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Let X be a locally convex topological vector space, Y a real
Banach space, f a mapping (in general, nonlinear) of X into Y. In
several recent papers ([5], [6], [7]), PohoZaev has studied the
concept of normal solvability or the Fredholm alternalive for mappings
fof class C. If 4,=f. is the continuous linear mapping of X into ¥
which is the derivative of f at the point x of X, A5 the adjoint map-
ping of Y* into X*, his principal results assert that if the nullspace
N(AY) is trivial for every x in X, and if one of the two following
hypotheses hold:

(1) Yisreflexive and f(X) is weakly closed in V;

(2) Y is uniformly convex and f(X) is closed in Y;
then the image f(X) of f must be all of V.

It is our purpose in the present paper to considerably sharpen and
generalize these results by use of a different and more transparent
argument. In particular, we establish a corresponding theorem for an
arbitrary Banach space Y and f(X) closed in Y, allow exceptional
points x in X at which the hypothesis on N(4,) may not hold, and
derive this theorem from a basic theorem on general rather than
differentiable mappings. The techniques which we apply below may
be extended to infinite-dimensional manifolds and may be localized
to prove the openness of f under stronger hypotheses (as we shall do
in another more detailed paper).

To state our basic theorem, we use the following definition:

DEFINITION 1. Let X be a real vector space, f a mapping of X into the
real Banach space Y, x a point of X. Then the element v of the unit sphere
S1(Y) of Y is said to lie in the set R.(f) of asymptotic directions for f at
x if there exists ££0 in X and a sequence {'y,-} of positive numbers with
vi—0 as j— o such that for each j, f(x &) #f(x), while

7@ + 78 = (@U@ + ) = @) =v (= ).
Our basic general result is the following:

THEOREM 1. Let X be a real vector space, Y a real Banach space, f a

AMS subject classifications. Primary 4780, 4610; Secondary 4785.

Key words and phrases. Fredholm alternative, nonlinear operators, normal
solvability, set of asymptotic directions, differentiable mappings, cone with interior,
closed range, Bishop-Phelps theorem.

993



994 F. E. BROWDER [September

mapping of X into Y such that f(X) is closed in Y. Suppose that there
exists a finite subset N of X such that for all x in X — N, the set R,(f) of
asymptotic directions of f at x 1s dense in the unit sphere of Y.

Then f(X) =Y.

We note that the hypothesis of Theorem 1 does not assume that f
is continuous in any topology, not to speak of being differentiable.
On the other hand, the following lemma indicates how we may derive
hypotheses on the asymptotic set of directions at a given point from
hypotheses on the derivative if it exists:

LeEMMA 1. Let X be a locally convex topological vector space, Y a
Banach space, and let f be a mapping of an open subset of X into Y which
is differentiable in the Gateaux sense at the point x with its derivaiive A,
a continuous linear mapping of X into Y. Suppose that the nullspace
N(AY) ={0}, where A} is the adjoint map of A, carrying Y* into X*.

Then R.(f) is dense in the unit sphere of Y.

PRrOOF OF LEMMA 1. If N(4)) = {0}, then the range R(4.,) of 4, is
dense in Y, and in particular in the unit sphere of Y. Let vy be a point
of the dense set R(A,)NS1(Y) in Si(Y). If y=A4,(¢) for £ in X, then
e f(x+e) —f(x) ] =y as e—0. It follows obviously since ” y“ =1 that

[5G + &) — @] [fx + &) — f@] >y (e—0).
Hence y lies in R.(f). q.e.d.

THEOREM 2. Let X be a real locally convex topological vector space, f
a mapping of X into the real Banach space Y. Let N be a finite subset of
X, and suppose that f is differentiable in the Gateaux sense on X — N and
that if A, is the derivalive of f at the point x, A, is a continuous linear
mapping of X into Y and N(A)) = {0} Jor each x in X —N. Suppose
Sfurther that f(X) s closed in Y.

Then f(X) =Y.

