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The question of uniqueness in Cauchy's problem for elliptic partial 
differential operators has been reduced to the proof of certain integral estimates 
of Carleman type, viz., 

of\B(x, D)u(x)\2e2Tip?(x) dx < cf\A(x, D)u(x)\2e2T{p*>(x) dx 

or, in brief, 

(1) o\\B(x, D)u(x)\\2 < C\\A(x, D)u{x)\\2 Vw G C~ (|x| < Ô/2) 

where x G R " , ^ = (xx - Ô)2 + 8p2?=2xf9 1 < p < 2, a - * «> as Ô —» 0 
or r —• °°, C is a constant independent of the parameters 6, r. Such an 
inequality is incompatible with the assumption that there is a solution v(x) 
of the differential inequality \A(x, D)v(x)\ < C\B(xf D)v(x)\ and an e > 0 
such that v = 0 for x t < e2yL2 xj unless there is a full neighborhood of x = 
0 on which v = 0. Examples of such inequalities may be found in Hormander 
[2], Pederson [3], Goorjian [1], and Watanabe [5], to mention only a few. 
The purpose of this note is to show how such inequalities may be obtained 
from simple assumptions involving the polynomial A(x, f). 

We depart from custom and return to the classical notion of a multi-
index a as a multiple of integers a = {ax, . . . , cck)9 1 < a- < w, ƒ = 1, 2, 
. . . , * , and M = *. We write Df = (1/0 (d/ta^D* = (1/0 (3/3J)), Da = 
^ a i ^ a 2 • • ' D*\a\ a n d D0L is d e f i n e d similarly. We write P(û:)(x, f) = 
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D«P(x, f) and PM(x, f) = DJP(x, ?). Write f = (f 1 , f'), f' G C1"1. If 
P(x, f) can be factored as a polynomial in f ! as 

^t)=ntt ,-pAf)) r / 

7 = 1 

then we write the Lagrange interpolation polynomials 

pP(x,Ç) = ^ E L D 

where we restrict 0 so that 1 < fy < / and no entry ƒ is repeated more than 
/y times. If F(f) is differentiable, we write VF(f) G C" as the vector whose 
components are DJF(Ç). If V C Rw is an open cone containing the vector 
( -1 , 0, . . . , 0) then we write E(V) = {f G C": f = J + *riVf £ G Rw, r > 0, 
iV G F}. Finally, we use the letter C to denote constants independent of 
parameters such as p, r, 8, and the function u, and which may not be the 
same in different usages. 

DEFINITION. The homogeneous elliptic differential operator A(x, D) 
is said to have nontangential characteristics of multiplicity r at a point 
(x0, f0) 6R" xC" if its symbol A(x, f) has the factorization in a neighbor
hood of (x0,Ç0) 

with Pj G C"""1, ƒ = 1, . . . , / where the r;- are positive integers whose sum 
is m, K < / is an integer such that rx + r2 + . . . + rK = r and 

Pi(*o> fo) = P2(xo> O = • • • = P*(*o> *o) * P/*o» $o)> 

; = A: + I , . . . , / , 

and the set of vectors {yt, . . . , 7^} C Cn, is linearly independent, where 
7/ = V(fj - p;), evaluated at (x0 , f^). We say that an operator has non
tangential characteristics of multiplicity at most r in a set if it has nontangential 
characteristics of multiplicity no greater than r at every point in that set. 

THEOREM. Suppose that r is an odd integer, V a cone, and either 
(a) A(x, f) = P(x, f) is a homogeneous elliptic polynomial of degree m 

whose roots with respect to fj are locally Cr in E(V) and which are of mul
tiplicity no greater than r; or 



1975] CAUCHY'S PROBLEM FOR ELLIPTIC OPERATORS 6 2 7 

(b) A(x, f) = P(x, f) + Q(pc, f)> where P is homogeneous of degree m 
and has nontangential characteristics of multiplicity no greater than r in E(V)9 

and Q is of degree m - (r + l)/2 and has Lipschitz continuous coefficients. 
Then there are constants 0 < p < 2, 0 < 5 0 , 0 < r0 so that 

(2) E Crô2)m-,û£,-|'rm~,0£,||Z>^||2 < C|U4(JC, 2>)W(JC)||2 

la Km 

for all 0 < ï < ô0 , T > r0 /ô2 , UGCQ (|X| < 8/2). 

REMARK 1. Estimate (2) has the form of (1) when the summation is 
restricted to |a| < m - (r + l)/2. 

REMARK 2. When r = 3, (b) implies that the operator (P(x, D) + 
Q(x, D)) + B(x, D)9 with Q of degree m - 1 and where B is of degree no 
greater than m - 2 and has bounded, measurable coefficients, satisfies unique
ness in Cauchy's problem. 

REMARK 3. When P(x, D) = Px(xt D) ° P2(xt D) * P3(x, D) is the 
composition of homogeneous elliptic operators with simple characteristics and 
smooth coefficients, (b) is satisfied whenever { 7 ^ ( 0 , f), VP2(09 ?), VP3(0, f)} 
is linearly independent for f E E(V). 

The proof of the Theorem is based on the inequality 

(3) (Td2rM\\P(a)(x09D)u\\2 <C\\A(x09D)u\\2 

for 1 < |a| < r - 1, since the remainder of the proof is along lines used by 
Pederson [3] and Watanabe [5]. In the case (a), it is possible to derive (3) 
directly from the inequalities 

W \PM(x,0\2<C X WVPlfflfo ?)I2> l < M < r - l , 
10 K 1*1 

for f GE(V) for some cone F C R n containing ( - 1 , 0 , . . . , 0). This inequal
ity was first proved for |a| = 1 by Pederson [3]. In the case (b), (3) follows 
from the inequality 

(5) |P(tt)(*, 0\2 < C £ \rN\2\pM(x,0\2, K M < r - l , 
10 K la | 

for i E ü^K), and (5) can be shown by coupling (4) with the inequalities 

(6) Z W f e ?)l2 < C X |l<»(*, f) l2 , * = 1, 2, . . . , (r - 1), 
101=* 101=* 

which are consequences of the nontangential assumption. The proof of (6) 
involves the consideration of many cases and will be published in full elsewhere. 
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