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Let B [c] denote the Banach algebra of all bounded linear operators 
on c, the set of convergent sequences. By a conservative operator we 
mean a member of B[c]. If TEB[c] and if there exists an infinite 
matrix A = (ank) such that Tx = Ax for each # £ c , then T is called a 
conservative matrix. (By Tx — Ax we mean (Tx)n = (Ax)n= ^k anuXk 
for each w £ / + , the set of positive integers.) Let Y denote the sub-
algebra of B [c] of all conservative matrices. If r £ T , its summability 
field, denoted by cT, is taken to be the set {x(Es:Tx(Ec}, where s 
denotes the set of all sequences. This raises the following question: 
How can one define the summability field cT for an arbitrary T in 
5[c]? In other words, which sequences should one distinguish as 
being the set that a conservative operator sums? 

One viewpoint is to consider how T acts on c0, the maximal sub-
space of c consisting of those sequences which converge to 0. The re­
striction of T to Co is always representable by a matrix. In other words, 
if Tf denotes the restriction of T to Co, then there is an infinite matrix 
B so that T'x = Bx for each # £ c 0 . Surely, the summability field of 
T' is the set CB = { x £ s : BxEc}. We now note that if T is a conserva­
tive matrix, say A, then A also represents the restriction of T to Co, i.e. 
A =B. Thus, it seems reasonable to require that CT'Q.CB for any con­
servative operator T, where B is the matrix representing the restric­
tion of T to Co- Since the unit sequence e = ( l , l , l , - - - ) need not 
belong to CB, even though Te always belongs to c, we cannot, in gen­
eral, take CT = CB- However, since e is the only basis element of c that 
B might not sum, we propose that CT be defined as 

cT = cB © e, 

where © denotes the linear span of the sets CB and e. The purpose 
then of this announcement is to report how the properties of CT de­
fined above for !T£I?[c] compare with the well-known properties of 
CT for TET. 
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Further evidence supporting the choice of the above definition of 
CT is found in the following remarks. An FK space (i.e., locally convex 
Fréchet sequence space with continuous coordinates [5]) which con­
tains c is called conull if e belongs to the weak closure of c0; otherwise, 
it is called coregular. Those TÇzT for which CT is conull are charac­
terized by belonging to the kernel of the only nonzero multiplicative 
linear functional on I \ denoted by x- (x is defined in §1 below.) The 
problem of extending the concept of conullity from T to all of B[c] 
was dealt with in an earlier paper [ l ] . I t was shown there that there 
is exactly one subalgebra of B[c], denoted by fl, which properly in­
cludes r , and that x has a unique extension, denoted by p, to a 
nonzero multiplicative linear functional on Q. The kernel of p, 
therefore, became the natural definition for conullity in B[c]. We 
note here that the kernel of p is precisely the set of those conservative 
operators T for which CT, as defined above, is a conull FK space. 

1. Further definitions and terminology. For each kGI+, let ek 

denote the sequence having one in the &th coordinate and zeros else­
where. If x £ £ , lim x means limt-x*\ On B[c] we have the functions 

x ( r ) = lim Te - £ lim Tek 

k 

and 

Xi(T) = (Teh - Z (Te*)i 
k 

for each i £ / + . (The functions x» X< are defined in [4]. See also [l].) 
I t was pointed out in [4] that T is precisely the set of those conserva­
tive operators T for which x*{T) = 0 for every i £ 7 + . The set of those 
conservative operators for which lim» x% (D exists is denoted by 0. 
The structure of the subalgebras T and Q, was studied in [ l ] . As was 
observed there, we may write each TÇzB[c] as follows: 

Tx = (lim x)v + Bx (for x (E c) 

where v= {xi(T)} and B is the matrix representing the restriction 
of T to c0. This relationship between T, v and B will be denoted by 
r~(t>, B). We remark here that if TGO, then £ G I \ while if T $ 0 , 
then vÇzm\c (where m denotes the set of bounded sequences), 
B:co—>c, and et^cs* 

2. The summability field cT and its dual space c'T. Let T^B[c]t 

say T~(v, B). Since CB is always an FK space [5, p. 228], so is CT. 
Define a functional a on CT as follows: If T £ û take a = 0 , while if 
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r(£Q, let a(e) = 1 and a(x) = 0 for each XÇZCB- Then a is a continuous 
linear functional on £r, i.e. a G 4 Now let 

S = {x G s:a(x)>v + Bx G c}. 

Since B: m—*m and vÇzM we always have W B D S , where 

mB = {# G s: Bx E:m\. 

But -B is continuous as a map from ra5 into m [5, Corollary 5, p. 204], 
S = B~1(c@v)i and c©z; is a closed subspace of w; hence, 5 is a closed 
subspace of m^. Thus, 5 is an FK space [5, p. 203]. Now, by defining 
dr, the domain of T, to be the set {x^slBx^s}, a straightforward 
application of [5, Theorems 5 and 6, p. 230] reveals that each/G*S', 
the dual space of 5, has the representation 

f(x) = ö-a(x) + d0-lim(vn-a(x) + J)*»***) 
(i) » V * / 

+ 23 M V» •«(#) + J ) J»*** ) + 23 Pk*k> 
n \ k / k 

where j3= {/J*} Gs, 23|<M < °°> a n d ô and S are scalars, and a is 
the functional defined above. Moreover, since the kernel of a is 
precisely CB we see that S = CT- Finally, since CBDCQ we see that CT 
is coregular whenever T(£Cl. We summarize these remarks in the 
following theorem. 

