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FACTORIZATION AND EXTRAPOLATION OF WEIGHTS 

BY JOSÉ LUIS RUBIO DE FRANCIA 

1. Introduction. The functions w(x) > 0 for which the Hardy-Littlewood 
maximal operator M is bounded in Lp(w) = Lp(Rn, w(x)dx)9 1 < p < °°, are 
characterized by Muckenhoupt's Ap condition (see [5] ). The description of all 
Ap weights in terms of At weights (where w EAX means Mw(x) < Cw(x) a.e.) 
is given by the factorization theorem of P. W. Jones [7] 

(1) wGi4p iff w = w0w\~p for some w 0 ,w 1 Gi4 1 . 

The long and difficult proof of (1) depends heavily on the structure of cubes in 
Rw and on the very special properties of Ap weights (in particular: "w G A im
plies ws G Ap for some s > 1"). We shall present here a different approach to 
(1) which is shorter and can be applied to more general weight classes. The 
ideas involved prove also some extrapolation theorems for weighted norm in
equalities. 

2. Statement of results. Let (M,)/e/ be a family of positive operators in 
some measure space (X, dx) such that the maximal operator 

Mf(x) = sup\Mjf(x)\ 
i 

is bounded in Lp(dx) for all p > 1. If 1 < p < °°, we say that w G Wp when 

fMf(x)pw(x)dx < Cp(x) ƒ | f(x)\pw(x)dx ( ƒ G Lp(w)) 

while w G Wx means Mw(x) < Cw(x) a.e. We make the following basic assump
tion: 

(2) w G Wp iff w-p'lp ewp> (Kp< ~ ) . 

THEOREM 1. If w G Wpi 1 < p < °°, there exists w0, wx G Wx such that 
w(x) = w0(x)w1(x)1-p. 

In particular, the theorem of P. Jones holds for the weights associated to 
the strong maximal function, Bergman projections [4, 3] , martingales [6, 10] 
and ergodic theory [2]. 
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THEOREM 2. Let T be a sublinear operator bounded in Lr(w) for all 

w G Wr/X' where X, r are fixed and 1 < X < r < «>. Then 

/or ûf// w G Wp ,̂  âw<2 </// p, q with X < p, q < «>. 

There is an analogous result for weak type operators. Some antecedents 

of Theorem 2 have appeared in [1, 7 and 8 ] . 

3. Sketch of proofs. If w G Wp, the positivity of M and (2) imply 

(3) I(? | r^)| <C |(? , / / I)| (7}eT) 
LP(w) 'XP(w) 

where T consists of all positive linear operators whose adjoints are dominated by 

M. There is a general principle relating weighted norm inequalities and vector-

valued inequalities (see [9] ) which, applied to (3), gives, for each u G Lp+ (w), 

some U(x) > 0 with 

and 

ƒ\Tf\uw < c/1ƒ|Uw (Te J). 

To prove Theorem 1 when 1 < p < 2, one defines inductively a sequence {w }̂ 

by w/ + 1 = Uj + M5Wy, where s = p'/p and Msu = M(us)t/s (which is a bounded 

operator in LP (w)). If c > 0 is small enough, then v(x) = XjC^'ufic) is finite 

a.e. and 

J | 7 y | w v < (const) f\f\vw ( 7 G J) 

which is equivalent to vw € Wx. Since M ^ x ) < c*""1^*) (i.e. uJ G H^) we have 

the desired factorization. When p > 2, one applies (2). 

The same methods show that, if w G Wp and 1 < r < p, then for every 

u G L<j?/r)'(w) there exists v G Z,<j?/r)'(w) such that u(x) < U(JC) and ÜW G W,.. 

With this and Holder's inequality, the case q = r < p of Theorem 2 follows eas

ily, and (2) can be used once more to prove the rest. 
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