Theorem 2 is an immediate consequence of Theorem 1 and Lemma
1. We note that for X a Banach space, mappings f which are con-
tinuously Fréchet differentiable with the range of 4., the derivative
of f, closed for each x in X (N=¢) and with N(4)) = {0} for all
xin X, the result of Theorem 2 is a simple consequence of a generaliza-
tion of the implicit function theorem given by Graves [4]. In par-
ticular, if f is a nonlinear Fredholm mapping in the sense of Smale
[8], 4. will have closed range for each x. However, the need for a
different argument in general is forced by the fact that we do not
assume R(4,) closed in Y, nor continuous differentiability, nor that

N=d.
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1. We base the proof of Theorem 1 on the following result in the
geometry of Banach spaces:

THEOREM 3. Let Y be ¢ Banach space, S a closed subset of Y with
S=Y. Let sy be a point in the boundary of Sin Y, and let ¢>0 be given.
Then there exists a point sy in the boundary of Sin Y with ||se—si| <,
an element vy of S1(Y), and ¢ >0 such that

c={lyer,o<lly—sl <l ly— sl =0 =]l <s}
does not intersect S.

In intuitive terms, Theorem 3 states that atsome point s; of S near
so, there exists a cone with interior with vertex at s; which intersects
Sonly at s;in the neighborhood of s;.

Proor orF THEOREM 1 FrROM THEOREM 3. We suppose that S
=f(X)#Y. Let S;=bdry(S). Since R,(f) is dense in Y for each point
x in X — N, it follows that S is infinite. As a result, S;—f(V) is non-
empty. Indeed, suppose S1=f(N) so that S; is finite, and let y, be a
point in S—f(N). For each ray R which emanates from y,, R contains
points of .S (namely y, itself) and can contain points of ¥ —.S only if
R intersects bdry(S) =.S;. If Si is finite, only a finite number of such
rays can intersect ¥ —.S. Hence, all the other rays are contained in
S, Sis dense in Y, and since S is closed in ¥ by hypothesis, it follows
that S= Y contrary to our assumption.

We choose a point sq in S;—f(IN) and €>0 with e<dist(so, f(IV)).
By Theorem 3, we can find a point s; in bdry(.S) and a suitable cone
with vertex at s; intersecting .S only in s, in some neighborhood of s;.
Since sy lies in S—f(V), there exists x in X — N such that f(x) =s1. In
particular, if 99 and { are the data for the cone at s;, we can find v in
R.(f) such that ||v—v¢|| <¢/2. Since v lies in R.(f), there exists an ele-
ment £ in X and a sequence ¢; such that ¢—0, f(x+¢£) —f(x) #0,
flx+eE)—f(x), and

lfx + €®) — sil| 72 [f(x + e8) — 1] > v

Set y; =f(x+¢;&) for each j. Then v;lies in S, is distinct from s, for each
J, ¥;i—s1as j— . Hence for j sufficiently large, Hy,-—slu <¢, while

” ”yi - sl”_l(yi —51) — vo” = ”v — ‘Uo” + /2 < ¢,

which contradicts the characteristic property of the cone given by
Theorem 3. q.e.d.

2. We now give the proof of Theorem 3, thereby completing the
argument as well for Theorems 1 and 2. This proof is based upon a
device applied by Bishop and Phelps [1] to prove the density of sup-
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port points for a bounded closed convex subset C of Y. We note that
for the case in which S is convex, Theorem 3 is equivalent to the
Bishop-Phelps result. The basic tool of the argument is contained in
the following lemma:

LEMMA 2. Let Y be a Banach space, Sy a closed bounded subset of Y.
Suppose that Co is a closed cone with vertex at the origin in Y such that
for a given y* in S1(Y*) and a constant M >0,

€N I3l = M@y, 9)

for all y in Sy. (We use the notation (w, y) for the pairing between an
element w of Y* and an element y of Y.)

Then there exists an element o of So such that SoM(yo+Co) = {¥o}.