THEOREM 1. For any conservative operator T, CT is an FK space and 
the most general continuous linear functional on CT is given by equation 
(1). Moreover, if T^Q, then cT is coregular. 

3. Some properties of cT. A well-known result for matrix summa-
bility fields is that they cannot be properly contained between c and 
m [5, Problem 31, p. 231]. This property is not retained by CT, as 
the following example illustrates. 

Let B be defined by the set of equations 

* n n = ( - l ) * + 1 , n= 1,2, . . . , 

Ô2n,2n~l = l j W = 1, 2, • • • , 

bnk = 0, otherwise. 

Then CB=Co®y, where y= { l , 0, 1, 0, • • • } and hence if we set 
v= {0, 1, 0, 1, • • • }, then T~(vy B) defines a conservative operator 
such that cT = c®y. 
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The following theorem sheds some light on the structure of cT 

when it is a subset of m. 

THEOREM 2. If CrCm, either CT = C or c is a maximal closed sub-
space of CT» 

PROOF. If TGQ, then cT = cB and I* EI1 , and so CT = C whenever 
CrCm. Suppose T(£Q and Crdm. Then the topology of CT is the 
same as that of m [5, Corollary 1, p. 203] and so c is closed in CT 
since it is closed in m and they have the same topology. 

Let fCzCf with f(ek)=0 for each &£ƒ+. Then the representation 
(1) yields 

@k = — d0bk — X) dnbnk, 
n 

where &A. = limn &wJfc. Substituting this back into (1) and recalling that 
CrC.m and ]CM»| < °° w e obtain 

f(x) = ô-a(x) + do-\im(vn'a(x) + 2 bnkxk) 
(2) • V . / 

+ X dnvna(x) — S d o t e . 
n A-

If we now also assume that f(e)=0, then, by letting x = ein (2) 
and using the fact that a(e) = 1, we see that 

0 = 5 + do'lim(vn + 2 bnk) + 2 dnvn — Z) djbh. 
» \ k / n k 

Since 

x(T) = Hm(r» + E ank) - 2 f t 
n \ k / k 

k 
k 

and since we may add a convergent sequence to {vn} without 
changing cT, we see that we may assume x ( ^ ) = 0 . (Indeed, set 
Vn =Vn—x(T) f ° r e a c h w G / + and let T'~(v', B) to obtain cT'—cT 

and x ( ^ 0 =0.) I t follows that S + 2 « dnfln = 0. Letting 

A(x) = lim ( vna(x) + 2 bnkXk ) — 2 te 
» \ k / k 

we see that every functional which vanishes on c has the form 
f(x) =do'A(x), and so the proof is complete. 

Another well-known result in summability is that a conservative 
matrix A is compact (i.e., 2 * | anu\ converges uniformly with respect 
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to n) if and only if it is coercive (i.e., mÇ_cÀ). Theorem 3 below will 
show that this result extends to conservative operators. 

LEMMA. If T(£Q, then m c£cr. 

PROOF. Suppose that m<ZcT. Then B: c0-^c and Cs®e'Z)m; hence, 
the proof of Schur's Theorem [3, p. 17] shows that ^ * \bnk\ con­
verges uniformly with respect to n, that is, B is a compact operator 
on m. 

Let z1, z2, • • • be a bounded set in c. Then 

va(zl) + Bz\ va(z2) + Bz2, • • • 

is a subset of c. Let 

v-aiy1) + By1, va(y2) + By2, • • • 

be any subsequence. Since B is a compact operator on m, By1, 
By2, - • • has a convergent subsequence in m, say Bx1, Bx2, • • • . 
Since mC.cT, v-a(x) is also a compact operator on m, so v-ot(xl), 
v-a(x2), • • • also has a convergent subsequence in m, say v-a{ul), 
v-a(u2), • • • . Thus, 

v-a(ux) + Bu1, v-a(u2) + Bu2, • • • 

is a subset of c and converges, that is, T is a compact operator. Since 
c has a Schauder basis, T is the uniform limit of operators with finite 
dimensional range. But each such operator belongs to Q. (For exam­
ple, if T has one dimensional range, say Tx=f(x)*u, where wGc and 
fEc', then 

converges. The general case follows from this one.) It follows from 
the fact that Q is closed in B[c] that TGÎ2. This proves the lemma. 

THEOREM 3. mQcr if and only if T is compact. 

PROOF. Suppose T is compact. Then, as was pointed out in the 
proof of the lemma, TGÖ. It follows that B is a compact conservative 
matrix and hence coercive. Thus, WCZCB^CT. 

Conversely, if mCcr, then TGQ. Hence, CT = CB and B is a compact 
conservative matrix. Since v(Ec, v-a(x) is also a compact operator 
on c. Thus, T is compact. 

For each T G i ^ c ] , say with T~(y, B), we have already observed 
that there is associated a continuous linear functional a on CT SO that 

CT = {x G s: v-a(x) + Bx G c\. 



1969] ON SUMMABILITY OF CONSERVATIVE OPERATORS 997 

Thus, we may define 

lim x = lim(vn-a(x) + £ ) bnkXk) 
T n \ k / 

for X(ECT- It is clear that l im r £cr • We say that T satisfies the con­
sistency property if the conditions S£B [c], CSDCT and limr ff = lims x 
on c always imply that limr x = lims x on CT. We remark here that 
the procedure developed by Mazur [2] for use with conservative 
matrices can readily be adapted to conservative operators, and 
yields the following consistency-type result. 

THEOREM 4. A conservative operator T satisfies the consistency 
property if and only if c is dense in CT* 
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