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1. Introduction. For any real continuous function f(x) on [-1, 1] and
for any nonnegative integer #, it is well known that the best uniform approxima-
tion to f(x) on [-1, 1] by a real rational function of order n is unique (cf. [1]).
On the other hand, J. L. Walsh [3] has given an example of a continuous com-
plex-valued function on a certain compact crescent-shaped region in the plane,
whose best uniform complex rational approximation of order 1 is not unique.

In this note we present results which show that this nonuniqueness of best com-
plex rational approximations can hold even in the case of approximating real
functions on finite real intervals. The examples given below point out a some-
what unexpected fact; namely, that complex rational functions may yield

closer uniform approximations to a real function on [~1, 1] than the best real
rational function of the same type. This is in marked contrast with the theory
for best complex polynomial approximation.

In §2 we will state the main results and examples. The proofs, further
details, and related open problems will be published elsewhere [2]. For the remain-
der of this section we introduce the necessary notation.

For any integer n > 0, we let m, , denote the collection of all rational
functions which can be written in the form p/q, with p and q polynomials of
degree at most n having real coefficients. We use 7 , to denote the analogous
collection of such rational functions with p and q having complex coefficients.

If C,[-1, 1] denotes the collection of all real continuous functions on
[-1, 1], and if |ig]l := sup{|g(x)]; =1 <x < 1} for any real- or complex-valued
function g defined on [~1, 1], then we further set

Ey ,(f) = inf |If - gll; Ef ()= inf |If-gl,

g€y gEn‘;;’n
for any f € C,[-1, 1]. Obviously, Ey, ,(f) <Ej, ,(f). The collection of all
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best approximating rational functions from m}, ,, (or 7, ,,) to a given fEC,[-1, 1]
is denoted by B;, ,(f) (or By, ,(f)), ie.,

B, ()= {re, : If-rl = E ("},
B () = {rea ,: If -rll = ES ,(N),

and the cardinality of these sets is symbolized by By, ,(f)I (or 1By ,(F)]). As
previously remarked, |B, ,(f)| = 1, and its unique element is denoted by

R, ,(f)=R,, ,. Itis known [3] that B} ,(f) # &. Our concern is with con-
ditions which ensure that By, ()| > 1, that is, when nonuniqueness holds for
best uniform rational approximations in 7j, ,, to a real fon [-1, 1].

2. Some results and examples.

ProposITION 1. Given f€ C,[-1, +1],let R, , = P|Q € B, ,(f), and
set d := max(deg P; deg Q), where P and Q have no common factors. If
f=R,, , has an alteration set on [-1, 1] of length at least 2 + 2n +d, then
Bft,n(f) = B;,n(f) = {Rn,n}‘

ProrosITION 2. Given f€ C,[-1, +1],let R, , = P/Q € B}, ,(f) and
let d := max(deg P; deg Q) where P and Q have no common factors. If every
alternation set on {1, 1] for f— R,, ,, has length at most 1 + 2n — d, then

Eq () <Ey (), and B, (> 1.

The above propositions are used to justify the following examples.

ExampLE 1. Let f € C,[-1, +1] be even, and monotone and nonconstant
on [0, 1]. Then,

ES () <E} ,(f), and IBS ,(NI>1.

We remark that Example 1 includes as a special case the function f(x) :=
ki* a>0,0n [-1, +1].

EXAMPLE 2. For n > 1,let T,,_,(x) be the Chebyshev polynomial (of
the first kind) of degree 2n — 1. Then, for each k with 0 <k <n -1,
1Bk k(T2 n—y)l =1, while for k = n,

Et‘;.n(T2n-l) < E;,n(TZn-—-l)’ and lel,n(TZn~l)l > 1

ExAMPLE 3. There exists an entire function f € C,[~1, +1] and an infi-
nite sequence of distinct positive integers {n,};Z., such that

Enn ) <Ep ,(f), and IB; ,()>1, Vi>1.
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