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1. Introduction. The purpose of this note is to bring to light some fur­
ther results whose thrust is that certain fundamental estimates in harmonic 
analysis in R n have formulations with bounds independent of n, as n -> oo. 

It was shown previously (see [3, and 4]) that for the basic maximal function 
M, defined by 

Mf^=sf^B)Llf{x-y)ldy 

(with the sup taken over all balls B centered at the origin), one has 

(1) | |M( / ) | | p <yy | /U P , K p < o o , 

with bound Ap independent of n. Here we show that the analogue holds for 
the basic singular integrals, the "Riesz transforms" and their powers. While 
such results may have some interest on their own (the usual proofs give bounds 
which increase rapidly as n —• oo), their validity raises certain further general 
questions and leads to speculation which we shall indulge in briefly at the end 
of this note. 

2. The theorem. In Rn we define the familiar Riesz transforms by (Rjf) 
( 0 = i(tj/\t\)Kt), 3 = l>-->n, and write R = (Hi,.. . ,Hn); also \R(f)(x)\ 
will stand for ( £ ? = 1 \R,if){x)\2)1/2-

T H E O R E M . 

w)iip<^imu KP<OO, 

withAp independent ofn. 

Received by the editors January 25, 1983. 
1980 Mathematics Subject Classification. 42B25, 52B20. 

© 1983 American Mathematical Society 
0273-0979/83 $1.00 + $.25 per page 

71 



72 E. M. STEIN 

The proof does not follow the usual argument for proving estimates for 
singular integrals, but instead in analogy with (1), it ultimately relies on 
square functions. The precise square functions that are relevant here are the 
"^-functions" (e.g. their closely related variants "Lusin functions" would not 
do). Thus we use 

g(f) = (f~\VPtf\Hd?) and 9i(f) = (fc 
dt 

where t —> P* is the semigroup of Poisson integrals, and 

^iv"2 

|VP ' / | S 3PV 2 

+ £ 
dp*/ 
dxj dt 

We now sketch the proof of the theorem. One observes first that 

(2) 9iW)(x)<g(f)(x), 

because 

Next one shows, whenever ƒ > 0, that 

(3) llff(/)llp<4»ll/IU 1 < P < 2 , 

with Av independent of n. 
In fact by the argument of [2, pp. 86-88] one has A(P ' / ) p = p(p-l)(-P*f)p~2 

IVPVI2; also | |sup t>0PVIIP < ^ l l / I U by (1); and JR n I(x)dx = \\f\\P, with 
I(x) = J0°° tA(P*/)P(x)cft. Finally 

(9(f)(x))2 < - 7 - l - s u p ( P * ( / ) ( x ) ) 2 - ^ ( x ) . 
PKP ~ 1) t>o 

The last step is to prove that 

l l / l lp<^| |ffi(/)IU 1 < P < 2 , 

P p independent of n, and here we must assume that ƒ takes its values in a 
(d-dimensional) Hilbert space. For it we use a different approach—the theory 
of symmetric diffusion semigroups. We observe that the semigroup P* satisfies 
all the required axioms (I-IV, [1, p. 65]). We can then invoke the Corollary 
2 on p. 120, if we notice that in the present case the projection E$ is zero. 
However a reexamination of the proof shows that the bound is independent 
of n (because the dimension n does not enter in the general axioms), and the 
results are equally valid in the Hilbert space version we need, and so Bp is 
also independent of d. 

Once (4) is proved, the theorem follows from (2) and (3). 

3. Further results and remarks, (i) Results analogous to (1) and the theorem 
hold also for: 

(a) The "higher Riesz" transforms. 
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(/?) For fractional integration of imaginary order, i.e. the boundedness on 
LP, 1 < p < oo, of (—A)*7, 7 real, with bounds independent of the dimension 
n. 

(7) Inequalities in Rn of the form 

IIV ƒ | | r < ^ , , ( | | A ƒ | | p + 11 ƒ H,) 

with 1 < p,q < 00, 1/r = ^(l /p+ 1/q), with Apfq independent of n. 
(S) The spherical maximal function, M, with 

(Mf)(x) = mv[ \f(x-ty)\da(v), 

and da the normalized uniform measure on the unit sphere in Rn. The 
assertion is ||M(/)||P < Ap\\ ƒ ||p, with n > max(p/(p—l), 2), and Ap independent 
of n. 

(ii) The above results raise the following general question. Can one find 
an appropriate infinite-dimensional formulation of (that part of) harmonic 
analysis in Rn, which displays in a natural way the above uniformity in n? 
A related question is to study the "limit as n —• 00" of the above results, 
insofar as such limits may have a meaning. One might guess that a further 
understanding of these questions would involve, among other things, notions 
from probability theory: i.e. Brownian motion and possibly some variant of 
the central limit theorem. 
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