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Let Diftfr(M™") be the space of C" diffeomorphisms of a compact C*®
n-manifold M with the C topology, 1 <7< «. Central problems in
the study of differentiable dynamical systems, as formulated by
Smale [8], [9] are:

(a) Find a Baire subset B of Diff"(M") with strong stability proper-
ties.

(b) Find a practical means of classifying the elements of B.

Smale’s survey article [8] is a general reference to these problems
and to the definitions of the basic notions used in this abstract.

During the last decade, a number of unsuccessful candidates for B
have been studied. Among these are Morse-Smale diffeomorphisms,
structurally stable diffeomorphisms, maps satisfying “Axiom A”,
and Q-stable diffeomorphisms. The latter two classes were shown to
be nongeneric in Diff" (") by Abraham and Smale [1], forr=1,n=4,
and by Newhouse [7], for =2, n=2. However, it has been empha-
sized ([9], for example) that many more counterexamples to the
genericity of Q-stable and Axiom A diffeomorphisms must be con-
structed for the theory to advance, especially since each new conjec-
ture for B has arisen from careful analysis of past counterexamples.
The examples described below are the first such counterexamples in
Diff!(M?®). More significantly, all the above classes of diffeomorph-
isms conjectured to solve problem (a) have had the following prop-
erty: All maps close enough to any diffeomorphism in the class have
the same number of periodic points of each period as the original map.
Theorem 1 illustrates that this is not a generic property.

THEOREM 1. Let 1 =r= . For fEDIfi"(T®) and positive integer n,
let N.(f) =number of fixed points of fr=fofo - - - (n-times) - - - of:
T3—T3. Then, there exists an open set U in Diftr(T%) such that if LEU
and U, is any neighborhood of f1in U, there is fo& Uy and integer n such
that N,.(f1) #Na(f2) and all periodic points of f2 of period <n are hy-
perbolic.
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Before discussing the proof of Theorem 1, let us see what effect it
has on problem (b), the classification problem. In [8], Smale con-
jectured that an effective means of classifying the maps in B might
be the zeta function. The zeta function of a diffeomorphism f, {(¢)
={(f)(t) =exp(Dimy Niti/i) where N;=Ni(f) as in Theorem 1.
Artin and Mazur [2] have shown that a dense set of diffeomorphisms
have zeta functions with a positive radius of convergence. Gucken-
heimer [4] has shown that if f satisfies Axiom A and the no-cycle
property, {(f) is rational. However, in order to be at all effective and
practical as a means of classification, {(f) must be rational for a Baire
set of diffeomorphisms. Whether or not, {(f) is generally rational was
asked in [8, Problem 4.5], [10], [11], and [12]. Theorem 2 uses
Theorem 1 to answer this question.

THEOREM 2. Diffeomorphisms with rational zeta functions do not form
a Batre subset of Diffr(1%), 1SrS .

PRrOOF oF THEOREM 2. Enumerate the countable set [3] of rational
zeta functions as Zi, Z, - - -, where Z;(t) =exp( sy Niti/i). Let U
be the open set in Diff"(7%) from Theorem 1. Let V,;= {f&€ Ult()#2Z;
and there is an 7 such that f* has only hyperbolic fixed points with
Ni(f) % N!}. By the hyperbolicity in the definition of V;, each Vj is
open. Using the Kupka-Smale Theorem and Theorem 1, it is easily
seen that each V;is also dense. Then, V=V, is a Baire subset of U;
and no diffeomorphism in V can have a rational zeta function.

Finally, Theorem 3 below deals with another aspect of the classifi-
cation problem. It states that Q-conjugacy is not a reasonable equiva-
lence relation to use in classifying diffeomorphisms. The same result
holds for any equivalence relation which has all N,(f) constant in
each equivalence class. The proof of Theorem 3 is the same as that of
Theorem 2 with N} replaced by N:(k;).

THEOREM 3. There does not exist a countable set {h;} and a Baire
subset B in Diff*(T3) such that each f in B is Q-conjugate to some h;.

SKETCH OF PROOF OF THEOREM 1. Let 4:72—7? be a hyperbolic
toral automorphism, i.e., a map on 72 induced by a matrix in G1(2, Z)
with determinant 1 and eigenvalues off the unit circle. The stable
manifolds { W*} of 4 give a foliation [5] of T2 Let g: T?—T? be the
corresponding “derived from Anosov” map [13], [8]. g respects the
above foliation of 4, i.e., maps leaves to leaves, but has two new fixed
points, xo and y,. The nonwandering set of g, Q(g), contains a one-
dimensional attractor 2. Let k:S'—S? be a hyperbolic diffeomorph-
ism with one sink, { —1}, and one source, {+1}. Then, gXbh is a
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hyperbolic diffeomorphism of 7°=72XS". Let b be a C* bump func-
tion on T® which is the identity near ZX { +1} and near 72X { —1 !
but which forces the two-dimensional local unstable manifold of
(%o, +1) to intersect the one-dimensional stable manifold of (xo, +1)
transversally. One constructs b so that it preserves the foliation of
T2 S whose leaves are W* XS Let f=>b o (g Xk). Diagram 1 shows
the local stable and unstable manifold structure for f around (xo, +1);
and Diagram 2 pictures this structure on a piece of the leaf F of the
foliation that contains (xo, 1). f:Q(f | F)—Q(f| F) is topologically con-
jugate to the shift map on 3% The “circle” ¢ in Diagram 1 lies in
Wu.

