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1. Introduction. Let x be a complex variable, and set V(R) = {x\ \x\ > R }. 
Consider two differential equations 

(E^ dy/dx=Ax(x)y 

and 

(g ) du/dx = A2(x)u, 

where y and u are w-dimensional vectors, and Ax and A2 are n-by-n matrices 
whose components are holomorphic in V(Rt) and V(R2) respectively and mero-
morphic at x = °°. Note that if Ax and A2 are replaced by their Laurent ex­
pansions at x = °°, then (Et) and (E2) become two differential equations defined 
in a vector space over the field of quotients of the ring of formal power series in 
x~l. The two equations (Ex) and (E2) are said to be formally equivalent if there 
exists an n-by-n matrix T(x) such that (i) T(x) = xq2%=0Thx~~h is a formal 
series (with an integer q and constant matrices Th), (ii) det T(x) + 0 as a formal 
series, and (iii) the transformation w = r (x) j reduces (Ej) to (E2) formally. 
The two equations (Ex) and (E2) are said to be meromorphically equivalent if 
there exists an n-by-n matrix T(x) such that (i) the components of T(x) are 
holomorphic in V(R3) for some R3 and meromorphic at x = °°, (ii) det T(x) =£ 0 
in V(R3), and (iii) the transformation u = r(x).y reduces (Ej) to (E2) in V(R3). 

Let 21 be an equivalence class of such differential equations with respect to 
the formal equivalence. The main concern in this report is to characterize the 
equivalence classes with respect to the meromorphic equivalence within ?I. 

2. Asymptotic properties of an analytic fibre bundle. For a sector S, set 
S(R) = {x G 5; \x\ > JR}. An n-by-n matrix F(x) is said to have an asymptotic 
expansion Asp(F) as x tends to °° in S, if (i) the components of F(x) are 
holomorphic in S(R) for some R, (ii) ,45p(F) = xqX^=0Ghx^h is a formal 
series, and (iii) for every positive integer N there exists a positive number KN 

such that \F(x) -xiX%=0Ghx~h\ <KN\x\q~N~1 in S(R). For an n-by-n 
matrix F(x), the notation F(x) E A(S(R)) means that (i) F(x) is holomorphic 
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in S(R), (ii) det F(pc) * 0 in S(R), and (iii) F and F""1 have asymptotic ex­
pansions Asp(F) and Asp(F~~l) respectively as x tends to oo in S . 

Throughout this section we fix a finite number of sectors S t , . . . , S # . 
Set Sj - {x\ aj < arg x < bj}. We assume that 0<bf- af < n and that {Sj} 
covers the entire x-plane. Set Sjk = Sj O S f c , where ( / , fc) is an ordered pair. 
Let {Fjk(x)} be a finite set of n-by-n matrices such that (i) Fjk(x) E A(Sjk(R)) 
for some R whenever SJk =£0, and (ii) Fjh(x)Fhk(x) = Fjk{x) whenever Sj n 
5 ^ n S^ ^ 0 Such a system {F / / t(x)} is called an asymptotic system at x = °°. 
An asymptotic system { /^ (x)} is said to be trivial at x = °°, if there exist «-
by-w matrices PjCx:), . . . , PN(x) such that (i) /^(x) E A(Sj(R)) for some # , and 
(ii) F /A:(x) = Pj(x)~lPk(x) whenever Sjk ¥>0. The set {Pj(x)} is called a cross-
section of {Fjk(x)} at x = °°. An asymptotic system {Fjk(x)} is said to be 
formally trivial if there exist n-by-n matrices Qx(x)9 . . . , QN(X) such that (i) 
Qj{x) = x ^h=o Qjhx~h *s a f°rmal series, (ii) det Sy (x) ^ 0 as a formal series, 
and (iii) Asp(F/k) = Ô/to^Ô^*) whenever S//k ^ 0 -

THEOREM 1. ,4« asymptotic system {Fjk(x)} is trivial at x = °° ƒƒ ató 
ow/y /ƒ if is formally trivial 

To prove this theorem, the following lemma is essential. 

LEMMA 1. An asymptotic system {Fjk(x)} is trivial at x = °° if Asp(Fjk) 
= I {the identity matrix) whenever Sjk = £ 0 (Cf Y. Sibuya [3, Theorem 6.4.1, 
p. 172].) 

