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This paper considers estimation of the trend function g as well as its vth derivative g™ in a so-called
semi-parametric FARIMA-GARCH model by local polynomial fits. The focus is on the derivation of
the asymptotic normality of ¢*). A central limit theorem based on martingale theory is developed.
Asymptotic normality of the sample mean of a FARIMA-GARCH process is proved. These results are
then used to show the asymptotic normality of §*). As an auxiliary result, the weak consistency of a
weighted sum is obtained for second-order stationary time series with short or long memory under
very weak conditions. Formulae for the mean integrated square error and the asymptotically optimal
bandwidth of ¢ are also given.
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1. Introduction

Consider the semi-parametric regression model
Y = g(t) + Xi, (1.1)

where g: [0, 1] — R is a smooth function, #; = (i/n) and

Xi=(1- B¢ ' Bw(B):, (1.2)
with
a=zh?,  hi=a+ Y aid + > Prhig (1.3)
j=1 k=1
The z; are independent and identically distributed (i.i.d.) standard normal random variables,
a9>0, oy, ..., 0, P1, ..., B, =0, 0 €(—0.50.5), B is the backshift operator, ¢(B) =
1—¢B—...— ¢;B" and Y(B)=1+y B + ...+ 9, B™ are polynomials in B with no

common factors and all roots outside the unit circle. Here, the fractional difference (1 — B)®
introduced by Granger and Joyeux (1980) and Hosking (1981) — see also the monograph of
Beran (1994) — is defined by
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(1-B) = ika", (1.4)
k=0
with
b =~ k=9 (1.5)

T(k + DI(=0)’

The innovation process defined in (1.3) follows a GARCH model (Bollerslev 1986),
which is a generalization of the autoregressive conditional heteroscedastic (ARCH) model
proposed by Engle (1982). It is assumed that there is a strictly stationary solution of (1.3)
such that E(e}) < oo. Necessary and sufficient conditions which guarantee this may be
found in Ling (1999) and Ling and McAleer (2000) (see also Ling and Li 1997; Chen and
An 1998; He and Terédsvirta 1999a). The error process X; has short memory if 6 = 0, long
memory if 0 <0 < 0.5 and antipersistence if —0.5 < <0 (see Beran 1994). Model
(1.1)-(1.3) is an extension of the semi-parametric fractional autoregressive (SEMIFAR)
model introduced by Beran (1999) (see also Beran 1995), which will be called a semi-
parametric fractional autoregressive integrated moving average (FARIMA)-GARCH model —
see Ling and Li (1997) and Ling (1998) for a FARIMA-GARCH model without trend. Such
a model allows for simultaneous estimation of trend, long memory as well as conditional
heteroscedasticity in a time series. Estimation of g, the vth derivative of g, leads to a
nonparametric regression problem with different dependence structures.

The current paper focuses on investigating the asymptotic properties of the local
polynomial fits of g®. It is shown that ¢ converges uniformly on the whole support
[0, 1] for errors with short or long memory as well as for errors with antipersistence. Under
given conditions, the rate of convergence of g® is p@O-D(PHI=M/Cp+3-20) for g]]
5 €(=0.5,0.5) and n(-20(P+1=1/Q@p+3-20)(5) _ o) js asymptotically normal, where
p = v is the order of the local polynomial with p — v odd.

The paper is organized as follows. The proposed local polynomial estimator is described
in Section 2. Section 3 gives some auxiliary results, including a central limit theorem for
stationary processes being a weighted sum of a square-integrable martingale difference. Our
main results are given in Section 4. Section 5 contains some final remarks. Proofs of
theorems are to be found in the Appendix.

