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mathematics (Kreisel); 4. Geometries in which straight lines give the shortest
distance (Busemann); 6. Axioms for mathematical physics (Wightman); 7.
Transcendence of a® for a and b algebraic (Tijdeman); 9. General reciprocity
(Tate); 12. Generalize Kronecker’s Jugendtraum (Langlands); 13. Is every
function of 3 variables expressible in terms of functions of 2 variables?
(Lorentz); 14. Finite generation of subrings (Mumford); 15. Rigorous founda-
tion of Schubert’s enumerative calculus (Kleiman); 18. Crystalographic groups
(Milnor); 22. Uniformizations (Bers).

With two further notes I conclude my task. The book reproduces the
translation of Hilbert’s address by Mary Winston Newson (1902, Bull. Amer.
Math. Soc.). The German original is perhaps most readily available in the
third volume of Hilbert’s collected works [5]. In French there is in [4] a
reprinting of the summary which appeared in the 1900 Congress Proceedings.
To Paul Halmos we are indebted for 22 photographs (Conway is included and
Matijasevic and Stampacchia are missing). I have cited so many integers in
this review that I can’t resist one more: there are 10 beards.

ERRATA. In the article entitled Hilbert’s tenth problem. Diophantine equa-

tions: Positive aspects of a negative solution, by Martin Davis, Yuri Matijasevit and
Julia Robinson, pages numbered 357—358 should precede pages numbered 355—
356.
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In 1929, B. de Finetti introduced the class of infinitely divisible probability
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distributions on the reals. Such a distribution has the property that, for each
positive integer k, the distribution has a factorization into a product of k
probability distributions relative to the operation of convolution. Three years
later, A. N. Kolmogorov found a representation of the logarithm of the
Fourier transform of an infinitely divisible distribution under a finite second
moment condition. The latter condition, as well as the restriction to one-
dimensional Euclidean spaces, was removed by P. Lévy in 1937. A year earlier,
H. Cramér had shown that the factors of an n-dimensional normal distribution
must also be normal, possibly degenerate, and that an n-dimensional distribu-
tion is normal if and only if each of its projections onto one-dimensional
subspaces is normal. These early works are the source of problems dealing
with the factorization and structure of the factors of a probability distribution.

Cuppens’ book deals with the factorization problem for many-variable
distributions exclusively, referring frequently to E. Lukacs, Characteristic
Junctions, 2nd ed., Griffin, London, 1970, for the one-dimensional case. His
approach is mostly analytical and is carried out within the context of Fourier
transforms of finite signed measures on n-dimensional Euclidean space R".
Letting (¢,u) denote the inner product of ¢, u € R” and 9, the class of finite
signed measures on the Borel subsets of R”, the Fourier transform j of
p € O, is given by [i(¢) = fexpli(¢, u)l u(du). In the first two chapters,
properties of the Fourier transform are developed and used in the third
chapter to prove H. Cramér’s theorem on the normality of the factors of an
n-dimensional normal distribution and H. Teicher’s 1954 result which states
that p € @, the class of n-dimensional probability measures on the Borel
subsets of R”, is a Poisson distribution if and only if p is an entire function
and certain one-dimensional marginals of p are Poisson. A similar characteri-
zation holds if p is a convolution of n-dimensional normal and Poisson
distributions.

The study of decompositions of n-dimensional probability measures com-
mences in the fourth chapter of the book. A probability measure p is
indecomposable if p = p, * p,, with p;, p, € 9,, implies p, or p, is degenerate,
a concept introduced by P. Lévy and A. Khintchine in 1937-1938. According
to a 1962 result of K. R. Parthasarathy, R. Ranga Rao, and S. R. Varadhan,
there is an abundance of indecomposable probability measures since the set
of indecomposable purely atomic n-dimensional probabilities is dense in 9,
relative to complete convergence. The only condition given for determining if
a probability measure is indecomposable is an algebraic condition on its
support; that is, if the support of p € 9, is linearly independent over the
rationals, then p is indecomposable. This condition is used to show that a
probability measure p concentrated on a sphere in R* is indecomposable, a
1972 result due to Ju. V. Linnik and I. V. Ostrovskii. Going to the other
extreme, p € 9, is infinitely divisible if for each positive integer k, there is a
Px € 9, such that p = pi*, the k-fold convolution of Py A probability
measure p is said to have an (a, P, u)-Lévy-Khintchine representation if there
is an a € R", a nonnegative definite function P on R”, and finite signed
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measure p such that

. 2
logp(t) = i(a,2) — P()+ (ei("“) -1- i(t,u) )1 + lu
gh(t) = i(a,t) - PO)+ [ )

for t € R". The first term on the right determines a degenerate component of

p, the second term a normal component, and the last term a Poisson

component. The signed measure p is called the Poisson measure of p and the

support S(u) of u is called the Poisson spectrum of p. The results of

Kolmogorov, Lévy, and Khintchine referred to above state that p € &, is

infinitely divisible if and only if p has an (a, P, p)-Lévy-Khintchine represen-
tation where p. is a measure with no atom at the origin of R".

In 1937, A. Khintchine proved that each p € ¥, has a decomposition
P = p, * p, in which p, and p, can be degenerate, p; has no indecomposable
factor, and p, is a vague limit of finite convolutions of indecomposable
probabilities. This result justifies the introduction of a class I’ of probability
distributions with no indecomposable factor, the subject matter of the
remaining chapters of the book. The structure of a probability measure p with
an (a, P,p)-Lévy-Khintchine representation appears to be related to the
algebraic structure of its Poisson spectrum S(u). The algebraic structure being
that of a Linnik set. A subset of the reals is a Linnik set if for any two distinct
elements having the same sign, one of the two is an integral multiple of the
other; in the n > 2 case, a subset of R" is a Linnik set if it is the span of Linnik
sets on each of the n coordinate axes. Such sets arose in a 1960 paper by Ju.
V. Linnik in which he proved that the Poisson measure of a probability
measure p € IOl with a nondegenerate normal factor is concentrated on a
Linnik set. It is not known if this result holds in the n > 2 case. Going the
other way, if p € 9 has an (a, P,p)-Lévy-Khintchine representation, p is
concentrated on a Linnik set, and the p measure of the complement of a ball
decays exponentially with the squared radius, then p has no indecomposable
factor. Sufficient conditions for this result to hold in the » > 2 case are given
which involve additional restrictions on the Poisson spectrum S(u), namely
that S(u) is a Linnik set and that each point of S(r) is accessible from certain
types of cones in the complement of S(u).

In the preface to the book, Cuppens states that a complete report on
multivariate characteristic functions would be beneficial, taking up where
Lukacs and others stop. He has been successful in this respect, the above
results being only a sampling of the more easily stated results. He is to be
commended for providing the mathematical community with this compilation
of widely scattered results.

It is unlikely that this book will prove useful to graduate students. The
exposition is minimal and usually poorly done. The density of errors is
tolerable except when an incorrect reference to a previous theorem is involved.
It is not likely that the nonspecialist will want to own a personal copy of this
book.

p(du)
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