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1. Introduction. In this note we will develop a unifying theory of 
collisionless «-body problems which includes both Newtonian and classi­
cal molecular forces. By using only differences to simulate physical con­
cepts and difference equations to determine dynamical behavior, the 
resulting theory will be completely arithmetic in nature. Thus, we will 
have the advantages of mathematical simplicity and computer compat­
ibility. The formulation will have special value for problems involving 
large amounts of energy, since it will be energy conserving. 

2. Basic concepts. For positive time step At, let tk = kAt, k = 0,1, 2 , . . . . 
At time tk, let particle Pt of mass mt be located at xik = {xitk,yifk,zitk\ 
have velocity vitk = (vitktX,vitkty,vitktZ), and have acceleration aik = 
(ai,k,x> ai,k,yi

 ai,k,z\ for i = 1, 2 , . . . , n. Position, velocity, and acceleration 
are assumed to be related by the fundamental formulas [2] : 

(2.1) {vitk+1 + vitk)/2 = (xUk+1 - xitk)/(At), 

(2.2) aifk = (vitk+1 - vitk)/(At). 

If Fitk = (FUkx, Fitkty, FitktZ) is the force acting on Pt at time tki then force 
and acceleration are assumed to be related by the discrete dynamical 
equation 

(2.3) Fitk = mtauk. 

The work Wt done by Fuk on Pt from initial time t0 to terminal time 
tN is defined by 

(2.4) ^ = Y H*iik+i -*!.*)-FiJ, 
k=0 

while the total work W done on the system from time t0 to time tN is 
defined by 

(2.5) W = £ Wi. 
i= 1 
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3. Conservation of kinetic energy. From (2.1)-(2.4), it follows that 

J V - l 

Wt = mt X [{xitk+1 - xitk)aiXx + (yitk+1 - yitk)aUkty + (zitk+ x - zifk)aiXz] 
N-l 

i 
k = o 

N-l 

I 
k = 0 

2™. Z [(^5c+l,*-^J + ( ^ ^ 

= 2mi(Vf,N,x + Vi,N,y + Vi,N,z) ~ 2 ^ ( ^ , 0 , * + Vf,0,y + ^,0,z)-

Thus, if the kinetic energy KUk of Pt at tk is defined by 

(3-1) Kith = im^ü?^, + u?kf3, + vfXz\ 

then 

(3.2) ^ = Ki>N - Kit0. 

Finally, if the kinetic energy Kk of the system at tk is defined by 

(3.3) Kk=t Kt,k> 
i = 0 

then (2.5), (3.2), and (3.3) imply 

(3.4) W = KN - K0, 

which is called the law of conservation of kinetic energy. 
It is interesting to note that (3.4) is valid independently of the specific 

structure of the forces involved. 

4. The «-body force law. In order to simulate Newtonian gravitation 
and various classical laws of molecular interaction ([1], [5]), we will 
structure the force between each pair of particles to consist of a com­
ponent of attraction which behaves like p/(ra) and a component of repul­
sion which behaves like q/(rfi), where p, q, a, and j8 are nonnegative para­
meters and r is the distance between the particles, as follows. Let rijtk be 
the distance between Pt and P, at time tk. Then Fik, the force exerted on 
Pj by Py, is defined by 

j=Uj*i 

(4.1) 

P Lt = o\rij,krij,k+i ) 
i . i — , 

\ r<ij,k rïj,k + 1 Vij,k + 1 + rij,k) 

nYP-2(Ç rp-Ç-2\ \ 
H L$ = 0 \rij,krij,k+l ) 

+ rP-irP-i (r -—\(Xi,k+i + xi,k-Xjtk+1-xJtk) 
rij,k 'ij,k + 1 Vij,k + 1 "•" rij,k) I 
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In particular, (4.1) defines discrete Newtonian gravitation when 
p — G, q = 0, a = 2, while it defines a force with discrete Lennard-Jones 
potential when a = 7, ƒ? = 13. 

5. Conservation of energy. Consider now formula (2.5) with force 
defined by (4.1). In this connection the following lemma will be of value. 

LEMMA. For n ^ 2, the following identity is valid: 

(5.1) 

™i™jIê=o(4.^V1
2) 

rij,k rij,k + 1 Vij,k + 1 + rij,k) 

(xi,k + 1 "+" xi,k ~ xj,k + 1 ~~* */,fc) ' (*i,fc + 1 ~- xitk). 

PROOF. The proof follows readily by mathematical induction on n. 
From (2.5), (4.1), and (5.1), then, 

J V - 1 n 

i , J = l ; i < i 

r a - 1 «a - 1 ™0 - 1 J3 - 1 
Jij,k+l~rij,k _i_ „ rij,k+l—rij,k 

v<x - 1 „a - 1 
r0',k r 0 ' , k + l 

+ <Z" 
rij,k rij,k+l 

U,0 r u , N / \ r y , 0 r0%Af 

Defining the potential energy ViJtk of the pair Pt and F,- at time tk by 

then yields 

W = t Vih0 - t VU,N-

Defining the potential energy Vk of the system at tk by 

then implies 

(5.2) W=V0-VN. 

Finally, elimination of W between (3.4) and (5.2) yields 

(5.3) K N + VN = K0+ V0, iV = 0,1,2,... , 

which is the classical law of conservation of energy. 

6. Remarks. Let us note first that the algebraic formulation of this paper 
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yields other basic classical results. With regard to initial value problems, 
for example, (2.3) and (4.1) imply 

(6.1) t m{aUk = 0, 
t = i 

so that, from (2.2), 
n 

( M X mi(vi,k + i ~ »i,*) = 0. 
i= 1 

Summing both sides of (6.2) over k from 0 to s — 1, where s ^ 1, yields 
n 

(6-3) Yu mi(vUs ~ vit0) =0. 
t = l 

Since (6.3) is valid also for s = 0, then 
n 

(6.4) X m , ^ = cl9 s^ 0, 
» = i 

where cx is a constant vector. Formula (6.4) is, of course, the law of con­
servation of linear momentum. From (6.4) it then follows that 

(6-5) t1
m'(Vi'S+i2+Vij=c^ s^°-

Thus, from (2.1), 
n 

(6.6) £ rni(xitS+1 - xitS) = (At)cl9 s ^ 0. 
i = 1 

Summing both sides of (6.6) over s from 0 to r — 1, for r ^ 1, implies 

(6.7) X m*(**> ~ *.\o) = Mi-
i = l 

However, (6.7) is valid also for r = 0, so that 
n 

(6.8) X m ^ r = t,cx + c2, 

where c2 is a constant vector. Finally, set M = ]TJ = x m, and let Xr be the 
center of gravity of the system at time tr. Then (6.8) implies 

MXr = trcx + c2, 

from which it follows that the motion of the centroid is linear. 
Finally, note that analogous techniques ([3], [4]) yield the same results 

of this paper for discrete mechanical systems in which (2.2) is replaced by 
either 
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(ai,k+l + ai,k)/2 = (Vitk+1 - Vifk)/(Atl 
or 

2(3aitk - fli,k-i) = Kfc+i - vuk)/(At). 
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