2. The estimator

Kernel estimation for nonparametric regression with long-memory errors is investigated by
Hall and Hart (1990), Csorgé and Mielniczuk (1995) and Beran (1999). Beran and Feng
(1999) proposed to estimate g™ in nonparametric regression with long-memory errors by
local polynomial fitting, introduced by Stone (1977) and Cleveland (1979). See Ruppert and
Wand (1994) and Fan and Gijbels (1996) for recent development in the context of local
polynomial fits. Assume that g is at least (p + 1)-times differentiable at a point #y. Let K be
a symmetric density having compact support [—1, 1], called the weight function. Let



Local polynomial estimation with a FARIMA-GARCH error process 735

1 61—t ... (Z‘lft())p
X=|: : - : ;
1 t,—ty ... (tp—t)?
and let e;, j=1,..., p+ 1, denote the jth (p+1)X1 unit vector. Also let K denote the
diagonal matrix with
ti— 1t
(5
b
as its ith diagonal entry, where b is the bandwidth. Finally, let y = (Y1, ..., Y,)" be the

vector of observations. Then ¢®)(#)) (v < p) is obtained by solving the locally weighted
least-squares problem

d L 3’ t—t
0= Z{ Vi byt - to)-’} K(’TO) — min, (2.6)
i=1 =0

which leads to
(1) = vlel, ,(X"KX) 'X"Ky. 2.7)

Here g"(t,) is a linear smoother with the weighting system W"(#) =
V!(eLl(XTKX)’IXTK)T =W, ..., w")T, where w? # 0 only for |#; — #y| < b. The weight-
ing system does not depend on the dependence structure of the error process. For any interior
point #y € [b, 1 — b] the non-zero part of w”(ty) is the same, that is, g") works as a moving

average in the interior. Furthermore, w”(#y) satisfies

n
Z wi(t; — ty)" = !
i=1

S owiti—toy =0 forj=0,...,p,j#v. (2.8)
i=1

Property (2.8) ensures that ¢*) is exactly unbiased if g is a polynomial of order not larger
than p.

3. Auxiliary results

In the following a central limit theorem will be developed for the sum of random variables
S, = Z;’:]X i» where X; is a weighted sum of (0, 0?) random variables ¢ forming a square-
integrable martingale difference. For the definitions of martingales and martingale differences
see, for example, Hall and Heyde (1980) and Shiryaev (1996). A martingale difference
with finite variance is called a square-integrable martingale difference. Let (£2,.7, P)
be a probability space, where .7 is a o-field of subsets of Q. Denote by
{Fniel={-00,...,—1,0,1,...,00}} a non-decreasing sequence of o-fields of .7
sets. We have:
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Theorem 1. Let the sequence (¢;, .7, i € 1) be a square-integrable martingale difference
with constant variance, that is, B(¢;|7;-1) =0, E(¢?) = E(¢}) < co. Furthermore, assume
either one of the following cases

Case 1.
X;= i Chk—i€ks (3.1
k=—o00
where
i 1 < oo, (3.2)
k=—00

with 02 =E(X| + ...+ X,)> = 00 as n— oo, and the conditional variance of ¢; is
equal to the unconditional one, that is, h; = B(¢3|7;_1) = E(&}),
or that

Case2. X is a FARIMA process with strictly stationary innovations ¢;, the process |¢;|
has an extreme index 6 € (0, 1] and the square process € is second-order stationary with
autocovariances y (k) = cov(e?, €2,,) — 0 as k — <.

Then

X1+...+XniN(O 1
O e

The proof of Theorem 1 is given in the appendix.

Remark 1. Note that i.i.d. (0, 0?) random variables form a square-integrable martingale
difference with %; = 02, Theorem 1, case 1, includes Theorem 18.6.5 of Ibragimov and
Linnik (1971) as a special case.

Remark 2. Theorem 1, case 2, is developed for a FARIMA process with the FARIMA-
GARCH model as a special case. Such processes are special cases of those defined by (3.1)—
(3.2) with ¢; = 0 for k > 0 and c; ~ yk~'* for k < 0 and |k| large, where y is a constant.
In this case we have 02 = E(X| + ... + X,)> = O(n'*?) for 6 € (=0.5, 0.5).

