Xn)
S(Xn, Xp)
Moreover, a tedious calculation shows that

E[(W; — E(Wi|X1)*] = o(1),

J(Afz)(Xn, r)dty - (1 + op(1)). (A.25)

which implies that

(A.26)

1< 1
Vglﬁl) — ;;O’(X])EIE(WI‘XI) + op <ﬁ) .

For the term Vgl,f) we have

v = Z > H(X, X;, X, X)),

3 — 1)
n(n_l)tkl 1 j#i

with the notation
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H()(l, X]s Xk’ Xl)

Kin(Xn — Xi)Ko p,(Xpp — Xi2)

= Lo(Xi — X)A(X)) FO(Xi, Xi)

(m(X 11, Xp) — m(Xi1, X2))

Computing the expectation of V(Sln'z), we obtain, for pairwise different i, j, &, /,
E(V$,”) = BLH(X;, X}, X1, XD]- (1 + o(1)

Ky (X — Xi)Ky 5, (X2 — X2)
S(Xi, Xi2)

~E [(Af)(xi)E (

X (m(Xi1, Xn) — m(Xi, Xk2))|Xi>:| (1 +0o(1))

= E[(A/)(X) - bi(Xi)] - i + o(h}) + O(h), (A.27)
where b;(x;) is defined in (3.6). For the squared statistic we have
1 n
(V(IZ)) ﬁ Z Z H(Xia X]a Xka XI)H(Xi'a Xj'a Xk') Xl')’
(n—1) ik L= ji ) A

and observe that only terms with {i, j, k, I} N {i', j', k', I'} # & contribute to the variance.
All terms with more than one index in common give a contribution of order o(1/n). The
terms with exactly one index in common are all treated similary and we discuss by way of
example the case k' = k. For this case we obtain

E[H(Xlﬂ Xja Xk) XI)H(Xi’5 Xj'a Xka Xl')] = E[E(H(Xl! Xj) Xka Xl)le)z]’
where the conditional expectation can be estimated as follows:

E[H(X;, X, Xk, X1)|Xk]

= | o SR BB R SRR 10y, y0) = (X, X + o)
= | ) IR i, i) i, X + o)
= o(1).

Here the first equality follows by conditioning on X;, X, X;, the second by conditioning on
X, X; and the third by a direct integration. This implies that

V(82 — B 12y = op(1). (A.28)

Finally,
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Ve = i; E[AS(X)(m(Xa, Xi2) = mi(Xa)|X (] + op (\/Iﬁ)

= LS BIA MYt X)Xl — ELAS (X)X, X)) + o (;ﬁ) (A.29)
k=1

which gives, by a combination of (A.25)—(A.29), and noting that E(¥{>) = O(1/n),

n

S2(Xn)

1 n
vy gy =— oXs{
n = EVsn) n; (e S(Xn, Xn)

J(Afz)(X]] y lz) dl‘z:|

+ %Z{E[Af(Xi)m(Xila X)X «]
=1

—E[Af(X)m(X 1, sz)]} + op (\/Iﬁ) (A.30)
and
B(V' ) = BI(AS)(X)) - bi(Xin)] - B2 + o(h3) + O(hY), (A31)

where b; is defined in (3.6).
The term V(SZJ is treated exactly in the same way, showing that

J1(Xn)

1 n
v _ ¥y =~ X JA 24, X
5n (Vsn) n;U( €] X1, Xn) f(t, Xp)dh

+ %Z{E[Af(x,-)m(xkl, X)X 4]
k=1

— E[Af(X)m(X 1, X2)]} + op (%), (A.32)
where
E(VE) = E[AS(X) - by(Xi)] - B + o(h}) + O(h9) (A.33)
and b,(x,) is given by in (3.6).
For the remaining term V(So,z, we have
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1< 1 1
V(SOJ - ;;(yk -9 {n(n — I)Z Z Lg(Xi — X])A(X])} + Op <n>

i#k j#ik

= %Z(O(Xk)fk + (m(Xy) — ©)) - E(Af(X)) + op (\/Lﬁ)
k=1

1< 1
= > {0 (X0ex - EAS(X0) + BAS(CX) m(X )| X ) — EASCX) m(X 1)} + op (\/—ﬁ> -
k=1

(A.34)
A combination of the above results (A.22)—(A.24) and (A.30)—(A.34) gives
ﬁ(TO,n - E(TO,n)) = An + Bn + Cn + Op(l),

where E(7) ,) is defined in (3.5),

_2y L X)X — E[H(X, X)]} = —= S [A2f(X) — EA2/(X,
An =7 2 {BCH(Xi, X)X — BLHX, XTI} = 25 {A%(X0) ~ B2/ (X)) + or(D),
2 n
Bu =5 2 OCDEHBNX) = PEANCD],

€= 2= > BASQOIMCXin, Xo) = m(X)n, Xa) = m(Xa. X)X
i=1

— EAf(X)Im(X i, Xi2) — m(Xj1, X)) — m(Xi, X)])
and the mapping P; is given by (3.8). The asymptotic normality now follows by a standard
application of Lyapunov’s theorem. The asymptotic variance is obtained by a routine
calculation. We obtain
var(4, + C,) = 4var[A f(X)) + E(Af(X)[m(X 11, X12) — m(Xa1, X12) — m(X11, X0)]|XD)],
var(B,) = 4B(0*(X){(/ — P))ANXD})

and cov(4, + C,, B,) =0, which yields the asymptotic variance in (3.7) for w =1 and
completes the proof of Theorem 3.2.

A.3. Proof of Lemma 3.6

From Jensen’s inequality and Fubini’s theorem we have
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2
J(K % K)2(x)dx = J{JK(X — w)K(u) du} dx

< ” K2(x — w)K(u) du dx = JKz(x) dx,

which proves the left-hand side of (3.11). The remaining part is obtained by using the first
part and the triangle inequality, that is,

1/2 1/2 1/2
{J(zK — K K)z(x)dx} = Z{JKz(x)dx} — {J(K * K)Z(x)dx}

1/2
> {JKz(x)dx} .
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