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If fis an entire function of type o, bounded on the real axis, a well-known
theorem of Bernstein gives sup,cg |f'(x)| < osup,cg |7 (x)l. Our objective is to
construct a Banach space, based on this theorem, in which the existence problem
for broad classes of partial differential equations can be solved with surprising

ease. The idea of using Bernstein’s theorem in the study of coupled systems is
due to Nickel [3].

1. Notation. We denote real or complex m-dimensional space by R™ or
C™ respectively, and the norm of a vector z in one of these spaces by |z|. The
norm of any function F: F— CP is ||F|| = sup,c g |F(§)l. We choose 0 € R™
fixed, 0; > 0, and use j as a multi-index; thus:
pi=—— 2 goopdiodm
axlax2 - axm

2. The class B(m, p, 6). The class B(m, 1, 0) is the class of functions f:
R — C satisfying one of the following equivalent conditions:

(a) f can be extended to a holomorphic function f*: C™ — C so that, for
all z=x + iy € C"™ and for some constant M = M(f),

If*@1 < Mexp(oyly, | + oylyyl +- 0 -+ 0,1y, D

(b) f can be extended to a holomorphic function f*: C" — C so that,
for all z=x + iy € C™ and all multi-indices j,

IDIf*2) | < lIflla?exp(oy Iy, | + oy lyy | + -+ - + 0,1y, ) < o=

(c) £€C= and ID'fl < lIfllo’ < oo for all multi-indices ;.
That (b) = (c) A (a) is obvious, and (c) = (b) by Taylor’s formula. Also, (a)
= (b) follows for m = 1 from Bernstein’s theorem and then in general by induc-
tion on m.

By (a), B(m, 1, o) is a linear space which contains all functions
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f(z)=f1(z1)f2(22) *e 'fm(zm)a f,-EB(l, 1, 0,’),

and which is closed under translation z — z — z,. The class UaB(m, 1,0)is
closed under addition, multiplication, and substitutions z — Az — z, where z,
and the m by m matrix A are constant.

A function f = (fy, fy, - - - , f,)'" from R™ to CP is in B(m, p, 0) if f; €
B(m, 1,0)fori=1,2,...,p. Then (a) shows that B(m, p, o) is a linear space
and (c) shows that D7 is a bounded operator on B(m, p, ¢). By (c) or (a) the
space is complete.

3. The Banach space B(m, p, 0, D). Let D C R". The function f: R™ x
D — CP belongs to B(m, p, o, D) if f is continuous and bounded, and if f(x, y)
€ B(m, p, o) as a function of x for each y € D. This is a Banach space with
norm ||f]| as in §1.

If f € B(m, p, 6, D), (c) indicates that all derivatives of f(x, y) with respect
to x are bounded. Hence D/ 'f(x, ¥) is a uniform limit of difference quotients,
each of which is continuous; for instance,if m=n=p=j=1,

R~ (e + b, p) = f&x, D] = F G WIS |R] If 56 + 0B, ) (h#0).

This shows that D’f(x, y) is continuous. Referring to (c) again, we get the
following

THEOREM. B(m, p, o, D) is a Banach space and D' is a bounded operator
on it.

4. A boundary-value problem. We write z € CP as a column
(zy, 2, -.,2,)". If Ais ap by p matrix it is assumed that the matrix norm is
compatible with the norm in C?, in the sense |4z | < |A||z|. We also require
Iz | < |Z°| whenever |z;] < |7,

Let Aj(t) be p by p matrix-valued functions, continuous for 0 <¢ < T,
let B = B(m, p, a, [0, T]), and let

) Lu(x, )= 2. A{t)Dlu(x, t)
lji<k

with D/ asin §1. Then the following holds:
CoROLLARY 1. If f € B and h € B, the boundary-value problem
u,=Lu+h(x, )in R™ x [0, T], u(x, 0) =f(x, 0)
has one and only one solution u € B.

For proof, write the differential equation as u = H + Mu where

Hex, 1) = G, 0) + [ h(x, )7, MuGx, 1) = [ (Lu)Gx, 7).



SYSTEMS OF DIFFERENTIAL EQUATIONS 901
Then H € B, as is easily checked. Also, for u € B,

[Lux, DI < T 1401 ID7ull < 2 1410107 lull

ljl<k ljl<k

and, hence, ||Lul| < K||u|| for a constant K. Thus ||Mul]| < KT||ull, and the
conclusion follows from the contraction principle if KT'< 1. For KT > 1, repeat
the process.

5. Parabolic equations. Let D C R” be open, not necessarily bounded, and
let Q5 =D x (0, 7], 2 =R™ x D x (0, T]. The parabolic boundaries are
Iy = flo —Qpand ' = Q-Q. Foru= Uy, uy, ... ,up)" asin §4 we define
L, by (1) and also

n a 2

Au=(A

tr
y Y1 Ayuz, e, Ayup) .

Thus, L involves differentiation only with respect to x and A, only with
respect to y. We set B, = B(m, p, 0, D x [0, T]).

COROLLARY 2. Suppose h € B, and suppose Green’s function for the
problem

20, )=A4,2+50,0) inQy =0 onT,
exists. Then the problem
) u,=Au+Lu+hkxyt) inQ u=0 onT
has one and only one solution u € B, .

For proof, let G be the Green function and write (2) as
t
u(x, y, t) = f 0 fD Gy —n, t = 7)[h(x, 0, ) + L u)(x, n, 7)] dndr.

In an obvious notation, u = H + Mu. From |Lu| <K [|lu]| follows

t
IMull < Kllallf[, [ GO =1, t = Ydndr <KTllull,

and this gives the conclusion as in §4 above.

Clearly, these results can be generalized. In Corollary 2, for example, the
Laplacian can be replaced by an arbitrary elliptic operator for which Green’s
function exists, and inhomogeneous boundary conditions can be allowed. For
alternative approaches to the theory of coupled systems, compare [1], [2].
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