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An integral domain D with identity is a Priifer domain if each nonzero
finitely generated ideal of D is invertible. Many equivalent forms of this
condition are known; for example, see [2, Exercise 12, p. 93] or [4,
Chapter 4]. The concept of a Priifer domain has been generalized to a
commutative ring R with identity (R is a Priifer ring if each nonzero finitely
generated regular ideal of R is invertible), and the analogues of conditions
equivalent in the domain case have been investigated; see [3], [8], [5].
One question in this vein that has resisted solution is:

If each ideal of R generated by a finite set of regular elements is invertible,
is R a Priifer ring?

In this note, we give an example of a ring R, that shows the answer to
the preceding question is negative. Such a ring R, must, of necessity, fail
to have what Marot in [11] refers to as property (P):

The commutative ring S has property (P) if each regular ideal of S is
generated by a set of regular elements.

Our ring R, will have the property that each ideal of R, generated by a
set of regular elements is principal. Hence our ring R, will show that
Marot’s assertion in [11] that such a ring must have property (P) is false.
We proceed to define R,

Let D = K[X, Y] be a polynomial ring in two indeterminates over a
field K, and let {M,},., be the set of maximal ideals of D not containing
Y. We let N be the weak direct sum of the family {D/M,} . of D-modules,
and we define R, = D + N to be the idealization of D and N [12, p. 2].
The set of zero divisors on N is ( J, M,. We observe that if p is a prime
element of D not an associate of Y, then because D is a Hilbert ring [7, p. 18],
Y is not in some maximal ideal of D containing p, and hence pe ( ), M.
It follows that the set of regular elements on N is {aY"lae K — {0},
m = 0}, and since elements of N are nilpotent in R,

{aY™ + nlae K — {0},m = 0,ne N}

is the set of regular elements of R,

Because Y(D/M,) = D/M, for each 4, YN = N and Y”N = N for each
positive integer m. Hence aY™ + n=aY™ + Y"n; = Y™a + n,) for
some n, in N so that Y™ + n and Y™ differ by the unit factor a + n; of
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R,. Consequently, {Y™R,}x., is the set of proper regular ideals of R,,
and each ideal of R, generated by a set of regular elements of R, is principal,
hence invertible. R, does not have property (P) because the regular ideal
{X,Y}Ry ={X,Y}D + N of R, is not generated by a set of regular
elements. R, fails to be a Priifer ring because the finitely generated regular
ideal {X, Y}R, of R, is not invertible (X Y¢ {X2,Y?}R, = {X?,Y?}D + N).

If R is a commutative ring with identity with total quotient ring 7, then
an equivalent condition in order that R be a Manis valuation ring? is that
there is a regular prime ideal P of R such thatifte T — R, thenxte R — P
for some element x in P [9]. We remark that our ring R, is an integrally
closed Manis valuation ring.> To prove this, we observe that the total
quotient ring T, of R, is Ry[1/Y] = D[1/Y] + N. Since N is a common
ideal of R, and T, and since D = Ry/N is integrally closed in D[1/Y]
= Ty/N, R, is integrally closed. Moreover, if te T, — Ry, then
t =dY" + n)/Y*® for some de D, ne N, and some integers r and s with
r<s Then Y*""eP, and Y* "t =d + n,, where n = Y*n,, so that
Y*""te Ry — P,.
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2 Manis valuation rings arise in connection with the theory of primes developed by
Harrison, and with the associated valuation theory introduced by Manis [10]. Generally
speaking, Manis valuation rings in the theory of Priifer rings are the counterparts of valua-
tion rings in the theory of Priifer domains. Our next remark shows that the roles of these two
concepts in the different theories do not coincide.

3 Other examples of Manis valuation rings that are not Priifer rings have been given by
Boisen and Larsen [1] and by Griffin [6].