T H E O R E M 2. Assume that an asymptotic system {F>k(x)} is trivial at 
x = oo. iet {Pj(x)} and {Pj(x)} be two cross-sections of {Fjk(x)} at x = °°. 
Then there exists an n-by-n matrix T(x) such that (i) the components of T(x) 
are holomorphic in V(R) for some R and meromorphic at x = °°, and (ii) Pj(x) 
= T(x)Pj(x) for every j . 

3. Stokes structures. Let 21 be an equivalence class of differential equa­
tions with respect to the formal equivalence (cf. §1) . Let us fix an equation 

(E<M dy/dx = A0(x)y 

which belongs to 21. Let 

(E) du/dx~A(x)u 

be an arbitrary equation in 21. 

T H E O R E M 3. There exist a finite number of sectors St, • . . , SN such 
\hat (i) {Sj} satisfies the two conditions given in §2 , and (ii) for every equation 
(E) in 21 there exist n-by-n matrices Pt(x), . . . , PN(x) which satisfy the follow­
ing conditions: (1) Pj(x) E A(Sj(R)) for some R , and (2) the transformation 
u = Pj(x)y reduces (E 0 ) to (E) in Sj(R)-
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Throughout this section, we fix sectors St, . . . , SN and fundamental 
matrix solutions $x(x), . . . , <bN(x) of (E0) which are given in Sj(R) for some 
R (i.e. d<bj(x)/dx = A0(x)&j(x) and det <£>ƒ(*) ^ 0 in Sj(R)) respectively. 

A finite set {Cjk} of n-by-n constant matrices is called a Stokes system 
associated with 21 if (i) Cjlc G GL(n9 C) whenever S,k =£0, (ii) CjhChk = CJk 

whenever S ; n Sn n Sk =£0, (iii) ^{x)Cjk^h(xTl G A(Sjk(R)) for some fl 
whenever Sjk =£ 0, and (iv) the asymptotic system {&j(x)Cjk$k(xy1} is trivial 
at x = °°. Two Stokes systems {Cjk} and {Cjk} are said to be equivalent if 
there exist n-by-n constant matrices Ct, . . . , CN such that (i) C;- G GL(w, C), 
(ii) ^(x)Cf^(xTl ^ A(S,(R)), and (iii) CfkCk = C}?^ whenever Sfk ±0. An 
equivalence class C of Stokes systems is called a Stokes structure associated with 
SI. 

Let {Pj(x)} be the matrices given in Theorem 3. Then Pj(x)$j(x) is a 
fundamental matrix solution of (E) in Sj(R). Set Cjk = (Pj®jTl(Pk®k) when­
ever S//fc ¥= 0 Then {C^} is a Stokes system. Let C be the Stokes structure to 
which {Cjk} belongs. Then C is independent of the choice of {Pj(x)}. This 
Stokes structure C is called the Stokes structure determined by (E) and denoted 
by C(E). 

THEOREM 4. For every Stokes structure C associated with 21, there exists 
an equation (E) in 21 such that C = C(E). 

THEOREM 5. Two equations (Ej) and (E2) fa 21 are meromorphically 
equivalent if and only if C(EX) = C(E2)-

REMARK. The definition of Stokes structures depends on the choice of 
Sj, (E0), $ƒ. Another choice produces another isomorphic definition. Certain 
particular choices were given, for example, by G. D. Birkhoff [2] and Baiser, 
Jurkat and Lutz [1]. 

REFERENCES 

1. W. Baiser, W. B. Jurkat and D. A. Lutz, Birkhoff invariants and Stokes' multi­
pliers for meromorphic linear differential equations, Universitat Ulm, 1976 (preprint). 

2. G. D. Birkhoff, The generalized Riemann problem for linear differential equations 
and the allied problems for linear difference and q-difference equations, Proc. Amer. Acad. 
Arts and Sci. 49 (1913), 531-568. 

3. Y. Sibuya, Linear differential equations in the complex domain; problems of 
analytic continuation, Kinokuniya, Tokyo, 1976. (Japanese). 

SCHOOL OF MATHEMATICS, UNIVERSITY OF MINNESOTA, MINNEAPOLIS, 
MINNESOTA 55455 