Remark 3. Some conditions of Theorem 1 are made here in order to simplify the proof. For
instance, in case 2 it is assumed that the process |¢;| has an extreme index 6 € (0, 1] so that
the extreme value of |¢;| is asymptotically of the same order as that for an associated
independent sequence (with the same marginal distribution) (see Leadbetter 1983; Embrechts
et al. 1997, Section 8.1). The degenerate case with 8 = 0 is excluded in this paper.

Remark 4. The assumption of constant variance for ¢; implies that it is an uncorrelated white
noise (see Shiryaev 1999, p. 42). Hence, the assumptions on ¢; given in Theorem 1 are
stronger than that ¢; is an uncorrelated white noise. For long-memory processes the



Local polynomial estimation with a FARIMA-GARCH error process 737

assumption that the ¢; are uncorrelated (0, 02) random variables is not sufficient for the
derivation of asymptotic normality of the sample mean (see, for example, Taqqu 1975).

We will now develop a theorem on the convergence of the variance (to zero) of a general
linear filter. The corollary of this on the weak consistency of a general weighted sum will

be used to prove the weak consistency of a weighted sum of the square process ¢ in
Theorem 1, case 2. Both of them are given for second-order stationary time series.
Theorem 2. Let (X;,), | <i<n n=1,2,..., be a triangular array of random variables

from a second-order stationary time series with zero mean, variance o* and autocovariances

y(k) such that y(k) — 0 as k — oo. Let (w;,) be a triangular array of weights such that
Yo lwil < oo and maxi<i<,|w;| — 0 as n — co. Then var(}_"_,w;X;) — 0 as n — oo.

The proof of Theorem 2 is given in the appendix. The weighting system w; is ‘formless’:
the w; are also allowed to be negative. Localized weighting systems are included by setting
w; =0 for all i outside a given interval. Hence, all weighting systems generated by
common kernel or local polynomial estimators of g are special cases of Theorem 2. This
means that the variances of these estimators converge to zero for any second-order
stationary time series with y(k) — 0 as k — oo. Furthermore, if X; is a process with
unknown mean u, we have:

Corollary 1. Let (X;,) and (win), 1 <isn n=1,2,..., be the triangular array as
defined in Theorem 2. Suppose now that the mean u of X; is unknown and is estimated by
a=>>"wX;. If Yl wi— 1 as n— oo and the other conditions of Theorem 2 are
satisfied, then [ is weakly consistent.

4. Main results

4.1. Properties of the error process

We consider first the asymptotic normality of the sample mean X = (1/n)>." X, of
a FARIMA-GARCH process defined by (1.2)—(1.3). To our knowledge, there are no
detailed results on this topic in the literature. Under the condition E(c}) < oo we have
Z;:1aj +>3_1Bk <1 (see Lemma 2.2 in Chen and An 1998). Under this condition ¢; is a
square-integrable martingale difference with respect to (7, i € I), where .7, is the o-field
generated by the information in the past (Shiryaev 1999) and I is as in Theorem 1. And
hence ¢; is an uncorrelated white noise. The autocovariance function yx(k) of the FARIMA-
GARCH process X has the same form as given in Brockwell and Davis (1991) and Beran
(1994). Furthermore, He and Terésvirta (1999a) show that, under the condition E(c?) < oo,
the autocorrelation function of the square process ¢ decays exponentially. More detailed
results on this may be found in He and Terdsvirta (1999b) for second-order GARCH models.
The existence of an extreme index for the process |¢;| follows from Davis et al. (1999) — see
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de Haan et al. (1989) and Mikosch and Starica (2000) for explicit results in some special
cases. Whence ¢; fulfils the conditions of Theorem 1, case 2.

Based on Theorem 1 we obtain the following theorem, which extends the results of
Theorem 8(ii) in Hosking (1996).

Theorem 3. Let X; be generated by model (1.2)—(1.3) with d € (—0.5, 0.5). Assume that
there is a strictly stationary solution of (1.3) such that E(e}) < co. And suppose that ¢(B)
and Y(B) have no common factors, and all roots of ¢(B) and W(B) lie outside of the unit
circle. Then

n2=9 X 2N, V),

where

Ve — o2 lp(D|* T(1 —20) sin (7))
" e(P @+ 1)  wo

(4.1)

The proof of Theorem 3 is given in the Appendix.

