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In this paper, we will show with a fairly complete proof that most of the
results in [10] hold for homogeneous periodic states on a factor without
the assumption of inner homogeneity. As an application, we will see that
nonisomorphic ergodic automorphisms § of &, give rise to nonisomorphic
factors #(M,, ) of type III. We keep most of the terminology and the
notations in [9] and [10].

We consider an arbitrary pair of homogeneous periodic states ¢ and y
on a factor .# of the same period, say T > 0. Letx = e 2¥T,0 < k < 1.
We denote by 42 the set of all x € ./ such that p(x) = k™x, t € R, which
was denoted by ¥, in [10]. With this alternation of the notation, we first
note that Lemmas 1 through 6 remain valid without the assumption of
inner homogeneity. Since .#§ and 4% are no longer factors, we have to
analyze more carefully the relation between 4§, #§¥ and #%. We
denote by 2§ and &Y the center of .#§ and .4} respectively, and by u,
and u, the isometries in .#¢ and .#Y respectively which give rise to
isomorphisms 6, and 6, of .#§ and .#¥ onto e,.#%e, and e, MY,
respectively, where e, = u,u* and e, = uyu}. We also denote by 0, and
9,,, the automorphisms of 2§ and Z% induced by 6, and 6, respectively.
Since .# is a factor, we know from [9, Proposition 9] that 5,,, and 9,,, are
both ergodic.

LeMMA 1. For each ne Z, we have
8} MY = vk MY and MYV = MV,
ProOOF. From [10, Lemma 5], it follows that .#¢¥, > ug.//l‘,f"”; SO
MY = uRu MY < ukMPY < MY

Hence we get #2Y, = u¥#??. By symmetry, the assertion for u,, follows.
Q.E.D.

LEMMA 2. For any nonzero projections pe M§ and q € MY, we have

pMLY # {0} and M3Vq + {0}
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PROOF. Let %, be the set of all x € .#§ with x.#%" = {0}. By [10, Lemma
51, 4, is a o-weakly closed ideal of .#§, so that there exists a projection
z,€ Z§ such that 4, = M§z,. If xe 4, then x MY, = xM?"u, = {0}
by (1), which means that 4, = .#,,; so z, < z,.,. We have

g(p(zn)e(p'/”:f:!-wl = u(pznug'/ﬂgiﬂl = uwzn'/”$’¢ = {0}9
so that é,p(zn)eq, =< z,+1; hence 9¢(zn) < z,.. Conversely, we have
9; Y Zus )MV = UpZp s 1“¢J”g’w C UpZ,y MY {0}

Hence we get 9; Yzp41) £ 2z, so that z,,, < 9¢(zn). Thus we have
Zy+1 = 0,(z,). Hence z, < 0,(z,). The equality ¢(z,) = ¢ 00,(z,) implies
that z, must be either 0 or 1. Since #?¥ # {0}, we have z, = 0. Hence
p MYV + {0}. By symmetry, #2Vq + {0}. Q.E.D.

LEMMA 3. Let v, and v, be partial isometries in MV with initial pro-
Jections qy, 4, and final projections p,, p, respectively. Then the following
statements are equivalent :

() p, and p, are centrally orthogonal in MY, i.e. p,MEp, = {0};

(ii) g, and q, are centrally orthogonal in MY¥, i.e. q,.M%q, = {0}.

PRrOOF. By symmetry, we have only to prove (i) = (ii). Suppose q,.#%q,
# {0}. Let x be an element in .#% with q,xq, # {0}. We have then
vivy xviv, # 0, so that v,xv% # 0. Hence p,v,xv3¥p, = v,xv}¥ # 0. But
this is impossible because v, xv% is in 4§ by [10, Lemma 5]. Q.E.D.

Suppose {v;}; is a maximal family of partial isometries in .#¢*¥ such
that the initial projections q; = v¥v; are centrally orthogonal in .#%. Let
p; = vf. By Lemma 3, {p;},; are centrally orthogonal in .#§. Hence
v =),y v; is a partial isometry in .#%". Let p = vv* and g = v*v. By
Lemma 3, we conclude that the central supports of p and g in .#¢ and .4}
are both the identity. Therefore, there exists an isomorphism o, of 2%
onto Z'§ such that

?) o (a)p = vav*, aeZy.

LeMMA 4. For every projection fe %%, 0,f) is characterized as the
smallest projection e € Z§ such that e M >Vf = M VY.

PROOF. Let e be the smallest projection in Z§ with e#ef = M2V
We have then evf = vof, so that

o,(f)p = vfv* = evfo*e = eo,(f)pe = o,(f)ep.

Hence (6,(f) — 0,(f)e)p = 0. Since the central support of p is 1, we have
o(f) = o, f)e; that is, o,(f) < e. If e — 6,(f) # 0, then there exists an
xe MV with [e — o,(f)]xf = x # 0. Let x = wh = kw be the left and
right polar decomposition of x. As in the arguments (8) in [19], w e #2V.
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By the choice of x, we have ww* < e — 6,(f) and w*w £ f. On the other
hand, we have of = ¢,(f)vf, so that (vf)(vf )* < o,(f)and (v )*(f) = fo*of
= fq. Hence the central support of (uf )*(vf) in .4} is . But this is impos-
sible by Lemma 3 because the central supports of (vf)(uf)* and ww* in
M§ are orthogonal. Thus we get g,(f) =e. Q.E.D.

