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1. Introduction. In this paper we announce a new formula for com-
puting the topological degree d(F, P, ), where F = (f!,+++, f") isa
vector of real continuous functions mapping a polyhedron P in R" into
R”, and @ is the zero vector in R".

Let A = [a,-j] be an n x n real matrix, and let A4; denote the ith
row of A. We use the convenient notation A,(4,,*** ,A,) for the deter-
minant of A4,and l4;|= (g} + *++ +42)% for the Euclidean norm of 4;.

Let X, X, , X, denote g +1 pointsin R", where q <n,
such that the vectors X; - X,,i=1,2,**,q, are linearly independent. A
g-simplex with vertices at X, *** , X, q is defined by

S, (Ko, *++ , X)) = XER":X=iZq;)\,-Xi,7\,->0, ﬁ;)xi= 19
= =

We denote by [X, * Xq] the oriented g-simplex, defined as in [2]. For
example, if ¢ =n,then [X, - X ] =[X, - X,,] is said to be positively
(negatively) oriented in R" if A,,,(Zy,***,Z,) > 0(<0), where Z; =
a, xp.

Let P be a connected, n-dimensional closed polyhedron represented as
a “sum” of m’ positively oriented n-simplexes in the form

m' .
(1.1) P= Zl [X(()j? os e X'Sl)]
]=

such that the intersection of any two of the simplexes has zero n-dimensional
volume.
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The boundary of [X, *** X, ] is represented in terms of oriented
n — l-simplexes by

b[Xg <+ + X,] = Z"Z (QRVAP CRELD AP FPRELD &
i=0

(see [2]). By means of this expansion, the boundary of P may be repre-
sented in the form

j=1

where P is defined in (1.1), and #; = 1. For example, if n =1,

P= [XOX]] + [X1X2] toee-+ [Xm—le]’
b(P) = [X,,] — [X,]-

(1.3)

Let F be a vecter of n real C! functions defined on P, such that
F#6=(,--,0) on b(P). We denote by d(F, P, 6) the topological
degree of F at 6 relative to P. We define d(F, P, 6) by

F(X,) F(X,)
IFX,)l  IF(Xp)I

d(F, P, 6) = 5 if n=1,

(1.4)

1 L OF |, OF \ 1. gmt
4EP,0)= 5 foipy T Bl o) -

if n>1,

where §,_, denotes the n —1 dimensional volume of the surface of the
n-sphere, and where F = F(X(U)) is suitably parametrized as a function of
U= @', ,u" 1) (see [1, pp. 465—467]). If F is merely real and con-
tinuous on P, but not necessarily of class C!, we define d(F, P, ) by
d(F, P, 0) = lim(,,_,,,)d(F("), P, 0), where F®) is real and of class C' on
P for v=1,2,+ , maxxep)lF(X) = F?(X)| — 0 as v — o, and
d(F™, P, 6) is defined by means of (1.4).

The integral formula (1.4) is due to Kronecker [1, pp. 465—467].
Another integral for d(F, P, 0) has been given by Heinz [3]. In the follow-
ing section we shall describe another procedure for evaluating d(F, P, 0),
which depends only on the sign of the components of F at a finite number
of points of b(P).
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2. Formula for d(F, P, 6). If a is a real number, we define sgna by
sgna=—1,00r1if a<0,=0 or >0 respectively. We define sgn F by
sgn F=(sgn f1,+++,sgn f™). Let us set

m

.1) Sm(F, P,0)= 2'&1, Z tjAn(sgn F(Yfi))’ <o+ sgn F(Y'EI')))
=}

where the #; and Y{? are the same as in (1.2). This formula is used to
compute d(F, P, §) by means of the following
ALGORITHM 2.1. (1) Let p be a fixed positive integer.
(2) Set 8 =6,,(F, P, 0) asdefined in (2.1).
(3) Revise the definition of b(P) as follows: For j=1,2,*°+ ,m,
(a) locate the longest segment Y,E" ) Yl( D (k<) of the oriented
simplex ;YD «++ YD] in (1.2),and set A =YD +YD)2;
(b) replace t]-[ij) R Y,(,f )] according to:

ELYSD eoe YD oer YD ot YD e g [Y(D ene 4 oen YD e YD),

2.2) ; i .
tj+m[Yl(j+m) y§c1+m) yl(1+m) y$‘1+M)]

(—ti[Ygi) soe Y’gj) ...A cee Y'Ej)];

(4) replace m by 2m to get a new decomposition of b(P) in terms of
(twice as many) oriented simplexes.

(5) Set e=35,,(F, P, 0) as defined in (2.1), with the new b(P).

(6) If 6 = e = integer, go to Step 6. Otherwise set § = e and return
to Step 3.

(7) Replace p by p — 1. If the resulting p is positive, return to
Step 3. Otherwise print out m,§.

Let us now make the following

ASSUMPTION 2.2. Let F be continuous and real on P, where P is
defined as in equation (1.1). Let b(P) be defined as in equation (1.2), and
let F#6 on b(P). If n>1,forall 1<pu<n, ¢ =f" j #jif
k#l,and @, = (¢, *, "), we assume that the sets T(A u) = X EbP):
®,X)12,X)N=a,}NS,_; and b(P)—T(A,) consist ofa finite number of
connected subsets of b(P), for all vectors a, = (+ 1,0, +*+,0),(0,£1,0,*+*,0),**,
©,+--,0,%1), and for all u — 1-simplexes S,_1 on b(P).

THEOREM 2.3. If Assumption 2.2 is satisfied and if the integer p in
Algorithm 2.2 is chosen sufficiently large, then Algorithm 2.1 prints out
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finite integers m and &, where & = d(F, P, 0), and where P is defined
in (1.1).
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