4.2. An extension of Theorem 1

Theorem 1 is a central limit theorem for the sample mean of a second-order stationary time
series. In the following we will extend it to a central limit theorem for a linear filter of such a
process, which can be directly used to derive asymptotic normality of a kernel or a local
polynomial estimator.

Theorem 4. Let (X;,), | <i<n n=1,2,..., be a triangular array of random variables
and let (w; ) be a triangular array of weights such that 6% := var(3_"_,w;X;) > 0 for all n.

If

max |w;|/o, — 0 as n — oo, 4.2)

I<i=n

n
E WiCl—i

i=1

sup /o, —0 as n— oo 4.3)
k

and the conditions as given in cases 1 and 2 of Theorem 1 hold respectively, then
n P
[Z w,)(,-] /o, = N(0, 1).
i—1

Condition (4.2) means that the weights w; are uniformly negligible. If max|w;| = O(1),
then it implies that 02 — oo as n — oo. Condition (4.3) on the weighted sum Y wicy_; is
often not independent of (4.2). Theorem 1 is a special case of Theorem 4 with w; =1, in
which case (4.3) can be derived from (4.2). Theorem 4.2 in Miller (1988) on the
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asymptotic normality of a weighted sum of i.i.d. random variables is also a very special
case of Theorem 4. Based on Theorem 4, the asymptotic normality of ¢ is easily proved.

4.3. Pointwise asymptotic results

What follows gives asymptotic normality of g)(¢) at any point ¢ € [0, 1] for & € (0.5, 0.5).
Asymptotic results on ¢)(¢) as given in Beran and Feng (1999) are included without proof,
since they also hold for the current model. It is assumed that p — v is odd, and we put
k = p+ 1. Note that it is enough to give formulae at points # = cb with ¢ € [0, 1]. Here
¢ <1 corresponds to a left boundary point and ¢ = 1 to a point in the interior. Following
Miiller (1987) and Feng (1999), ¢ is asymptotically equivalent to a kernel estimation in the
interior as well as at the boundary. For any v, k and ¢, denote by K, 1) the asymptotically
equivalent kernel (or boundary kernel, respectively) for ¢ (see, for example, Ruppert and
Wand 1994); it is easy to show that

1 0, j=0,...,v—Lwv+1,..., k—1,
J MJK(V,k’C)(M)dM = V!, ] =, (44)
- B k) j=k,

where S, k) is the (non-zero) kernel constant.
To drive the asymptotic results given below additional assumptions are required:

Assumption 1. g is an at least k-times continuously differentiable function on [0, 1].

Assumption 2. The weight function K(u) is a symmetric density (a kernel of order 2) with
compact support [—1, 1], having the polynomial form

K@) = ap® i1 ()
1=0
(see, for example, Gasser and Miiller 1979).

Assumption 3. The bandwidth satisfies b — 0, (nb)'~2°b*” — 00 as n — .

It can be shown that, under Assumption 3

max |w;| = O([nb" 17" = o(1).

Isi<
Let ny = [nt 4+ 0.5], n; = [nb], n. = [nch], where [-] denotes the integer part. Let

no+n;

Ve, 0,5) = ()1 37 Koo (") Ko (L )= @49)

i,j=no—nc

We obtain the following theorem.

Theorem 5. Let Y; be generated by model (1.1)—(1.3). Suppose that the assumptions of
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Theorem 3 hold. Suppose that Assumptions 1-3 hold, and let t = cb with 0 < ¢ < 1. Then,
for 6 € (—0.5, 0.5):

(i) we have bias

(s
B[z — W] = b("—”)%/;w +o(pkV); (4.6)
(i)
lim V,(c, 0, b) = V(c, 0), (4.7)
n—o0

where 0 < V(c, 0) < oo is a constant;
(iii) the variance of g is given by

var(2”(1)) = (nb) " 2b [V (c, 8) + o()]; (4.8)

(iv) when the bias is given by (4.6), assuming that nb@*+1-20/1=20) _, 42 45 n — oo,
for some d >0, then

(nb) >0 b (g (1) — V(1)) 5 N(dA, V(c, 8)), (4.9)

where A = g (6)B.1.0/ k! and V(c, O) is the constant defined in (4.7).