Therefore, the isomorphism o, does not depend on the choice of v, but
only on ne Z; so we denote it by g,.

LeMMA 5. For each ne Z, we have

(3) [ ./,=o'n+1=g¢°0'n.

PROOF. Let f be an arbitrarily fixed projectionin Z¥. Lete, = o,(f) € Z§.
We have then

€n+ lu(p"/{g’wf = uw"”r‘f’d’f;
ugey s g MuVf = MEVS.

Hence we have 0, !(e,+,) = e,; equivalently, e, 2 G,(e,).
On the other hand, putting z = 1 — §,(e,), we have

ubzu MYV = (1 — e) MV = {0};
zewﬂ:’i'ff = zuwﬂf’wf = uwu;Zu¢%f'¢f = {0}

Hence we have ze, < (1 — e,4+,); s0 z = 1 — ¢,,. Therefore we get
0,(e,) = e,.1. Thus we have e,,, = 0,(e,); that is, §,00,(f) = 6,+:(f)
for every projection f e Z¥¢, which means that 0,,,, = 9(,, °0,.

By symmetry, the other half of our assertion follows. Q.E.D.

COROLLARY 6. The ergodic automorphisms §¢ of Z¢ and 8, of Z{ are
isomorphic.

LeMMA 7. If v is a partial isometry in M2V such that the initial projection

q = v*v and the final projection p = vv* have the central support 1, then
we have

@ P = ax’s,(g"),
where o is the real number defined in [10].

PrOOF. Consider a faithful state ¢ o g, on Z%. Then @ 00,08, =@ 0,00,
= @oag,,sothatpoa,is gw-invariant; hence ¢ o g, is a scalar multiple of Y
on Z¥ by the ergodicity of 9,,,. But ¢ o0, and ¥ are both states, so that
@oo, =y on Z¥. '

We have next, for every ae 2%,
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¥(ao, 1(p") = p(o,(ac, *(pY)) = @(c,(@)p¥)
= ¢(o,(a)p) = p(vav*)
= ax™y(av*v) by [10, Lemma 4]
= ax"Y(aq) = ax"y(ag").

Thus, we get o, '(p%) = ak"q% = ax"q"%, equivalently p% = ax"s,(q%).
Making use of the similar arguments as in Lemma 2, we conclude the
following:

LeMMA 8. If pe ME and q € MY are projections with central support e
and f in M§ and MY} respectively, then p.#¢¥q = {0} if and only if ec,(f)

Now, let {v;},; be a maximal family of partial isometries in .#¢¥ such
that the initial projections g; = v}¥v; and the final projections p; = v} are
orthogonal respectively. Let v = ) ;1 v;, p = Yuer p; and ¢ = Y,y q;- By
Lemma 3, the central supports of p in .#§ and q in .#% are respectively the
identity. By maximality, we have (1 — p).#¢¥(1 — q) = {0}. Let e and f be
the central supports of p in .#§ and q in 4% respectively. By Lemma 8,
ec,(f) = 0. On the other hand, we have p% = ax"s,(¢%) by Lemma 7.
Hence ph <axk" <1 if n= 1. Hence we have e = 1, so that f = 0; so
g = 1. Hence v must be an isometry if n = 1. Similarly, ifn < 0,thenvisa
co-isometry. For n = 0, v is unitary if and only if & = 1. Thus we reach
the following conclusion:

THEOREM 9. If ¢ and Y are homogeneous periodic states on a factor M
with same period, then there exists isometries u and v in M such that

Y(x) = @(uxu*)/p(uu*),
o(x) = Yyxv*)Y@wv*), xed;
p=uu*e M and q = vv*e. MY

From this theorem, we can conclude that Theorems 8 through 10 in [10]
hold for homogeneous periodic states ¢,  with the same period and/or
for projections p and g with uniform relative dimensions.

Let & be a hyperfinite II,-factor and &/ = L®(0, 1). Let 4, = ¥ ® «.
For 0 < k¥ < 1, we choose a projection f e & with 7(f) = k, where t is
the canonical trace of %. Let 0 be a fixed isomorphism of & onto fFf.
For each o € Aut(%), let 6, = § o g. Let § be an ergodic automorphism of
&/ with invariant faithful normal state u. Changing & under an automor-
phism of o/, we may assume that y is given by the Lebesgue measure on
(0,1). Let @, =t ® u. We obtain then a factor #(.4,,0, ® 0, ¢,) as
described in [9]. We denote it by #(k, o, §).
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THEOREM 10. We choose 64, 6, € Aut(F ) and ergodic automorphisms 0,
and 0, of o/ and fix k. A necessary and sufficient condition for M (x, 4, 0,)
~ Mk, 6,,0,) is that

(i) 0, and 8, are isomorphic as ergodic automorphisms of o/ ;

(ii) there exist a projection p in &F with p = f, a partial isometry w in &
and an isomorphism p of & onto pFp such that

whoa, 0 p(x)w* = poboay(x);
Boa;iop(x) = w*poloa,(x)w, xe M.

Furthermore, if @, and 8, have no point spectrum other than 1, then the
isomorphy M (i, 0,,0,) = M(k,,06,,0,) implies that k, = K, as well as
(i) and (ii).
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