Proor or LEMMA 2. We introduce a parting ordering on S, by
letting y <y: whenever y1:&Ey+Co. The point y, of S, satisfies the
conclusion of Lemma 2 if and only if it is maximal in this ordering. To
prove the existence of a maximal element, it suffices by Zorn’s Lemma
to prove that every totally ordered subfamily {y.} of S, has an upper
bound in S,. Consider any finite subfamily {yl, Yoy oy y,.} of the
subfamily. We may assume that 91 <9, < - - - Zv,, i.e. y;1Ey;+Co
for each j. By the inequality (1), we have Hyi+1—-y,-]| S M©y*, yia—9;)-

If k=supyes,||y|, it follows that

n—1

2 llpss = 2l = MG*, 50— 30) < 2018

-
Since this inequality holds for each finite subfamily, it follows that
the family { ya} is countable and may be written as a sequence {y;}
with y;<y,41 for each 7. Then D 2, llyf+1—yj!| <2Mk,and y,—yin Y,
yZv; for all j. Since Sy is closed, y lies in Sy and is the desired upper
bound for {y.}. q.ed.

Proor or THEOREM 3. Let sy be a given point of bdry(S), ¢>0.
Since s lies in bdry(S), there exists a point ¥, of ¥—S such that
|lyo—so|| <e/4. For a given 3o, we then find a point s, of S such that
l|s2—wol| < (4/3)dist(yo, S). Thus if d=||yo—s,||, it follows that
d<e/3.

Let B be the closed ball of radius d/4 about y,, and let

Ci={yly=0U—-Ns+rs,zEBrE0,1]},
Co={y|ly=tz—s),2EB,£20}.

Then C; is a closed, bounded, convex subset of ¥ and C; is a closed
cone in V. Let So=SNC:. Sy is a closed bounded subset of ¥. Let
sES,. Then s =(1 —\)sz+\z; for some z;in B, Nin [0, 1], and we have
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3d/4 = dist(o, S) < ||yo— 5|l £ (1 = N)||yo = sal| + N2 — 3]
= (1 - >‘)d+)\d/4’

so that A=1/3. For any point s in So and any element y of C, with
y=§(z—s3), forzin Band 0<£<2/3,

s+y=(0—=Ns2+ 2z + £(z — s52)
=1 =A=8ss+ A +HNA+H =+ (A + 5] EC,y

since N\+£=1, [NA+E) 5 +EN+£) 2] EB for 2, 21 in B. Moreover,
for any element of the form s+, y=£(2—s,) with zin B, £>2/3, we
have

s = G+l =llall > @3z = sl = (2/3)@3d/4) = d/2.

We choose an element y* of Y* with ||y*|| =1 such that (y*, yo—s1)
>0 and then a constant M >0 such that M(y*, yo—s2)>d. For
this constant M, we form the closed cone C; given by C;
= {y[ Ily” < M(y*, v)}. The two cones C: and C; have (yo—s,) in their
interior. Hence, so does their intersection Co = CoM\C;.

We apply Lemma 2 to the closed bounded subset Sp and the cone
Cy (which satisfies the inequality (1) since CoC C3). We obtain a point
s1 of Sy such that SoM(s1+Co) = {s1}. Consider any point s of S
N(s1+Co) with ||s—si|| <d/2. Then s lies in s;+C; and by our pre-
ceding remarks, s lies in Ci. Hence s lies in .So=SMC: and therefore
s=s1. Since C is a cone with interior, we can replace it by a smaller
cone of the form

¢ = {y[ sy = wlll <} U {0}
with {<d/2. Moreover,

sy — sl < |lyo—so| +lsi— ol Se/a+d < e/t +¢/3<e qed.

ReMARKS. (1) The condition that N be finite can obviously be
replaced by the weaker condition that f(XN) should not be dense in
bdry (f(X)).

(2) The argument of PohoZaev in [7] is based upon the result of
Edelstein [3] that in a uniformly convex set, the set of ¥ for a given
closed subset .S such that dist(y, .S) is assumed forms a set dense in Y.

(3) For a discussion of the general approach using local arguments
like the theorem of Graves [4], see §2 of the writer’s paper [2].

(4) The term “Fredholm alternative” is obviously not unambig-
uous in its potential uses for nonlinear operators. In particular, the
present considerations have no point of contact with recent results of
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Negas concerning the solvability of homogeneous operators of the
form T4A\S with T strongly monotone and .S completely continuous.
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