All of the results of parts (i)—(iii) and those of Theorem 6 below also hold when X; in
(1.1)-(1.3) is a FARIMA process with uncorrelated innovations. Denote V(c, 0) with ¢ =1
by V(0). The formula for V(d) with v =0 and 6 > 0 may be found in Hall and Hart
(1990). In the special case when g is estimated by an unweighted local linear fit, then we
have, for all 6 € (0.5, 0.5),

— 90-1) ;2 lp(D]* T(1 — 20) sin(mtd)
“lp(DF 20+1)  mo

20) (4.10)

(see Corollary 1 in Beran 1999). Note that the only difference between Vs given in (4.1) and
V(0) in (4.10) is the factor 20D,

Remark 5. The condition nb@ +1-20/(0-20) _, g2 a5 p — oo implies bandwidth b =
O(n?0~D/@k+1-20)y with (nb)'/2-0p" = O(n'1-20k=V)/@k+1-20)y " Theorem 6 below shows
that such a bandwidth is of the optimal order. In this case the squared asymptotic bias and the
asymptotic variance are of the same order. If the bandwidth & is of higher order that is, with
a small bandwidth — the result in Theorem 5(iv) also holds with A = 0. Now the asymptotic
bias is negligible. On the other hand, the asymptotic result will be dominated by the bias part,
if the bandwidth b is of a smaller order. In this case, b~ (g")(r) — g™)()) has a degenerate
asymptotic distribution with a constant mean and variance zero.
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4.4. The MISE

A well-known criterion for the quality of a nonparametric regression estimator is the mean
integrated square error (MISE) defined by

1
MISE("(x)) = JOE{[é(V)(x) — " (0P }dx. (4.11)

For p —v even, MISE(¢"(x)) is dominated by the estimation in the boundary area. For
p — v odd, the MISE due to the estimation in the boundary area is negligible. Let

1
I(g®) = L[gwmf dr, @.12)

and denote by K, r) and B ) respectively the equivalent kernel and the kernel constant for
the interior points with ¢ = 1. Then the following result holds.

Theorem 6. Under the assumptions of Theorem 5 and for 0 € (—0.5, 0.5):
(i) the MISE of g is given by

1
J E{[g"(n) — g ()] }dr
0
= MISEqsympi(1, b) + o(max(b**), (nb)**~1b~2"))

seny L& BG ) 20172 2k 26—17-2
= pHb = TP (up) O () + o(max(BPFTY), (nb)° T b)), (4.13)

k!
(i) the optimal bandwidth that minimizes the asymptotic MISE is given by
bopt _ Coptn(Zéfl)/(ZkJrleé)’ (414)
where
1/Q2k+1-26
w1-20 (KyRve) |V
Copt = 2(k— ) T(o® ﬁz s (415)
v (g ) w,p)

in which it is assumed that I(g®) > 0.

The proof of Theorem 6 will be omitted, since it is the same as for the case when the ¢; are
an i.i.d. sequence (see Beran and Feng 1999).

Note that by inserting bop in (4.13), Theorem 2 implies that for p —v odd the optimal
MISE is of order

1
J E{[g(v)(t) o g(v)(t)]z}dt _ O(nZ(Zéfl)(kfv)/(2k+1726)). (416)
0

The rate of convergence of g is pO—DUk=1)/@k+1-20) — ,2O=1)(p+1-)/2p+3-20) For y = ()
with 6 = 0, Hall and Hart (1990) show that this is the optimal convergence rate.
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5. Final remarks

The ARCH and GARCH models proposed by Engle (1982) and Bollerslev (1986) have
become a widely used model for analysing financial time series. Ling and Li (1997) showed
the potential usefulness of the FARIMA-GARCH model. The semi-parametric FARIMA-
GARCH model proposed in this paper is expected to become a useful tool for modelling
stochastic processes with trends, long memory as well as conditional heteroscedasticity.
Examples for modeling financial time series with the related SEMIFAR model proposed by
Beran (1999) may be found in, for example, Beran and Ocker (1999).

