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Let G be a locally compact abelian group. Let L2(G) be the Hilbert
space of all complex-valued functions on G that are measurable and
square-integrable with respect to Haar measure on G. Let B be a self-
adjoint translation-invariant operator in L2%(G), not necessarily
bounded, and consider the abstract wave equation

d*u/dt?* + Bu = 0

where # is a function from the nonnegative real axis to L?(G). For
any ¢ and ¢ in L%(G), a solution is given by

sin tB
*) u(t) = (cos tB)¢ + (T) ¥,

in the sense that

2

' (u(®), w) + (4, B'w) = 0

for all w in the domain of B2, where (-, -) denotes the usual inner
product in L%(G). In the classical case in which G is an n-dimensional
Euclidean space R* and — B? is the Laplacian, the solution (*) has
the property that if ¢ and Y have compact support then so does %(¢)
for all £>0. In fact, there exists a compact subset K, of R", indepen-
dent of ¢ and ¢, such that supp % (¢) C (supp ¢\Isupp ¢¥)+ K., where
supp f denotes the support of f. Our first theorem says that on R* this
is essentially the only operator B for which the abstract wave equa-
tion has this property, which we call finite velocity of propagation.
Recall now that if B is a selfadjoint translation-invariant operator in
L2%(G), then there must exist a real measurable function 8 on the dual
group T of G such that (Bf)” =g/, where f denotes the Fourier trans-
form of f.
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THEOREM 1. Let B be o selfadjoint translation-invariant operator in
L2(G), with B as above.

(@) Suppose G = R". Then the following are equivalent:

(1) B2 is a second degree polynomial (so that B?* is a second order
differential operator);

(ii) there exist functions s1(f), s2(t), « + -, sa(t) on 0=¢< ® such that
each s; (j=1, - - -, n) is bounded on some interval containing 0 and
such that if pE L2(R") and

suppd C {o = (41, -+, %) ER™: | 25| S0, G=1, - - -, m)}
then
supp((cos iB)¢) C {& ER™: | o] S a5+ 50 G =1, -, m}.

If (i) is satisfied and B(x)2= D %;_, aijxix;+lower order terms, then
wn (i) we may take s;(t)=i\/a;; (G=1, - -, n), and the operator
(sin ¢B) /B has the same property as cos tB in (ii).

(b) Suppose I' does not contain R as a subgroup. Then the following
are equivalent:

(i) there is a compact open subgroup A of T' such that B is constant on
cosets of A;

(ii) there exists, for each t=0, a compact subset K, of G such that
supp ((cos tB)¢) Csupp ¢+ K for any ¢ & L2(G) with compact support
and such that the closure of U {K ::0=<t=to} is compact for some ty>0.

If (ii) is satisfied, then there is a compact open subgroup H of G
containing all the K, and we may take A to be the annihilator of H.
The operator cos ¢B is the convolution operator ¢—¢ * u; where p, is
a distribution on G in the sense of Bruhat [1].

By combining (a) and (b) with the structure theorem for abelian
groups, one can obtain a description of all B such that (*) has finite
velocity of propagation.

So far we have only demanded the existence of compact K,;. From
Theorem 1a, we see that in R», K, is small for small £. This is not true
in general. For compact G, any $ will satisfy Theorem 1b, but the
assumption that K, be small for small ¢ restricts the possibilities for
B. For example, on the torus we have the following theorem:

THEOREM 2. Let G be the one-dimensional torus, and let B and u: be
as in Theorem 1. Then the following are equivalent:

(1) for any meighborhood U of 0 in G, supp u:C U for t sufficiently
small;

(i1) B2 is the restriction to the integers of a second degree polynomial
that is positive on all of R.
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These results are contained in a thesis to be submitted in partial
fulfillment of the requirements for the Ph.D. at the Massachusetts
Institute of Technology. Complete proofs will appear elsewhere. The
author would like to thank Professor I. E. Segal for suggesting this
line of investigation and for many helpful conversations.
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