BULLETIN OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 77, Number 4, July 1971

RESEARCH ANNOUNCEMENTS

The purpose of this department is to provide early announce-
ment of significant new results, with some indications of proof.
Although ordinarily a research announcement should be a brief
summary of a paper to be published in full elsewhere, papers giving
complete proofs of results of exceptional interest are also solicited.
Manuscripts more than eight typewritten double spaced pages long
will not be considered as acceptable. All research announcements
are communicated by members of the Council of the American
Mathematical Society. An author should send his paper directly to
a Council member for consideration as a research announcement. A
list of the members of the Council for 1971 is given at the end of
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A REMARK ON CLASSIFICATION OF RIEMANN
SURFACES WITH RESPECT TO Au=_Pu

BY MITSURU NAKAI!
Communicated by W. H. Fuchs, October 30, 1970

1. Consider a C! differential P(z) dx dy (z=x+1y; P=0, P#0)
on an open Riemann surface R. We denote by Opx the set of pairs
(R, P) such that the subspace PX(R) of the space P(R) of C? solu-
tions % of Au=Pu on R determined by a property X reduces to {0 }.
Here the possibilities for X that we consider are B (boundedness),
D (Dirichlet-finite: Dg(x) = [& lgrad u(z)l !dxdy), E (energy-finite:
Eg(u) =Dg(u)+ [z P(2)(u(2))?dxdy), and their combinations BD,
BE. The purpose of this note is to announce that the following very
simple pair (U, Q) given by

1) U = {s; ]z[ <1}, Q@) =1 — |z])?
is an example of the strict inclusion relation
2) Orp < OpE.

Here and hereafter % <®B means that ¥ is a proper subset of B. This
type of classification problem for Riemann surfaces proposed by
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Ozawa [5] and Royden [6] thus comes to the following complete
conclusion:

3) 0a < Ops < Opp = Opep < OrE = OPBE

for pairs (R, P) of Riemann surfaces R and C! differentials P on R
(P=0, P#0). Here 0Og is the set of pairs (R, P) such that R does not
carry a harmonic Green'’s function. For the latest information on this
subject, refer to [1].

2. Since the harmonic Green’s function G(z, {) on U is
log(| 1—F2|/|2—¢|), we have

27

G(re®, ) dd = — 2w max(log 7, log I §| ).
0

By virtue of this relation it is easy to evaluate
(D) Gz QGO dedydedp < o (¢ =&+ in).
UxU

By the integral comparison theorem ([3], [4], [2]), (D) implies the
existence of an order-preserving isometric vector space isomorphism
u—Ttu of QBD(U) onto HBD(U) (H stands for harmonic) deter-
mined by

4 = —ifG-) Yu(f) de d
@ w=m—o- | G0, 00@u0) d dn

In particular we obtain (U, Q)& 0psp. Since Opsp=0rp ([2], [3]),
we conclude that

®) (U, Q) & Orp.

Observe that every «EQBE(U) (CQBD(U)) is a difference of
two nonnegative #;EQBE(U), i.e. u=u;—u; (Royden [6]). Let
uEQBE(U) and #=0. Since

f 1 -— | z| ) du(z) < « (du(z) = 0(2)u(z) dx dy = 0),
l21<1
by Littlewood’s theorem we have

lim | G(re®, §) du(t) =0
U
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for almost every 8€ [0, 27 ] (cf. e.g. Tsuji [7, p. 170]). As the bounded
harmonic function 7# has the radial limit lim,.; Tu(re®) for almost
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every 0 [0, 27], we see by (4) that the same is true for % and a
fortiori

(6) lim u(re®) = lim ru(re®) = u*(6) = 0

r—1 r—1

almost everywhere on [0, 27 ]. If #*(6) >0, then u(re?) >u*(0)/2 for
0<e<r<1 and therefore

1(0) = f 1Q(re"”)(u(rei"))zr dr

) .
= 4—1(14*(0))2fe - rdr = oo,
By Fubini's theorem,
®) [ 0@y axay = [ “uo an
v 0

In view of (7), the quantity (8) is finite only if #*(#)=0 almost
everywhere on [0, 27]. Then by Poisson’s representation, we deduce
7u4=0 and consequently by 0 =« =7u we conclude that % =0. There-
fore u&€QBE(U) (#=0) implies that #=0, i.e. (U, Q) EOpsEr. Since
orse=0pr (Royden [6]), we obtain

) (U, Q) € Opz.
The relations (5) and (9) imply (2).

3. In our recent paper [4] (see also [1]) we determined the de-
generacy character of (£, P,) (E™: m-dimensional Euclidean space
(mz3); Pa(x)NIxI*“ (|x| — o)) as follows:

(Em, P,) € Ops — O (a £ 2);
(Em P,) €E0pp—0ps (2 <a=(m-+2)/2);
(Em, P,) € Opg — OpD (m+2)/2<a=m;
(Em, Pg) €& Opx (m < a).

The 2-dimensional analogue is (U, P,) (P.(z)~(1— I z| )« (| z| —1)):
The pair (U, P,) will be an example for each strict inclusion in (3)
if @ is properly chosen, which will be discussed in detail elsewhere.

ADDED IN PROOF. The 2-dimensional analogue of (10) for (U, P,) is:
22a;3/22a<2;12a<3/2; a<1 (M. Nakai, The equation Au=Pu
on the unit disk with almost rotation free P =0 (to appear)).

(10)
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