To estimate the whole model one has to combine the proposal here and the approach for
estimating the parameters, which determine the stochastic structure of the model, as
proposed in Beran (1995; 1999) and Ling and Li (1997). This will be discussed elsewhere.
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Appendix: Proofs of theorems

Suppose that on the probability space (Q, .7, P) there are given martingale differences
Sn = (&nka '—‘7nk)a O = k = n, n = 1,

with gn() = 0, .7,10 = (CI), Q), .7,,/( - .,7/"‘,,’[5_;_1 - . Set
k
Swc=Y &wn 1sks=n
i=0

The double sequence {Suk, 7> | < k <n, n =1} will be called a martingale array.

To prove cases 1 and 2 of Theorem 1 we will use the following Lemmas A.1 and A.2,
respectively. Lemma A.1 is a special case of Theorem 4 of Shiryaev (1996, Section VIL.§)
— see also Corollary 3.1 of Hall and Heyde (1980) and Corollary 6 of Liptser and Shiryaev
(1980). Denote by I(A) the indicator function of a set A.

Lemma A.1. Let the square-integrable martingale differences §" = (& iy F k), n = 1, satisfy
the conditional Lindeberg condition that for each ¢ > 0,
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P P
Fni] 20, (A1)

> EIE (5w > ©
k=0
and the condition
- P
> BE i) — L (A2)
k=0
Then Sy —> N(0, 1).

Lemma A.2 is a special case of Theorem 3.2 of Hall and Heyde (1980). This lemma is
used here to avoid the need to check the conditional Lindeberg condition (A.1).

Lemma A.2. Let {Syi, P, | < k < n, n =1} be a zero-mean, square-integrable martin-
gale array with differences &,;. Suppose that

max |& k] 2 0, (A3)
Yyt (A.4)
=1
and
E(lm]?x Eik) is bounded in n. (A.5)

Then S,, 2 N(0, 1).

Proof of Theorem 1. Let 02 = E(X; + ...+ X,)*. Suppose that E(¢3) =1 for simplicity.
Following the proof of Theorem 18.6.5 in Ibragimov and Linnik (1971), we have

02 =B(X) +...+ X,

o0

= Z (Chot + -+ Chon)

k=—00

00
_ § : 2
- Ck,n’

k=—00

say. Hosking (1994) gave some corrections of the proof of Ibragimov and Linnik (1971) and
showed that

1/2

|Ck | 00 1/2 1 00
o — -1 2 -1 2
o <a,:= |80, E C; +§on E c; , (A.6)

i=—00 i=—00

that is, ay , := cy.n/0, tends to zero uniformly in & as n — oo. Following Hosking (1994),
we have
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with

For each n=1 let ny = —[(n—1)/2], ny =[n/2] such that n; <0, n, =0 and
ny + ny + 1 = n, where [-] denotes the integer part. For k =1, ..., n denote ¢,,+s—1 by
€nks S m+k—1 OY T and @y 1x—1.n by bu for convenience. Define €,0 = 0. Also define
E" = (&, Fur) with &,0 =0 and &, = bpe, for 1 < k < n. Then we have

00

o Xt XD = Y ar

k=—o00

n
= E A€ + E Ak n€k
k=n

k<nm
k>ny
- Snn + Nns (A7)
where
n+k—1 k
Si’lk: Z ai,neizzgni’ k:1,...,}’l,
i=n i=0
and

Ny = § Ak,n€k-

It is clear that , = 0,(1), since E(7,) =0 and

var(n,) = E ai’n — 0, as n — o0.
k<m
k>n,

Here, &§" = (&, ) is a square-integrable martingale difference and {S., %,
l<k<n, n=1} is a zero-mean square-integrable martingale array. It remains to show
that, in Theorem 1, case 1, &" = (&, F ) fulfil the conditions of Lemma A.l1 and, in
Theorem 1, case 2, {Su, Zui>» | < k < n, n =1} fulfil those of Lemma A.2, respectively.

