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Recall that a subgroup H of a torsion-free abelian group G is pure
if and only if G/H is again torsion-free. For brevity, call a set S an
fo-union of its subsets Sy, NEA, if each finite subset of .S is contained
in some S). In this language, Pontryagin’s theorem is (equivalent to)
the following, where the set-theoretic, not the group-theoretic, union
prevails.

THEOREM (PONTRYAGIN). If the countable, torsion-free abelian
group G is the fo-union of pure subgroups that are free, then G must be
free.

Pontryagin gave an example that demonstrates that the prefix
“fa” cannot be deleted from the above theorem; indeed he showed
that there exists a torsion-free group of rank 2 that is not free such
that each subgroup of rank 1 is free (see, for example, [1, p. 151]).
We present the following direct generalization of Pontryagin’s
theorem obtained by transposing the countability condition.

THEOREM 1. If the torsion-free abelian group G is the fo-union of a
countable number of pure subgroups that are free, then G must be free.

OUTLINE OF PRroOOF. Let G be an fo-union of pure subgroups H,,
n<w, that are free. Write H,= 2 _icr(n) {g;}. For simplicity of nota-
tion, let u denote the smallest ordinal having the cardinality of G.
We claim that there exist subgroups 4., a<u, of G satisfying the
following conditions:

(0) 4,=0.

(1) A, is pure in G for each a<p.

(2) {Aa H,} ispurein G for each @ <u and each # <w.

(3) Aap12A4, for each a such that a+1<p.

(4) Aa41/Aqis countable for each a such thata-+1<p.

(5) AeNHn= D ici(n,e {8} for a<u and n<w, where I(n, @) is
a subset of I(n).
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(6) Ap=U.<p Aeif Bisalimit ordinal less than .

(7) G=Upcu 4a.

The proof of the existence of the subgroups 4, satisfying conditions
(0)—(7) is the same verbatim as that found in our proof of Theorem 1
in [2], so we shall not repeat it here. However, the remainder of the
proof of the present theorem differs, in an essential way, from the
proof of the theorem just cited. In order to complete the proof here,
we need to show that A..1/A4. is free for each a <u. We naturally
appeal to Pontryagin's theorem since A..1/4. is countable. Sup-
pose that .S is a finite subset of Aq41. There exists # <w such that
SC H, because G is the fo-union of the H,’s. Letting B be the small-
est pure subgroup of G containing {A4., S}, we observe that
BCAeuN{Aa, H,} since Aoy and {A., H,} are both pure sub-
groups of G containing {4., S}. From the relations

B/AaC {Aa Ha}/Ae = H,/(A.NH) = Y {gd,

€I (n)~—I (n,a)

we conclude that B/A, is free. Since B/A4,. is a pure subgroup of
Aas1/A, containing {4., S}/A. and since S was an arbitrary finite
subset of 441, we see that A,.41/4. is an fe-union of pure subgroups
that are free. By Pontryagin’s theorem A.i1/A4. is free, and A.p1
=A,+Cs where Co=2A11/Aq is free. The proof is finished with the
observation that G= 2 a<y Ca.

Two simple applications of the above theorem that demonstrate
that the theorem is actually a genuine generalization of Pontryagin’s
theorem are the next two theorems, which are of interest in their own
right.

THEOREM 2. If the torsion-free abelian group G is the union of a
countable chain of pure, free subgroups, then G is free.

THEOREM 3. Let m be a cardinal number that is the limit of an ordi-
nary, countable sequence of smaller cardinals. Suppose that the torsion-
free abelian group has rank m. If each subgroup of G having rank less
than m is free, then G must be free.

In the statement of Theorem 3, m can be, for example, Ny or N,,.
Combining Theorem 2 with the results of [2] covering the torsion
case, we have

THEOREM 4. If the group G is the union of a countable chain of pure
subgroups, then G is a dirvect sum of cyclic groups if and only if the sub-
groups belonging to the chain are direct sums of cyclic groups.
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Other applications of these results will appear elsewhere.
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