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X and Y denote Banach spaces; we consider systems of the form 

(K) yit) - y(t0) + ƒ ^ daK(t, a) • y(&) = fit) - ƒ (f 0) , 

(F) % ] = c , 

where j , ƒ G G([fl, 6], ^ ) (the space of regulated functions g: [a, b] —• X, 
i.e., g has only discontinuities of the first kind); K G Guo (see §2) and F G 
L[G([a, b], X), Y] (linear constraint). (K) includes linear Volterra integral 
equations, linear delay differential equations, differential equations./ 4- A1 y —f1, 
with the meaning that we have 

(L) y(t) - y(s) + ƒ I dA(a) • y(o) = ƒ (r) - ƒ (0 for all s, r G [a, &]. 

In §2 we give the existence of the resolvent for (K) and in §3 for (L); 
in §4 we find the Green function for the system (K), (F). The results of §1 
are used in the proofs. All results of this announcement may be extended to 
open intervals and Y a separated sequentially complete locally convex TVS. 

The proofs will appear in [H.3]. 

1. A division of [a, b] is a finite sequence d: t0 = a <tx<* • • <tn=b. 
We write \d\ = n and Ad = sup1</<w \tt - ti^.l |. The set D of all divisions of 
[a, b] is ordered by refinement and lim^^x^ denotes the limit according to 
the associated net. For a: [a, b] —»L(X, Y) and ƒ: [a, b] - > I w e define 
the usual Riemann-Stieltjes operator integral 

fbda(t) - f(t) = lim EM'/)-*('/-!)]•/«/) 

where %t G [̂ __x, /J (see [G], [H.l], [D]), and the interior integral 
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fbdcc(t) • f(i) = Hm £ M*,) - ofo^)] • ƒ(*/) 
Ja d^D TT* l 

where £ƒ G ]ti_1, tt[ (see [K], [H, p. 96]), when these limits exist. The 
existence of the first integral implies the existence of the second one and 
reciprocally, if a and ƒ are bounded with no common discontinuity. We define 

SV[a] =SV[ab][a] = sup SVd [a] 
dŒD 

where 

SVd[ot] =sup< 
\d\ 

/=! I 
\xiex9\]xi\\<i\ 

If SV[a] < oo we say that a is of bounded semivatiation and we write a G 
SV([a,b],L(X, Y))\ if we have further a(a) = Ov/ewnteaeSV0([a,b],L(X, Y)). 
For u: [a, b] —* Z,(X, K) we define S[M] = sup^eDsd [w], where 

sd[u] =sup 
Id I 

1=0 
l^.exjlx.lKl 

and we write w Gs([a, b] ,L(X, Y)) iis[u] < <*>. For ƒ G G([a, b], X) we de
fine /_(f) = f(t-) if a <t<b and ƒ(*-) = 0; we write ƒ G G_([a, b],X) if 
ƒ_ = ƒ and ƒ G c0(fo ft],*) if ƒ_ = 0. 

THEOREM 1. 7%e mapping 

(a, ii) G SK0([tf, ft], L(X, Y)) x s(fo ft], L(X, Y)) 

\-^F = Fa+Fu eL[G([a, ft],X), Y] 

defines a bicontinuous isomorphism of the first Banach space onto the second, 
where for f G G([a, ft], X) we define 

Falf] = fbda(t) - f(t) and Fu[f)= £ u(t) • [ƒ(*) - ƒ(*-)]. 

Rte have \\FJ = 5F[a], a(f) • x = F f e , ^ * ] and u(t) • x = F[X{tyc]. 
For AT = Y = ƒ* this theorem is due to Kaltenborn [K]. 

THEOREM 2. Given a G SV([c, d], Z(X, 7)), /*: [c,tf] x [j, ft] -»Z,(X) 
VV/HC/Î ft a regulated function in the first variable and uniformly of bounded 
semivariation in the second variable (i.e., hf G SV([a, ft], L(X)) for every 
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te [c,d] and supc<f<d5'F[Af] < °°,where h'(s) = h(t, s)) and g <E G([a, b],X) 
wehaveheSV([a, b],L(X, Y)),andg'eG([c, d],X),where 

h(s) =fd
cda(t) • h{t, s) and fit) =RdJi(f, s) • gis), 

and 

If [c, d] = [a, b] and g is continuous we have the formula ofDirichlet 

(2) J> fj? dait) o hit, s)l dgis) = J> duff) • [ƒ»/*& s) «fe(»)]-

/ / [c, d] = [a, £], a e A 5 (see §3) and h e Gu° (see §2) we have (2). 

REMARK. (1) generalizes a theorem of Bray proved for X = Y = R [B]. 

2. For U: [a, b] x [a, b] —> LiX) we consider the following properties 

(SV°) Urn SVls_6>s+6, [Uf] = 0 for all s, t S [a, b], 

(SVuo) lim sup S F [ 5 _ M + 6 ,[£/<] = 0 . 

We write U G Guo if £/ is bounded, regulated as a function of the first 
variable and satisfies (SVuo). Guo is a Banach space when endowed with the 
norm |||tf||| = \\U\\ + supa<,<ôSF[£/']. 