Case 1. In this case it is easy to show that the square-integrable martingale differences
E" = (&x, F ) satisfy conditions (A.1) and (A.2). We have E(’g‘ik|.7,,,k,1) = b,, and hence
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n ny 00
S EENT ) =D b= ai,+o(l) =1,
k=0 k=n

k=—o00

and (A.2) is satisfied. Furthermore, using (A.6) and noting that Zbik =< 1, we have

D BIEWI(Em| > Ol ws 1= BUEIGI(6o] > ¢/bw)]
k=0 k=0

< Z b*Elea1(|eo| > ¢/a,)]
k=0

< E[1(|eo| > ¢/a,)] — 0.

This shows that £" = (&, F ) satisfy (A.1).

Case 2. Now, we have to check that {S,;, Zu, 1 < k< n, n =1} fulfils conditions
(A3)—(A.5). Let ¢; denote an associate independent sequence for ¢;, that is, an i.i.d.
sequence with the same marginal distribution. Using the Chebyshev’s inequality we can
obtain the tail behaviours of |¢| and &, that is, P(|&| > x) < E(¢*)/x* and
P(¢2 > x) < E(¢*)/x* for every x. Following results in extreme value theory (see, for
example, Embrechts et al. 1997) we have max <;=,|¢;| = O0,(n'/*) and
E(max;<;<,¢2) = O(n'/?). Under the assumption that |¢;| has an extreme index 6 € (0, 1],
the same results hold for |¢;| and €, respectively: maxi<;<,|¢;| = 0,,(}1”4) and
E(maxlsisnélz‘) = 0(n'/?).

For 6 > 0 we have a, = O(c;'/?) = O(n~'/4°/2). Using (A.6),

max &, < @ max |eq|

1<k<n
= O(n~490,(n'*) = 0,(1).

If =0 we have c;, = O(1), ay, = crn/0, = O(0;,")=O0m"1/?). If § <0, it can be
shown that, for n; < k < ny, ct,, = O(n°) and ay, = O(n°)O(c;,') = O(n~'/?). Hence we
have, for 6 <0,

max |&| = 0(,171/2) max |€,|
1<k<n

1<k=n
= 0(n /%) 0,(n"/*) = 0,(1).

This shows that (A.3) holds for 6 € (—0.5, 0.5).

In this case ¢? is a second-order stationary process with E(¢}) =1 and y.(k)=
cov(e?, €2,;) — 0 as k — co. Observing that the weights b2, satisfy the conditions of
Corollary 1, we have

n n P
Z gﬁk = Z bikéik - E(éé) =1,
k=1 k=1
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Thus (A.4) is fulfilled.
We will now show that (A.5) holds. In fact we have E(maxlgkg,,gik) = o(1). This will
only be shown for 6 > 0:

2 < 2 2
E(max &) = @,E(max )
= 0(n*7%0(n'?) = o(1).

This completes the proof. U]

Proof of Theorem 2. Again, we put var(X;) = 1 for convenience. In this case we have that
|y(k)| < 1. It is clear that Theorem 2 holds in the naive case with w; = 0. Otherwise we have
max<j<,|w;| > 0. Now let N = N, = (max;<;<,|w;|)"'/2, such that N — oo, N - max, <=,
|wi| — 0 as n — oo. Then

var (i: w,-X,-) = z": Zn: wiw;y(i — j)
i1

i=1 j=1

= Wi wiy(i —J)
=1 =1

= wi| > owai—p+ Y wiy(i— )
=1 lij]=N lij]>N

<> wil| > willyG=pl+ D IwillyG =l

=1 i T=N i T=N

Observing that > >~ __ |w;| < oo, it is sufficient to show that

i=—00

S owillyG=pl+ D Iwil v — )l = o(1) (A.8)

li=jI=N li=jl>N

holds uniformly in i. Consider the first part of the left-hand side of (A.8):

