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I. Introduction. In this paper we bring the following two results:

Suppose that F(2) =biz+bz2+, - - - 4s a B.E. function (i.e. F(z)
is regular in the unit circle, F(2)F()#=1 for any |z‘, [ﬂ <1 and
F(0)=0). Then we have

(1) ilmPéL

k=1
This result contains, of course, the result
(2) o, =1, n=1,2,---

which was conjectured by Rogosinsky [8] and was solved about ten
years later by Lebedev and Milin [5].

The second result deals with univalent B.E. function F(3)
=b1z+bez2+ - - - . For such function we have the following

©) | 8] = eit(n —1)-12, n=2,3,--,

where ¢ is Euler constant.
This result is sharp in order of magnitude and the constant cannot
be improved to be better than e~1/2,

II. The results of Lebedev and Milin. Lebedev and Milin found
[6], [7] some important results concerning coefficients of exponential
functions which we quote here.

LeEmMMA 1. Let Ay, As, As, - - - be an infinite sequence of arbitrary
complex numbers such that ) p . k] A|2< . Then for exp ) iy Asz?
=Y 1o Dis* we have

(4) 2 | D2 < exp 2 k| 442
k=0 k=1

with equality only in the case Ar=p*n*/k, k=1,2, - - - where 0=Zp<1
|| =1.
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LemMaA 2. Let { A1} and { Dy} be defined as in Lemma 1 (without the
limitation D i kl Ak| < o). Then

O Dnlzéexp(Zkl A|? — Zl/k), n=1,2---
k=1 k=1
with equality only in the case Ay=n*/k for k=1,2, - - - ,nand |17| =1.

II1. Schiffer-Garabedian inequalities. We quote here a theorem of
Garabedian and Schiffer [1]:

LeMMA 3. Suppose that F(2) is a univalent B.E. function. Then we
have for

F(z) — F(¢)
8 G P FORD] s

™ Re{ > Mhwtanf S i “"lz

n,m=0

(6)

where Noy, M, Ne, * + +, Ay 1S a finite sequence of complex constants with
No 7eal.

This remarkable result was proved first in [1] by variational meth-
ods. Later the result was proved in [3] by area methods. We note
that in [1] the result was formulated in a different manner.

IV. Coefficients of B.E. functions. From Lemma 3 we deduce
immediately the following:

kel 1
8 k < log—— -
( ) l§1 | ‘Ykol = log | F’(O) l2

(Indeed from Lemma 3 we have

. N N l An
Mo Re{log F(0)} + 2), Re{ > xmo} =2
n=1 n

n=1

By substitution Ao=2, N\, =270 we get (8).)
We are now in a position to prove

THEOREM 1. Let F(2) =biz-+b:22+ - - - be a B.E. function; then (1)
follows.

ProoF. By substituting { =0 in (6) we have

F ® ® b
9) 18"'—“-’2’)’»0, ——('Z)—=eXP(Z’YokZ")=Z - 21

n=0 2F’ (0) k=1 =1 F ! (0)
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By Lemma 1 and (8) we get

© [ b |2 © 1
10) —————-—éex( By 2)§____.
( = Tror = (&) STrgn
So our theorem follows for univalent B.E. function. The result is
generalized to the general class by the principle of subordination
[2, pp. 424-425], [9].
REMARK 1. The result is sharp for the B.E. function F(z)=2", »

=1, 2, - - - and also for Jenkin’s functions [4]
(11) F(z)=w; 0=r<1.
14 drs
REMARK 2. Jenkin’s result [4]
(12) Fz) £ [3]/(0 — |z]

follows easily from Theorem 1.

THEOREM 2. Let F(z) =bz+b2*+ - - - be a univalent B.E. func-
tion. Then we have

(13) | 0| < ei2(n —1)-112, n=2,3,--.
where ¢ is Euler constant.
Proor. By Lemma 2 and (8), (9) we have
exp(— nil 1/k>
k=1
| F(0) |2
=23 ---

I b” |2 n—1 . n—1
(14) TPOT < exp<kz_:lk| o | El/k) <

So ‘b,.lz<e‘°(n—1)_1 which is another form of our theorem. For
Jenkin’s functions (11) we have Ib,.|2=(1—-r2)r2("'1). If 1—»2
=1/(n—1) we have

1 1 n—1 1
| 5. ]2 = (1_ > ~N—— .
n—1 n—1 e(n — 1)

So the order of magnitude is the best possible and the argument for
the constant also follows.
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