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1. In this note we give necessary and sufficient conditions for containments 
X(Qt) (8^ Y(£l2) C Z(£2j x £l2) to hold for a large class of function spaces 

(cf. [4]). We also study tensor products of rearrangement invariant spaces (ri.s.) 
as L^resp. L°°) modules. 

The justification for considering this problem is given by the fact that using 
duality we obtain continuity results for integral operators, convolution operators 
and diagonal operators. 

Our results extend and clarify previous work by O'Neil [7], Torchinsky 
[10], and the author [5], [6]. 

2. Let X(0, °°) be a r.i. space, with fundamental function <j>x we let 

U4>x. O ={ƒe M(0, o»): fc(f**(tyt>x(t))f < oo| 

where C is a Young's function. These spaces appear naturally in interpolation 
theory (cf. [1], [10]) and generalize the Lorentz L(pf q) spaces as well as the 
Orlicz spaces. Their use allows us to unify some aspects of the theory for these 
classes of spaces. 

3. Let X(0, °o), F(0, o6)9 Z[(0, °°) x (0, <*>)] be r.i. spaces. We denote by 

Z(0, °°) the Luxemburg representation of Z (cf. [4]). 

THEOREM 1. The following conditions are necessary for X (&„ Y C Z to 
hold, 

( i ) I C Z J Ç Z; 

(ii) 30 > 0 such that 

(1) *z(f- s) < 04>x(tyi>y(s) Vf, s>0. 

THEOREM 2. Let X be a Lorentz A^ space; then a necessary and suffi

cient condition for X &„ Y Ç.Z to hold is that 39 > 0 such that \\E1IS\\Y-+Z ^ 

6<t>x(s) Vs > 0, where (E1/sf)(t) = At Is). 

Our next result gives an estimate of the maximal rearrangement of a tensor 
product operator. 

THEOREM 3.1 Let The a bilinear operator such that 
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0) WTftg)^ <\\f\\1M1, 
(ii) \\T(f,g)\L<\\f\\\\g\L', 

then 

J*°° dv 

0f**Ws)g*(.s)-. 
THEOREM 4. (i) Assume that condition (I) is verified, and there exists 6 

> 0 such that A^ifiET1^) < 6tC~x{t)\ then 

A(0X, A) ®w A*(0y, B) ç A(0Z, C). 

(ii) Let A(t) = B(t) = C(t) — ta> and assume that condition (I) is verified. 

Then 

A a ( 0 x ) ^ A a ( 0 y ) C A a ( 0 z ) 

whenever 0Z ° ta/t\. 

The problem of giving a "nice" set of necessary and sufficient conditions 
for arbitrary r.i. spaces remains open. An example of the difficulties encountered 
is given by 

THEOREM 5. A necessary and sufficient condition for M(X) ®n M(Y) C 
M(Z) is that 36 > 0 such that 

Jo (j)x(tls) 0y(s) s / r z v 

where M(X) = {ƒ: sup,>o{/**(O0x(O} < °°}. 

4. We consider the projective tensor product of r.i. spaces as L1 (resp. L°°) 
modules (cf. [2], [9]). 

THEOREM 6. (i) A necessary condition for X ® j Y CZ is that 36 > 0 

(2) 0Z(O'< 00*(O0y(O Vf>0. 

(ii) A necessary condition for X <S> ^ 7 C Z is f/iaf 30 > 0 swc/i that 

(3) 0Z(O < 00x(O0y(O Vf>0. 

THEOREM 7. (i) Assume that <j)x, 0 y , 0Z «re bounded away by powers 

from 1 and tf that 3pt such that At(i)lt
 l\, that condition (3) is verified and, 

furthermore, that 36 > 0 such that A^fâA^Q) < 6A~^l(f) Vf > 0; then 

A(0^, Ax) ®LOO A(0y, A2) C A(0Z, A3). 

(ii) /ƒ we assume that all the conditions on (i) are verified and replace 

condition (3) by condition (2) we obtain 
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A&x, At) ® L 1 A(0y , A2) C A(0Z, A3). 

These results can be easily extended to Hardy classes H{<t>x> C) and L^ c x 

spaces (cf. [3], [8]). Detailed proofs and applications will be given elsewhere. 
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