loc

(xo, 1)

/Exhlf

(g 1)
€ Wfoc(xo, 1)
[+
DI1AGRAM 1
Vi (x, DN F
N
. (x5 1)
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Y U

DIAGRAM 2

Wito(x0, 1)NT2X { +1} and intersects a (one-dimensional) Wiee(y)
nontransversally for some y&Z X { +1}. This point of intersection
is nonwandering by the “cloud lemma” [1], [8] since W*(xo, 1) and
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We(y) meet transversally on 2 X { +1 } . Because the intersection was
not transversal, this nonwandering point is not hyperbolic; and there-
fore f does not satisfy Axiom A.

f is normally-hyperbolic with respect to the foliation [6]. Let U be
a neighborhood of f in Diff*(7?) such that for f’ in U the stable and
unstable manifolds of (x,, 1) meet as above and f/ respects a foliation
near the foliation of f. By similar arguments, no f’ in U satisfies
Axiom A. If f{& U, one chooses f; as close as one wishes to f; and equal
to f1 near the one-dimensional attractor “X { +1}” of f. Let y cor-
respond for f; and y, correspond for f: to the above y for f. Choose f;
so that y; and y; do not lie on the same stable manifold. Then, there
exists a point 2, periodic for both f; and f,, whose local stable manifold
lies between that of y; and that of y,. If # is the period of 2, F; is the
leaf of z for the foliation of fi, and F; is the leaf of z for the foliation
of f,, one checks that f’{l Fy: F;—F; has a different number of fixed
points than f';[ F,: F;—F,. The construction of f; relies on stable mani-
fold theory and transversality. In perturbing fi to f», one can be care-
ful and keep track of periodic points of period # off the leaf F; so that
N,(f1) will differ from N,(f2). Finally, one achieves the hyperbolicity
mentioned in Theorem 1 by using the Kupka-Smale Theorem in the
construction of f,.

ACKNOWLEDGMENT. The author has benefited from many valuable
and encouraging discussions with R. Clark Robinson, Sheldon New-
house, and especially his adviser, R. F. Williams.

REFERENCES

1. R. Abraham and S. Smale, Nongenericity of Q-stability, Proc. Sympos. Pure
Math., vol. 14, Amer. Math. Soc., Providence, R. 1., 1970.

2. M. Artin and B. Mazur, On periodic points, Ann. of Math. (2) 81 (1965), 82—
99. MR 31 #754.

3. R. Bowen and O. E. Lanford, Zeta functions of resirictions of the shift transfor-
mation, Proc. Sympos. Pure Math., vol. 14, Amer. Math. Soc., Providence, R. I.,
1970.

4. J. Guckenheimer, Axiom A+no cycles=¢;(t) rational, Bull. Amer. Math. Soc.
76 (1970), 592-594. MR 40 #8078.

5. M. W. Hirsch, Foliations and noncompact transformation groups, Bull. Amer.
Math. Soc. 76 (1970), 1020-1023.

6. M. W. Hirsch, C. C. Pugh and M. Shub, Invariant manifolds, Bull. Amer.
Math. Soc. 76 (1970), 1015-1019.

7. S. Newhouse, On generic properties of differentiable automorphisms, Proc.
Sympos. Pure Math., vol. 14, Amer. Math. Soc., Providence, R. 1., 1970.

8. S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc. 73 (1967),
747-817. MR 37 #3598.

9. , Stability and gemericity in dynamical systems, Séminaire Bourbaki,
Exposé 347, Secrétariat Mathématique, Paris, 1970, pp. 1-9.




1971] ON A CLASSIFICATION OF A BAIRE SET OF DIFFEOMORPHISMS 787

10. R. F. Williams, One-dimensional non-wandering sets, Topology 6 (1967), 473-
487. MR 36 #897.

11. , The zeta function of an attractor, Conf. on the Topology of Manifolds
(Michigan State Univ., E. Lansing, Mich., 1967), Prindle, Weber & Schmidt, Boston,
Mass., 1968, pp. 155-161. MR 38 #3877.

12. , The zeta function in global analysis. Proc. Sympos. Pure Math., vol.
14, Amer. Math. Soc., Providence, R. 1., 1970.

13. , The D-A maps of Smale and structural stability, Proc. Sympos. Pure
Math., vol. 14, Amer. Math. Soc., Providence, R. I., 1970.

NoRTHWESTERN UNIVERSITY, EVANSTON, ILLINOIS 60201

UNIVERSITY OF CALIFORNIA, BERKELEY, CALIFORNIA 94720



