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Let K be an algebraic number field of degree 2 and F(x) the num-
ber of nonzero integral ideals of norm # in K. Define P(x) by
> F(n) = Nhx + P(),

nsz

where % denotes the class number of K and
A = 2mtrpnR/(w/ | A ),

where r; is the number of real conjugates, 2r; the number of imaginary
conjugates, R the regulator, w the number of roots of unity, and A
the discriminant of K. It is known that [8, Satz 210] P(x) = O(xV?).
On the other hand, Landau [9] also showed that

P(x) = Qu(x/4).

Improvements were made by Szegs and Walfisz [10] and Chandrasek-
haran and Narasimhan [2], [3]. The former authors showed that if
K is imaginary,

P(x) = 0({x log 2}119),
and if K is real

P(x) = 24({= log x}119).
The latter showed that
(1) lim sup inf P(x)/2'/4 = + o,

T—®

In 1961 Gangadharan [5], improving a method of Ingham, made
improvements on (1) for the corresponding problems on r(n), the
number of representations of # as the sum of two squares, and d(n),
the number of divisors of #. Using Gangadharan’s method, we can
obtain improvements on (1) for our problem. Before stating this re-
sult we must make some definitions.

DEFINITION 1. Let S;(x =2) be the setof all real numbers 5 express-
ible in the form
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N
1= |Vn+ 2 nVg |
k=1
where q1, . . . , gnv are the square-free integers less than or equal to
x, and n and 7, k=1, - - -, N, are integers such that

N
nz0 ln] =1, X lnlrz2
k=1

It follows that [5, pp. 700-701] that there is a unique 7E&.S; such
that 0<#(x)<1 and if 9E.S, then n=1.

DEFINITION 2. Let g(x) = —log7(x). Define C, to be the class of
all functions Q(x) such that for x =xq, Q(x) is continuous, Q(x)/x in-
creases with x, and Q(x) Zq(x).

It follows that for x =x¢ , Q—(x) exists, is continuous and increas-
ing, and tends to « with x.

THaEOREM. If Q(x) EC,, then, as x tends to =,
() P(z) = 2:({xQ*(log x)}/4).

It can be shown that [5, pp. 701-703] for some constant 5>2.
belloez = C,. We have then the following

COROLLARY. As x tends to =,
P(x) = Q4( {x(log log ) (log log log x)}1/4).

The proof of (2) depends upon two identities. Let Re s>0. If K
is imaginary and B=2w/+/|A[,

_ 2B AR i F(n)
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If K is real and B=w/+/[A],

i F(n) e—tVn

»-1=?_>\£+ 1 iF(n)'{l( —3_>
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where

x/2 3 d
o= [ e
o (1 — 3ssing)?

A proof of (3) can be found in [1], although an easier proof can be
given along the same lines as that of Hardy [6] for a similar identity
involving r(n). The proof of (4) is more complicated, but, using pri-
marily the functional equation for the associated zeta-function, one
can establish (4) by a method of Hardy [7] for a similar identity in-
volving d(n).

The proof of (2) now follows along the same lines as that in [5].
We remark that in the proof one needs the following two facts. We
have F(n) =0(n) for every €>0; this holds for any algebraic number
field [4]. When K is a quadratic field, it is not difficult to show that
F(m?®n) < F(m?) F(n).
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