D Iwilly =)l < @N +1) max |wi|
ji=JI=N -

= O((max |w;])'/?) = o(1). (A.9)

For the second part we have
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7 willy =)< sup y(b)| > |w)l
li—j>N k>N li—/1>N

= O(sup |y(k)|) = o(1), (A.10)
[k[>N

completing the proof of Theorem 2. O

Proof of Corollary 1. By Theorem 2, we have var(it) — 0 as n — co. Since Y ;_,wy — | as
n — oo, we have

E(/))zE(Zwkek> —u as n — oo. O
=1

Proof of Theorem 3. The formula for the asymptotic variance of X remains unchanged from
case to case only if ¢; are uncorrelated (0, 0?) random variables. Hence, it is the same as that
for iid. innovations given by Theorems 1 and 8 of Hosking (1996), that is,
var(X) = n*~ 17, for —1 <6 <1 where

v _ g2 [P T —20) 1
O pME 20+1) TA+0)rd—20)

Using the relationships T'(1 4+ ) = 0I'(d) and T'(H)I'(1 — 0) = xt/sin(wd) (for 0 < 6 < 0.5),
we obtain the alternative representation of Vs,
v, _ 2 PP TU = 20) sin(xd)

“lpHF 20+ 1) mo

which is used in this paper.
Since X; defined in (1.2)—(1.3) is a zero-mean FARIMA process with innovations ¢;
following a GARCH model, we have

Xi=) creix (A.11)
k=0

with ¢; ~ (|[p(1)|/|p(D)])k°" as for large K (see, for example, Brockwell and Davis 1991;
Beran 1994). Hence, for —0.5 <6 < 0.5, Zf:oci < co. This, together with the context
above Theorem 3, shows that X; fulfils the conditions of Theorem 1, case 2, and so
(X1 + ...+ X,)/0n—=N(O, 1). Observing that [2'2°X — (X, + ... + X)/on] =0, we
have 7!/2-9 X2 N(0, 1). 0

Proof of Theorem 4. In order to prove Theorem 4 we only need to show that the
decomposition (A.7) holds for proper a;, Following (3.1), the weighted sum can be
rewritten as
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i=1 i=1

(A.12)

where ¢y, = (Wick—1 + ... + wycr_p,). Noting that ¢; are uncorrelated random variables,

we have

n 2 o0
ai ::E(Zw,)(,») = Z ci’n.
i=1

k=—00

Define ay , = ¢k /0, we have

with

n o0

-1

o, E wiX; = E Ak n€ks
=1

k=—00

o0

Z ai‘n = 1.

k=—o00

(A.13)

The uniform negligibility of a;, — which means that it tends to zero uniformly in & as
n — oo — is guaranteed by condition (4.3). The rest part of the proof of Theorem 4 is the
same as that of Theorem 1.

O

Proof of Theorem 5. The proof of the first three parts will be omitted (see Beran and Feng

1999). Note that

gV — g0y =_ wiX:.
i=1

The weights of g generated by local polynomial fitting have the properties that
maxi<;<,|w;| = O[(nb'**)~!] and w; = 0 outside an interval with length of order nb. Using
the result given in part (iii) we have max|w;|/o, = O[(nb)~'/>7%] — 0 as n — oco. Noting

that ¢ ~ k°71,

n

/o, < max [wl lZMi
1<i<n

n
g WiCl—i
i=1

i=1

Wi#O]/Un

= O[(nb)""/*7°10[(nb)’]
= 0[(nb)71/2] —0 as n — oo.

Conditions (4.2) and (4.3) are satisfied by the weights of g*)(¢). We have
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V(0 — g0 b
vargo(n) e D

When the bias has the representation (4.6), and assuming that nb2k+1-20/(1-20) _, g2 for
some d > 0, we obtain

(nb)' 0B (8M(1) — g™(1) > N(dA, V(c, 6)),

where A = g®(H)B k.)/ k! and V(c, 8) is the constant defined in (4.7). O
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