THEOREM 3. Given K G Guo we have: 
I. 7%ere /s twe and only one element R G G™ (i.e. R G Guo awtf 

i*(f, r) = Ix), the resolvent of (K), swe/i f/wf 

R{f9*) = Ix- fcdJLif, o)oR(p,s) forallsfte [a,b]. 

II. For every ƒ G G([ûr, Z>], X) the equation (K) w#/* X*o) = x has 
one and only one solution y G G([a, b], X) given by 

y(t) = R(t, t0)x + f^R(t, a) d/(a) 

awtf ,y depends continuously on f, x and K. 
III. /ƒ tf G GS° (te. A: G GUO AHC? AT(r, 0 = 0) we /wve 

i*(f, s) = Ix+ r R(t, a) o dJCip, s) for all s, f G [a, ô] . 
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IV. The mapping K G G™ h > * 6 G™ is a bicontinuous (nonlinear) 
bijection from the first space onto the second. 

REMARK. Theorem 3 remains true if we replace Guo by its subspace 

Euo of continuous functions, by its subspace Eco of functions U that satisfy 

(SVC) lim SV[U* - UH] = 0 for every u G [a, b]9 

by the corresponding spaces of functions of bounded variation, etc. 

3. We now particularize Theorem 3 to (L). We fix a point ô G [a, b]\ 
given A: [a, b] —* L(X) we write A G A^ if-4(5) = 0 and if A satisfies 
(SV°). (SVuo), (SV0), (SVC) denote the analogous for the first variable of the 
properties (SVuo), (SV°), (SVC) in the second variable. We say that R: [a, b] 
x [a, b] —+ L(X) is harmonic, and we write R G ff, if R satisfies (SVuo), 
(SVC), (SVuo), (SVC) and 

(o) R(t, t) = Ix, R(t, o) o R(0y s) = R(t, s) for all s, o, t G [a, b]. 

Hco denotes H with the topology induced by P 0 ; analogously we define ffco. 
The next theorem extends Theorems 3.2 and 3.3 of [M]. 

THEOREM 4. A. Given A G K- we have: 
I. There is one and only one R G ff, the resolvent of A, such that 

R(t, s) = R(T, S) - ƒ \ dA(r) ° R(rf s) for all s, r, t G [a, b]. 

II. For every ƒ G G([a, b], X) the equation (L) with y(s) = x /ws one 
and only one solution y G G([a, b], X) given by 

y(t)=R(t,s)x+flR(t,o)df(o) 

and y depends continuously on f x and A. 
III. A(t) = f°daR(o, s) o R(s, a) for all s G [a, b] and 

R(t, s) = R(t, a) +fS
aR(t, T) ° dA(r) for all s, a, t G |>, &]. 

B. ƒƒ # : [a, ô] x [at b] -+ L(X) satisfies (o) and (SVQ) then Re H 
and R is the resolvent of A given in III. 

C. On H the topologies of ffco and Hco coincide and the mapping 
AGAö\-+R€Hisa bicontinuous (nonlinear) bijection from the first 
space onto the second. 
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4. We now consider the problem (K), (F) with K G Euo; we write 
K[y] = / for (K) and define Y0 = F^""1^)]. Let a be associated to F by 
Theorem 1; for s G [j, £] we define /(s) = f%da(t) o R(tf s). 

THEOREM 5. The following properties are equivalent: 
(i) y = 0 is the only solution of the system K[y] = 0, F[y] = 0. 
(ii) J(t0): X —> Y0 is a continuous bisection. 
From now on we suppose that the equivalent properties (i), (ii) are 

satisfied and that 

{f-b
ada(t) • f(t)\ f G Gila, *>],*)} = Y0. 

We define 

J(t) = R(t,t0)oJ(t0)-
l:Y0-^X 

and 

G(t, s) = 7(f) o fs
a da(r) o R(T, s) - Y(s - t0)7(t) ° J(s) 

+ [Y(s-t0)-Y(s-t)]R(t,s). 

THEOREM 6. A.The system K[y] = g, F[y] = c has a solution 
y G C([a, b], X) iff(gf c) G C([a, b]9 X) x Y0\ then this solution is 

y(t) = J(t)c + fb
aG(t,s)dg(s). 

B. The system K[y] = ƒ, F[.y] = c has a solution y G GO, 6], X) iff 
c - F(f) G YQ', then this solution is given by 

yif) = f(t) + 7(f)[c - F(f)] - fb
aG(t, s)ds [ j ; o d^fc a) • ƒ (a)]. 

THEOREM 7. 7%e Green function G: [a, b] x [a, ft] —» Z,(X) has the 
following properties: 

(G0) F[GS] = 0 /or everv s G [0, i ] , wftere Gs(t) = G(t, s). 
(Gx) Gfi)-Ga(t0) + f^dJ(t,o)oj;g(o)= [-Y(s-t) + Y(s-t0)]Ix. 
(G2) G'(s) + JÏ&'Ca) o dJUp, s) = /(O ° a(s) w/iere 

g(f, a) = G(f, a) 4- 7(a - f)R(t, o) + 7(a - t0)[J(t) ° /(a) - R(t, a)]. 

(G3) For every s € [a, b], Gs is continuous for t ^s. 
(G4) G b uniformly of bounded semivariation in the second variable; 

G(f, fc) s 0; G(r, 0) = 0 /or a < t < ft, G(a, a) = -Ix. 
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